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PAI SO TO HOP

Trong chuong nay, ching ta sé tim hiu nhiing vdn dé sau:
quy tac cong, quy tac nhan, so d6 hinh cay; hoén vi, chinh hop,
t6 hop; nhi thitc Newton; 4p dung vao giai cac bai todn dém.

QUY TAC CONG. QUY TAC NHAN.

S1 | 0 p6 HINH CAY

So @ & Hinh 1 cho biét lich thi dau
gidi béng dd UEFA Champions League
2020 — 2021 bét diu tif vong t két.

Bnkin 2

C6 bao nhiéu tran ddu ciia gidi @

bong da UEFA Champions
League 2020 — 2021 bdt ddu
tir vong it két?

Hinh 1

1. QUY TAC CONG

Gia dinh ban Lién du dinh di du lich & Quy Nhon (Binh Dinh). Hudng dén vién
du lich dua ra hai chuong trinh tham quan nhu sau:

Chuong trinh 1 ¢6 4 dia diém tham  Chuong trinh 2 ¢6 7 dia diém tham quan: bién
quan: khu Safari FLC, khu du lich Quy Nhon, khu du lich Ghénh Réng Tién Sa,
Eo Gi6, khu du lich Ky Co, Tinh x4  Thap doi, ddm Thi Nai, khu du lich Cita Bién,
Ngoc Hoa (Hinh 2). Suft Bar, nha thd Lang Song (Hinh 3).

AN DO DU LICH TRUNG TAM THANH m;S“‘

GHENH RANG
TIEN SA

o DULICHQUY NHON HUGNG £ GIO (0KM)

(Nguon: https://docmiendatnuoc.com) (Nguén: https://docmiendatnuoc.com)
Hinh 2 Hinh 3

C6 bao nhiéu cdch chon mdt dia diém tham quan trong 8 céc dia diém dugc gidi thiéu
trong hai chuong trinh & trén?
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Ta ¢6 quy tdc cong sau:

[ Mot cong viée dugc hoan thanh béi mot trong hai hanh dong. N&u hanh dong thd nhat
¢6 m céch thuc hién, hanh dong thii hai ¢6 n cach thuc hién (cdc cach thuc hién cta ca
hai hanh dong la khéc nhau déi mét) thi céng viéc d6 c6 m + n cich hoan thanh.

Vidyl & Ban Phuong c6 7 quyén sdch Tiéng Anh va 8 quyén séch Vin hoc, cdc quyén
sach la khdc nhau. Hoi ban Phuong c6 bao nhiéu cich
chon mdt quyén sich dé doc? LS
Gidi 1 Mot qudn bén ba loai dé
udng: tra sita, nuéc hoa qua
va sinh t6. C6 5 loai tra sifa,
) 6 loai nudc hoa quéa va 4 loai
Chon mdt quyén sich Tiéng Anh: C6 7 cdch chon. sinh 5. Hoi khach hang c6
Chon mot quyén sdch Viin hoc: C6 8 cich chon. bao nhiéu cdch chon mot
loai dd udng?

Viéc chon mot quyén sdch dé doc 1a thuc hién mot trong
hai hanh dong sau:

Vay ¢6 7 + 8 = 15 cich chon mot quyén sdch d€ doc.

Nhdn xét: Tuong t, ta cing c6 quy tic sau:

Mot cong viée duge hoan thanh bdi mot trong ba hanh dong. N&u hanh dong thd nhat
¢6 m cdch thuc hién, hanh dong thi hai ¢6 n cich thuc hién, hanh dong thi ba c6 p cich
thuc hién (cdc cach thyc hién ctia ba hanh dong la khdc nhau d6i mot) thi cong viée d6 c6
m + n + p cich hoan thanh.

1. QUY TAC NHAN

Gia dinh ban Théo dy dinh di du lich tif Lao Cai dén Ha Noi bing mot trong hai
phuong tién: xe khich hotic tau hod. Sau d6, tit Ha Noi di dén Thanh phd H Chi Minh béing
mdt trong ba phuong tién: mdy bay, tau hoa, xe khach (Hinh 4). Hoi gia dinh ban Thao c¢6
bao nhiéu cdch Iya chon phuong tién dé di tit Lao Cai dén Thanh phd H6 Chi Minh, qua
Ha Noi?

EE
Fansipan (Lao Cai) Hb Guom (Ha Noi) Bo séng Sai Gon

(Thanh phé Hé6 Chi Minh)
(Nguén: https:/fwww.shutterstock.com)
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Phuong tién cho chiang Phuong tién cho chiang Phuong tién cho chiang
Lao Cai — Ha Noi Ha Noi — Thanh phd Lao Cai — Ha Noi —
Hb Chi Minh Thanh phd Hd Chi Minh

{1 {

= = == =P (Xe khdich; Mdy bay)

= = = P (Xe khich; Tau hod)
Xe khdch |ms == == =P (Xe khdch; Xe khdch)

= == = (Tau hod; Mdy bay)

Xe khich

Tau hod = = =P (Tau hod; Tau hod)

Xe khich = = P (Tau hod; Xe khdch)

Hinh 4

Ta ¢6 quy tdc nhan sau:

[ Mot cong viée dugc hoan thanh bdi hai hanh dong lién tiép. Néu hanh dong
thit nhit c¢6 m céch thyc hién va dng v6i mdi cdch thyc hién hanh dong thd nhat,
¢6 n cdch thuc hién hanh dong thit hai thi cong viéc d6 ¢6 m . n céch hoan thanh.

Vidu2 | Trong Hoat ddng 1, néu gia dinh ban Lién mudn chon mot dia diém tham quan
trong chuong trinh 1, sau d6 di tham quan ti€p mot dia diém trong chuong trinh 2 thi c6
bao nhiéu cich chon hai dia diém & hai chuong trinh khéc nhau dé tham quan?

Gidi

Viéc chon hai dia diém & hai chuong trinh khdc nhau dé tham quan 12 thyc hién hai hanh
dong lién ti&p: chon mot dia diém trong chuong trinh 1, sau d6 chon mot dia diém trong
chuong trinh 2.

C6 4 cdch chon dia diém tham quan trong chuong trinh 1.

Vé6i méi cdch chon mot dia diém tham quan trong chuong trinh 1 s& ¢6 7 c4ch chon dia
diém tham quan trong chuong trinh 2.

Vay c6 tat cd 4 . 7 = 28 cich chon hai dia diém tham quan & hai chuong trinh khéc nhau.
Nhan xét: Tuong t, ta cling ¢6 quy tic sau:

Mot cong viée duge hoan thanh bdi ba hanh dong lién tiép: Néu hanh dong thi nhat c6
m céch thyc hién; dng véi mdi cch thyc hién hanh dong thi nhat, ¢6 n cich thyc hién
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hanh dong thi hai; tng v6i mdi cdch thyc hi¢n hanh dong thd nhit va mdi cich thyc hién
hanh dong thi hai c6 p cdch thiyc hién hanh dong thi ba thi céng viéc d6 cé m . n . p cach
hoan thanh.

Vidu3  Trong kinh doanh nha hang, combo 1a mot hinh thic goi mén theo thyc don
dugc két hop tit nhiéu mén #n hodc dd udng. Néu nha hang ¢6 5 mén rau, 4 mén cd va
3 mén thit thi ¢6 bao nhiéu cdch tao ra mot combo? Biét mdi combo c6 ddy di 1 mén
rau, 1 mén cd va 1 moén thit.

Giai A
D¢ tao mdt combo ta thyc hién ba hanh dong lién tiép: )
chon 1 mén rau, chon 1 mén ¢4 va chon 1 mén thit. 2 Ban Nam dy dinh ddt

mit khiu cho khod vali 1a

Chon 1 mén rau: C6 5 cach chon. 01156 5 Bal ohit &6 dude
Chon 1 mén cd: C6 4 cdch chon. chon ra tif cdc chit s6 1, 2,
Chon 1 mén thit: C6 3 cich chon. 3, 4. Hoi ban Nam ¢6 bao

nhiéu cdch dit mat khiu?
Vay c6 5.4 .3 =60 cich tao ra mot combo.

1ll. SO DO HINH CAY

So db trong Hinh 4 md ta cdc cdch chon phuong tién di tit Lao Cai dén
Thanh phd HS Chi Minh ctia gia dinh ban Thao c6 thé vé lai nhu sau (Hinh 5):

Phuong tién cho ching Phuong tién cho chang
Lao Cai — Ha Noi Ha Noi — Thanh phd
Ho Chi Minh

Phuong tién

Hinh 5

Quan sit s6 dd hinh cdy & Hinh 5, cho biét c¢6 bao nhiéu cdch chon phuong tién di tit
Lao Cai dén Thanh phd HO Chi Minh, qua Ha Néi.
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Nhan xét

S0 dd hinh cay (Hinh 6) 1a s6 dd bit diu tai mot niit duy nhét véi
cdc nhdnh toa ra cdc niit b3 sung.

* Ta c6 thé st dung so d6 hinh cay d€ @&m s6 cdch hoan thanh mot
cong viéc khi cong viéc d6 doi héi nhiing hanh dong lién tiép.

Vidy4 & Ban Huong c6 3 chi€c quan khdc mau: xdm, den, nau
nhat va 4 chi€c 4o so mi khdc mau: hdng, vang, xanh, tim. Hay vé&

il Nk

50 dd hinh cay biéu thi s6 cdch chon: Hinh 6
a) 1 chi€c quan; b) 1 chiéc 4o s0 mi; ¢) 1 bd quan do.
Gidi

Cic s0 d6 hinh cdy 7|, T,, T, T, trong Hinh 7 lan lugt:
a) Biéu thi s8 cdch chon 1 chi€c quan;

b) Biéu thi s3 cdch chon 1 chiéc 4o so mi;

¢) Biéu thi s8 cdch chon 1 bd quan 4o.

Ty
[ J
Quin  Quan  Quin nau Ao Ao Ao Ao
xdm den nhat héng  vang xanh tim

IV. VAN DUNG TRONG BAI TOAN DEM

Viéc kiém dém c6 y nghia quan trong trong todn hoc va thyc tién, dic biét trong thdng
ké va xdc suat. K&t qua dém cho phép chiing ta x4c dinh dugc sd cdc kha ning ma mot sy
kién c6 thé xay ra dé lam co sd cho viéc dua ra quyét dinh. Quy tic cong, quy tic nhan
va s0 d6 hinh cdy 1a nhiing nguyén tic co ban trong cdc bai todn dém.
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1. Véan dung trong giai toan
Vidus | Cho 10 diém phan bigt. Hoi 1gp dudc bao nhiéu gy
vecto khdc 0? Biét ring hai ddu mit ctia mdi vecto 12 hai 3 Tiicdc chiisd 1,2,

trong 10 diém da cho. 3,4, 5, lap dudc bao

nhiéu s6 1& gdm ba chit
Gidai 6 d6i mot khac nhau?
Viéc lap vecto 12 thyc hién hai hanh dong lién ti€p: chon diém
dau va chon diém cudi.
Chon diém d4u: ¢6 10 cdch chon. Chon diém cudi: ¢6 9 cdch chon.
Theo quy tic nhan, s§ vecto 1ap dugc 1a: 10 . 9 = 90 (vecto).

Vidu 6 © Phan tich s§ 675 ra thita s6 nguyén t& rdi tim s6 udc nguyén duong cla né.
Gidi
Ta c6: 675 = 33 . 5% Mot udc nguyén duong ctia 675 thi c¢6 dang 3" . 5", trong d6 m, n la
hai 6 ty nhién sao cho 0 <m <3,0<n <2.
Nhu viy, @€ tao ra mdt udc nguyén duong ctia 675 ta 1am nhu sau:
— Chon s& tu nhién m ma 0 < m < 3 ¢6 4 cidch chon.
— Chon & tu nhién n.ma 0 < n <2 ¢6 3 cdch chon.
— Ly tich 3" . 5".
Theo quy tic nhin, s6 udc nguyén duong ctia 675 1a: 4 . 3 = 12 (s6).

2. Van dung trong thuc tién

Vidu7 @ Ti bamang dit liéu A, B, C, mdy tinh tao nén mot thong tin dia ra man hinh
cho ngudi diing biing cach Iin Tugt 1y mot dif lidu tit A, mot dit liéu tit B va mot di licu
tli C. Gia st A, B, C lan lugt chda m, n, p dit liéu. Hoi mdy tinh c6 thé tao ra dugc bao
nhiéu thong tin?
Giai
Viéc mdy tinh tao ra thong tin 12 thuc hién ba cdch chon lién ti€p: chon dit liéu tit A, chon
dit liu tit B va chon dit lidu tit C.
C6 m céch chon mot di liéu tif A.
C6 n céch chon mot di liéu tit B.
C6 p cach chon mét di liéu ti C.
Theo quy tic nhan, s6 théng tin mdy tinh c6 thé tao dugc 1a: m . n . p.

Vidu8 | Poi vin nghé ctia 16p 10B c6 3 hoc sinh ni va 2 hoc sinh nam. Gido vién cht
nhiém muén chon ra mot ddi tam ca gdbm 3 hoc sinh sao cho ¢6 ca hoc sinh nam va hoc

sinh ni. Hoi gido vién chi nhiém c6 bao nhiéu cdch chon ra mot doi tam ca nhu vay?
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Giai
Khi chon ra mot ddi tam ca gdm 3 hoc sinh ¢6 c4 nam va ni, gido vién chti nhiém chi ¢
thé chon theo mot trong hai kha ning sau:
— Chon ra mét hoc sinh ni va hai hoc sinh nam;
— Chon ra hai hoc sinh nii va mét hoc sinh nam.
® Xét khd ndng thit nhdt: Chon ra mot hoc sinh nii va hai hoc sinh nam.
C6 3 cdch chon ra mot hoc sinh n.
C6 1 cdch chon ra hai hoc sinh nam.
Theo quy tdc nhan, s6 cach chon ra mot hoc sinh nif va hai hoc sinh nam 1a: 3. 1 = 3.
® Xét khd ndang thit hai: Chon ra hai hoc sinh ni va mét hoc sinh nam.
C6 3 cich chon ra hai hoc sinh nii.
C6 2 cach chon ra mot hoc sinh nam.
Theo quy tic nhin, s6 cdch chon ra hai hoc sinh nit va mot hoc sinh nam 12: 3.2 = 6.
Theo quy tie cong, s& cach chon ra mot ddi tam ca gdm 3 hoc sinh sao cho ¢6 ci hoc
sinh nam va hoc sinh nit cting tham gia la: 3 + 6 = 9 (cich).
Vidu9 | Chokiéu gen AaBbDAEE. Gia sit qué trinh gidm phén tao giao ti binh thudng,
khong xay ra dot bien.
a) V& 50 @0 hinh ciy biéu thi sy hinh thanh giao t{.
b) Tit d6, tinh & loai giao ti ctia kiéu gen AaBbDdEE.
Gidai
a) So d@d hinh cdy biéu thi sy hinh thanh giao ti:

D———>E

B<:
d —E
A

b<:D—>E

d —>E

D———>E
B<
o d —E
D———>E
b<
d —>E

b) Tii s0 dd hinh cdy, ta ¢6 8 loai giao tii ctia kiéu gen AaBbDJEE.
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. BAI TAP

1. T cdc chii s6 1,2, 3,4, 5, 6, ta 1ap ra s6 ty nhién gdm ba chil s6, chia hét cho 5.
C6 thé lap dugc bao nhiéu s6 nhu the?

2. Ticdcechiisd 1,2, 3,4,5,6,7,1ap duge bao nhidu
a) SO chin gﬁm ba chii s67? b) S6 chin gGm ba chii s6 d6i mot khac nhau?
3. Trong mot trudng trung hoc phd thong, khéi 10 ¢6 245 hoc sinh nam va 235 hoc
sinh ni.
a) Nha trudng cin chon mot hoc sinh & khdi 10 di dy budi giao luu véi hoc sinh céc
trudng trung hoc phd thong trong tinh. Hoi nha trudng ¢6 bao nhiéu cich chon?
b) Nha trudng can chon hai hoc sinh & khéi 10, trong d6 ¢6 1 nam va 1 ni, di dy trai
he cua hoc sinh trong tinh. Hoi nha tridng c6 bao nhiéu cach chon?

4. Trong gidi thi ddu béng d4 World Cup, vong bang ¢6 32 doi tham gia, dudc chia
1am 8 bang, mdi bang c6 4 doi dau vong tron mot lugt. Tinh s8 trin ddu dugc thi ddu
trong vong bang theo thé thiic trén.

5. O Canada, mi buu chinh c¢6 6 ki tu gdm: 3 chit cdi in hoa (trong s8 26 chit ci
ti€ng Anh) va 3 chii s6. M&i ma buu chinh bdt diu bing 1 chii cdi va xen k& bing
1 chii s6.
(Nguon: https://capath.vn/postal-code-canada)
a) C6 thé tao dugc bao nhiéu ma buu chinh?
b) C6 thé tao dugc bao nhiéu ma bit diu bing chit §?
¢) C6 thé tao dugc bao nhidu ma bit ddu bing chi S va két thiic bing chit s6 8?2
6. Mot hang thdi trang dua ra mot mau 4o so mi méi c6 ba mau: tring, xanh, den. Mi
loai ¢6 cdc cd S, M, L, XL, XXL.
a) V& 50 @0 hinh ciy biéu thi céc loai 40 s6 mi v6i mau va cd 4o néi trén.
b) Né:u mot clia hang mudn mua tit ca cdc loai 40 s6 mi (d0 loai mau va ddi loai ¢d 40)
va mdi loai mot chiéc dé vé gidi thiéu thi cAn mua tit ca bao nhiéu chiéc 4o so mi?
7. Mot khdch san nhé chuén bi bita &n sing gdm 2 d6 udng 1a: tra va ca phé; 3 mén dn
la: phd, bin va chdo; 2 mén trang miéng la: banh ngot va siia chua.
a) V& 50 @d hinh ciy biéu thi cdc cdch chon khiu phin dn gdm dt ba loai: @b udng,
mon dn va mon trang miéng.
b) Tinh s8 cdch chon khiu phan dn gdm: 1 dd uéng, 1 mén #n va 1 mén trang miéng.
8. Cho kiéu gen AaBbDdEe. Gia st qud trinh gidm phan tao giao tit binh thudng,
khong xay ra dot bién.
a) V& so @0 hinh cay biéu thi sy hinh thanh giao t{.
b) Tit d6, tinh & loai giao ti ctia kidu gen AaBbDdEe.
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§2 | HOAN VI. CHIiNH HOP

Trong vong ddu loai truc ti€p cta gm bong da,
néu sau khi két thiic 90 phiit thi déau va hai hiép
phu ma k&t qui van hoa thi loat d4 luan lru 11 m
s& dugc thyc hién. Trude hét, mbi doi cii ra 5 cau
tha thyc hién loat d4 luan lvu.

Trong todn hoc, mbi cdch xép @g

(Nguon: https://shutterstock.com) thit e dd luén luu ciia 5 cdu thii
duogc goi la gi?

1. HOAN VI
1. Pinh nghia

Huén luyén vién chon 5 cdu thi An, Binh, Cudng, Diing, Hai d4 luan luu 11 m.
Néu ba cach xép thir tw da luan luu 11 m ctia 5 cu thi trén.

[ Cho tap hgp A gdm n phén tit (n € N°).

Mbi két qua ctia su sip x&p thi ty n phan ti clia tap hop A duge goi 1a mot hodn vi
ctia n phan tir d6.

Vidu 1 | Hay liétké cac s6 gom ba chit s6 doi mot khdc nhau duge 1ap ti cac chii s6 1,2, 3.
Gidi
Cic s6 gdbm ba chit s& d6i mot khdc nhau dugc 1ap ti cdc chii s6 1, 2, 3 la:
1238132, 213,231, 312, 3214

2. S0 cdc hodn vi

@ P Mot 16p duoc chia thanh 3 nhém A, B, C @ tham gia hoat dong thyc hanh trai

nghiém. Sau khi cdc nhém thyc hi¢n xong hoat dong, gido vién sip x&p thi ty trinh bay

cua 3 nhém.

a) C6 bao nhiéu cdch chon nhém trinh bay thd nhat?

b) Sau khi da chon nhém trinh bay thi nhat, cé bao nhiéu cach chon nhém trinh bay thir hai?

¢) Sau khi @i chon hai nhém trinh bay thd nhat va thit hai, c6 bao nhiéu céch chon nhém
trinh bay thi ba?

d) Vi cdch lam nhu trén, gido vién tao ra mot hodn vi ctia 3 phan tii. Tinh s6 cdc hodn vi
dudc tao ra.

Theo quy tdc nhdn, s& cdc hodn vi ciia 3 phdn titla: 3.2 . 1=6.
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Trong trudng hgp tdng qudt, ddi véi tap hop A ¢6 n phan ti (n > 1), ta lam tuong t nhu
trén d& tao ra mot hodn vi clia 7 phan tit d6 va s6 cdc hodn vi ctia n phin ti trong tap hop A
laan(n-1)...2

[ Kihi¢uP, la 6 cdc hodn vi clia n phén tit. Ta c6: P =n(n-1)..2.1

Quy ude: Tich 1.2 ... n duge viétlan! (doc la n giai thita), téc lan!=1.2 ... n
Nhu vay P =nl.

Vidu?2 | Tinh s cach xép thu tu d4 luan luu 11 m cta 5 ciu tha.
Giai

1 C6 bao nhiéu s§ gém
sdu chit s6 d6i mot khic
nhau dugc tao thanh tif céc
Viy s6 cich sdp xép la: P,=5.4.3.2.1=120. chits 1,2,3,4,5,6?

MB&i cdch xép thi tu dd lun Iuu 11 m cla 5 cAu thi 1a mot
hodn vi ctia 5 ciu thi.

Il. CHINH HOP
1. Pinh nghia

Cho 3 diém A, B, C khong thing hang. Liét ké cdc vecto (khdc 0) c6 diém diu
va diém cudi 1a 2 trong 3 diém trén.

'@‘ DE tao ra mot vecto nhut trén, ta phdi chon ra 2 trong 3 diém A, B, C
va xdc dinh thit te 2 diém do.

Trong thyc tién, bén canh viéc chon ra mot s6 d6i twigng tif nhitng ddi wigng cho trude,
ta con can sip x&p thy ty clia nhiing ddi tugng dugc chon ra.

Mot 16p ¢6 4 nhém hoc tap duoe dit ténla A, B, C, D. Gido vién thyc hién hanh
dong sau: chon 2 nhém trong 4 nhém, sau d6 sip x&p thi ty trinh bay ctia 2 nhém da
dugc chon ra. Néu 4 két qua thyc hién hanh dong clia gido vién.

Ta goi mdi két qué thyc hién hanh dong nhu th& 12 mot chinh hop chap 2 cia 4 phan ti
da cho.

[ Cho tap hgp A gdm 1 phan tl va mot s8 nguyén k véi 1 <k <n.
M&bi két qua ciia viéc 14y k phin ti ti n phin ti ctia tp hop A va sép xép ching
theo mét thit tu nao do duoc goi la mét chink hop chdp k ciia n phdn tit da cho.
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Vidu3 | Hay list ké cac s6 gdm hai chit s6 khac nhau dugc 1y tii céc chii s6 1,2, 3,4, 5.
Gidi
Céc s8 gdm hai chii s6 khdc nhau dugc 18y tif cdc chitso 1,2, 3, 4, 5 1a:
12, 13, 14, 15, 21, 23, 24, 25, 31, 32, 34, 35, 41, 42, 43, 45, 51, 52, 53, 54.

2. S8 céc chinh hop

Mot 16p duoe chia thanh 5 nhém A, B, C, D, E dé tham gia hoat dong thyc hanh

trai nghiém. Sau khi cdc nhém thuc hién xong hoat dong, gido vién chon 3 nhém trong

5 nhém va sdp x&p thit ty trinh bay két qua hoat dong ctia 3 nhém da dugc chon ra.

a) C6 bao nhiéu cdch chon nhém trinh bay thd nhat?

b) Sau khi da chon nhém trinh bay thi nhat, c6 bao nhiéu cach chon nhém trinh bay
thr hai?

¢) Sau khi da chon hai nhém trinh bay thi nhét va thi hai, c6 bao nhiéu cach chon nhom
trinh bay thu ba?

d) V6i cdch lam nhu trén, gido vién tao ra mot chinh hgp chap 3 clia 5 phan ti. Tinh s&
cdc chinh hgp dudc tao ra.

s

Theo quy tdc nhén, sé cdc chinh hop chéap 3 ciia 5 phan tit la: :@: )
5.4.3=60. a —

Trong trudng hgp tdng quat, di véi tap hop A ¢6 n phan tit (n > 1), ta lam tuong ti nhu
trén d€ tao ra mot chinh hgp chép k ctia n phin ti d6 (1 <k < n) va s6 céc chinh hgp chap
k ctia n phin tit trong tap hop A la: n(n — 1)...(n —k + 1).

i Ki hiéu Aﬁ 12 6 cdc chinh hgp chap k ctia n phan ti (1 <k < n).

Tacé: AX =n(n—1)..(n—k+1).

Nhdn xét: A" =P, Vne N".

Vidud | O cdc cin ho chung cu, ngudi ta thudng ding céc chit s6 dé tao
mat ma clia. Gia dinh ban Linh @it mat mi cla 1a mot diy sd gdm 6 chi s6
d61 mot khdc nhau. Hoi gia dinh ban Linh c¢6 bao nhiéu cdch d€ tao mat ma?

Gidi

M&i mét ma clia gia dinh ban Linh 12 mot chinh hgp chap 6 clia 10 chif 3.
Viy c6 A?O =10.9.8.7.6.5=151200 (cich dé tao mat ma).
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Ta c6 thé tinh s3 cdc hodn vi va sd cdc chinh hgp

bing mdy tinh cAm tay nhu sau:

2 Trong vong ddu loai
truc ti€p cla mot gidi
béng d4, néu sau khi két
thic 90 phit thi dau va

Tinh Két qua c4 hai hiép phu cla trn
ddu ma két qua vin hoa

5! 120 thi loat d4 luan Tiw 11 m
6 s& dugc thuc hién. Tinh s6&
Al 151200 cédch x&p thd ti 5 cdu thi

dd luan Ivu cta doi béng c6

Vidu5 | Ding mdy tinh cim tay dé tinh: 121; A®,. 11 cdu thi.

Gidi

Tinh Nut 4n Két qua
12! = 479 001 600
AS = 665 280

B siitir

1. Tucdcchiisd 1,2,3,4,5,6,7,8, talap duoc bao nhiéu sé tu nhién
a) Gom 8 chil s6 d6i mot khac nhau? b) Gom 6 chii s6 d61 moét khac nhau?

2. Trong chuong trinh ngoai khod gido duc truyén thong, 60 hoc sinh dugc tridng t&
chc cho di xem phim. Céc gh& & rap dugc sdp thanh cdc hang. M&i hang c6 20 ghé.
a) C6 bao nhiéu cach sdp x&p 20 ban dé ngdi vao hang diu tién?

b) Sau khi sip xép xong hang diu tién, c6 bao nhiéu cdch sip x&p 20 ban dé ngdi
vao hang thi hai?

¢) Sau khi sdp x&p xong hai hang d4u, c6 bao nhiéu cich sip x&p 20 ban dé ngdi vao
hang thi ba?

3. Ban Viét chon mat khiu cho email ciia minh gom 8 ki ty d6i mét khac nhau, trong
d6 c6 3 ki twr dau tién la 3 chit cdi trong bang 2dm 26 chii cdi in thudng va 5 ki tu
tiép theo 1a chit s6. Ban Viét ¢6 bao nhiéu cdch tao ra mat khiu?

4. Mdi mdy tinh tham gia vio mang phai c6 mot dia chi duy nhat, goi 1a dia chi IP,
nhim dinh danh may tinh do trén Internet. Xéttap hop A 2dm cdc dia chi IP ¢6 dang
192.168.abc.deg, trong d6 a, b, ¢ llg cac chit s6 phan biét duoc chon ra t'ir cac chit s6
0,1,2,3,4,cond, e, g la cac chit s6 phan biét duoc chon ra tir cac chits6 5, 6, 7, 8,9
Hoi tdp hop A co bao nhiéu phan ti?

5. Mot nhém 22 ban di chup anh ki y&u. Nhém mudhn trong biic anh ¢6 7 ban ngdi & hang

d4u va 15 ban diing & hang sau. C6 bao nhiéu céch x&p vi trf chyp anh nhu vay?
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§3) 16 HOP

Trong giai béng ban d6i nam, mdi di chon
2 van dong vién d¢ tao thanh mot cip dau.

f’@“’
Trong todn hoc, mdi cdch chon \ 35)/
2 vdn dong vién tit cdc van dong
vién @ tao thanh mot cap ddu
(Nguon: https://shutterstock.com) ditge goi la gi?

1. Pinh nghia

Doi tuyén béng ban nam ciia trudng cé 4 ban Manh, Phong, Cudng, Tién.
Huan luyén vién mudn chon 2 ban @€ tao thanh mot cip ddu d6i nam.

a) Néu 3 céch chon cip dau.

b) Mdi ciip dau 1a mot tip con gdm bao nhiéu phin tit dugc 14y ra tif tap hgp gdm 4 ban
néi trén?

[ Cho tap hgp A gdm 1 phin tli va mot s6 nguyén k véi 1 <k <n.
M3i tap con gém k phan ti dugc 14y ra tit n phén ti clia A duge goi 1a mot 16 hop
chdp k ciia n phan tir d6.

Vidu1 & Ban Quén c6 4 chi€e do so mi khac mau 12 4o vang, 4o xanh, do tring va 4o nau.
Ban mudn chon 2 chiéc 4o dé mic khi di du lich. Viét céc t6 hgp chap 2 ctia 4 chiéc do.
Gidi )

Céc t& hop chip 2 ciia 4 chiée 4o 1a: F
{40 vang; do xanh}, {do vang; do tring}, {40 vang; 40 ndu},
{40 xanh; do tring}, {40 xanh; do nau}, {do tring; 40 nau}.

1 Viét tit ca t6 hop
chp 2 cta 3 phin ti
atbic

2. S6 cdc t6 hop

GEBP Cho tap hop A = (a: b c: d: e).

a) Néu cdch 1ay ra mot t6 hop chap 3 cia 5 phan tii trong A.

b) Néu céch 18y ra mot chinh hgp chap 3 ctia 5 phén tli trong A.

¢) So sdnh cdch 14y ra mot chinh hop chap 3 ctia 5 phén tii trong A véi cdch 1dy ra mot
tS hgp chap 3 ctia 5 phan tii trong A.
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Dudgc tap
con 3 phin tit

Lay mot t hgp

chdp 3 ctia 5 phin ti Hodn vi 3 phin tit trong t6 hop

Dudgc mot
chinh hgp chap
3 clia 5 phan i

Tao ra mét chinh hgp chép 3
clia 5 phan i

20b) \ 4( MG&i 16 hop chdp 3 ciia 5 phdn tit sinh ra 3! chinh hgp chp 3 ciia
\\\Y 9 5 phdn it vi ¢6 3! hodn vi ciia 3 phan tit. Vi thé; s& chinh hop chép 3

ciia 5 phén tit nhiéu gap 3! lan s6't6 hgp chdp 3 ciia S phan tit.

Nhdn xét: S§ chinh hgp chp & clia n phdn ti nhiéu gip k! 14n s6 6 hgp chap k ctia n
phin ti d6.

e :

1 ‘. A < 5 A
Ki higu C¥ 13 56 t6 hop chdp k ctia n phin t& v6i 1 <k < n. Tacé: Ck = F

= . X k n! b
Vidy2 @ Ching minh C, :m véil<k<nm.
Gidi
L - » |
Ta &6 A‘,,( —n(— 1) (n—k+ 1) = n(n—1)..(n—k+1)(n—k)..2.1 __n
(n—k)..2.1 (n—k)!
Ak !
DodoCh=Cn-
k! k!(n—k)!

Quy ude: 01=1; CO=1.
Véi nhiing quy udc trén, ta c6 cong thic sau:

[ ct n!

=—— Vv6i0<k<n.
" (k)

Vidu3 = Lép 10A c6 18 ban nit va 20 ban nam.
a) C6 bao nhiéu cach chon 3 ban nii trong 18 ban nii?
b) C6 bao nhiéu cach chon 5 ban nam trong 20 ban nam?
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¢) C6 bao nhiéu cich chon mot t8 xung kich gém 3 ban

niva 5 ban nam? 2 Trong mot budi tap hun
Gidi cho cdc bi thu chi doan c¢6
a) Mdi cdch chon 3 ban nii trong 18 ban nii 1a mot t hop 10>Abf.iﬂ,ﬂam» Hoi ¢6 bao
chp 3 cita 18 phén tf, do d6 c6 Cjy cdch chon. ntiiicachichonSibaninan

X . .,  d&tham gia mot trd choi?
b) Moi cdch chon 5 ban nam trong 20 ban nam la mot to

hop chap 5 ctia 20 phan ti, do d6 c6 Cgo cich chon.
¢) S6 céch chon mot t6 xung kich gdm 3 ban nii va 5 ban
nam la:
Cjy . C3 =816. 15 504 = 12 651 264 (cdch chon).

Ta c6 thé tinh s6 cdc t8 hop bing mdy tinh cAm

tay nhu sau: Nt t6 hop: (nCr). LS
5 - 3 Dung mdy tinh cim tay
Tinh At Kétqua | dé tinh:

210 2) G2 b) Cij.

4
Clﬂ

3. Tinh chit clia cdc s6 C*

50 sanh: a) C2 va C¢;  b) C2 +C3 va Cl.

Mot cich tong quat, ta c6 hai ding thic sau:

i € =Cr RO <k<n)VPCCT =Cll <k<n).

. BAI TAP

1. Cho 8 diém sao cho khong c6 3 diém nao thing hang. C6 bao nhiéu tam gidc véi
3 dinh la 3 diém trong 8 diém di cho?

2. C6 10 @i tham gia mot gidi béng dd. C6 bao nhiéu cich x&p tran dau vong tinh
diém sao cho hai ddi chi giip nhau diing mot 1an?

3. Khdi 10 ¢6 16 ban nif va 18 ban nam tham gia d¢t tinh nguyén Miia he xanh. Poan
trudng du dinh 1ap mot td trdng ciy gdm 3 hoc sinh ¢6 ca nam va nii. C6 bao nhiéu
cdch 1ap mot 6 trdng cy nhu vay?

4. Mot quan nhod bay ban hoa c¢6 50 bong hdng va 60 bong ciic. Bac Ngoc mudn mua
5 bong hoa gdm ca hai loai hoa trén. Bic Ngoc ¢6 bao nhiéu céch chon hoa?

5. Tinhténg Cj2+Cl3+Cld.
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§4. | NHI THUC NEWTON

2
@ Lam thé nao dé khai trién cdc biéu thitc (a + b)*, (a + b)®
t\}u mét cdch nhanh chong?

Ta dabiét (a+ b’ =a> +3ab +3ab® + > =1.a>+3.a>. b' +3 .a' . P>+ 1.b°.
a) Tinh €3, C3,.C3, €3,
b) Chon s6 thich hgp cho trong khai trién sau:

@+by = Tl Ty T e

1

"’O') 3 Far b W
@ g (a+b)yF Ga " #C, Ja 28 C%a” " .07+ C; . b,

Mbi 56 hang trong tong déu cé dang C]; Lag* . bE.

Tuong tu nhu vy, ta ¢6 cdc khai trién sau:
(a+p)*=Cf.a"0+C) . a*! b4 ChLa* 2 dP Py bt

=Cha* + Cla’b+ Cla®b? + Clab® + Cib*.

(@+b)’=CY. a4y . b L P G ct T e G LY

=C2’ + Cha*b+ C2a’b? + Cia®b’ + Clab* + C3°.
(at by =Cla' + Ca’bi C a’b’ .Cab’ 1 C b’
=a'+4a’b+ 6a’b” + 4ab’ + b
(atb)'=Cla’ Ca'b C.a’b’ Clah 1Clab' 1 C2h3
=’ +5a'b+10a’D’ +10a°b’ + Sab’ + b,

Nhiing cong thic khai trién néi trén 1a cong thic nhi thic Newton (a + b)" Gng véi

n=4;n=>5.

Biing céch nhu thé ta c6 thé khai trién dugc (a + b)" v6i n 1a s6 nguyén duong 16n hon 5.

Cong thic khai trién cu thé dugc trinh bay trong Chuyén dé hoc tap Todn 10.
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Vidul | Khai trién bi€u thiic (x + 1)°. %7

Gidi 1 Khai trién biéu thic
oLt

Tacs: c+ D'=rts4. 2. 146,02 244 x. 3+ 14 o)

=t 4 + 6%+ 4x+ 1.

2 Khai trién biéu thic
Gidi 23"
Tacé: (x— D*=[x+( DI*

=44 8 . CD+6. 2. 1) +4 xR+ D

Vidu2 | Khai trién biéu thic (x— 1)*.

=x* -4+ 6 4x+ 1. —?
Vidu3 = Khai trién cdc biéu thiic sau: 3 Tinh:
a) (v—29)% b) Bx—y)’. Slcie e Be e e
Gidi

b) C3-Cy+C2-C2+Ci-C3.
Ta co:

(-2 =+ 2 =xt 4.0 2+ 6. 7. (29 + 4. x. (- 29)°+ (< 20
=x*— 8%y + 247y 32xy° + 16y*.
b) Bx— )’ =[Bx+ (- P
=30 +5. 30 (=) +10.(3x) . (= 3>+ 10. 3. (= )*+5.Gx) . )+ (= y)°
=243x° - 405x*y® + 270037 — 90x%y + 15xy* — .

B cairar
1. Khai trién cdc biéu thic sau: % 4
a) 2x+ D% b) By-2)% ) [x + %] ; d) (x - éj .

2. Khai trién cdc biéu thiic sau:
a) (x+ 1) b) (x - 3y)°.

3. Xdc dinh hé s8 ctia x* trong khai trién biéu thic (3x + 2)°.
1 5
4. Cho [1 —Ex] =a0+a1x+a2x2+a3x3+u4x4+a5x5.'l'1'nh:

a)a3;
b)a0+al+a2+a3+a4+a54

n

Cho tap hop A ¢6 5 phan tii. S& tap hop con clia A 1a bao nhiéu?
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BAI TAP CUOI CHUGNG V

a) C6 bao nhiéu cch x&p 20 hoc sinh theo mot hang doc?
A, 90%; B.20!. C.20. s

b) S& cdch chon ra 3 hoc sinh tif mot 16p ¢6 40 hoc sinh la:
A A% B. 40°. 3% Dy

2. BanDuong ¢6 2 chi€c quan gdm: mdt quan mau xanh va mot quan mau den; 3 chiéc
40 gdbm: mot 4o mau nau, mot 4o mau xanh va mot do mau vang; 2 doi gidy gdm:
mot ddi giay mau den va mot doi giay mau do. Ban Duong mudn chon mot bo quin
4o va mot doi giay dé di tham quan. Biing cdch vE so dd hinh cdy, tinh s cich chon
mot bd quin do va mot ddi gidy cho ban Duong.

3. Trong mit phing, cho hai dudng thing song song a va b. Cho 3 diém trén dudng théng a
va 4 diém trén dudng théng b. C6 bao nhidu tam gidc ¢6 ca 3 dinh 1a 3 diém trong
7 diém néi trén?

4. Trong mit phing, cho 6 dudng thing song song va 8 dudng thing vudng géc véi
6 dudng thing d6. C6 bao nhiéu hinh chii nhat dugc tao thanh?

5. Khai trién cdc biéu thiic sau:
a) (4y— D% b) (3x + 4y)°.

6. Mat khiu clia mdy tinh 12 mot day cdc ki tu (c6 ké thd tu tif trdi qua phai) dugc chon
tit: 10 chil s8, 26 chi cdi in thudng cling v6i 26 chil c4i in hoa va 10 ki ty dic biét.
Ban Ngan mudn 1ap mdt mat khau ctia mdy tinh c6 d6 dai 1a 8 ki ty bao gdm: 4 ki
ty dAu tién 1a 4 chit s& khdc nhau, 2 ki ty tiép theo 1a chif cdi in thudng, 1 ki ty tiép
theo nifa 12 chi c4i in hoa, ki ty cudi ciing 1a ki tu dic biét. Ban Ngan c6 bao nhiéu
cdch 1ap mat khiu clia mdy tinh?

7. Mot trudng trung hoc phd thong t6 chiic cudc thi chay ti€p stc giita cdc 16p v6i ndi
dung 4 x 100 m va yéu ciu mi ddi gdm 2 nam, 2 nii. Ban An dugc gido vién giao
nhi¢m vy chon ra 4 ban va sip x&p thi ty chay cla cdc ban d6 dé ding ki du thi.
Ban An ¢ bao nhiéu cdch 1ap ra mot ddi thi du diéu kién didng ki? Biét I6p ban An c6
22 nam va 17 nii.

8. Béc Thio mu6n mua 2 chiéc mdy tinh d€ phuc vy cong viée. Ngudi ban hang gidi thiéu
cho bac 3 hing mdy tinh d& tham khao: hang thd nhét c6 4 loai mdy tinh phit hgp,
hang thit hai ¢6 5 loai mdy tinh phii hgp, hang thif ba ¢6 7 loai mdy tinh phu hop.
Bdc Thdo ¢6 bao nhiéu cdch chon 2 mdy tinh ding cho cong viéc?
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MOT S0 YEU TO
THONG KE VA XAC SU

Trong chuong nay, ching ta sé tim hiéu nhiing ndi dung sau:
s6 gan dung, sai s6; cac s6 dic trung do xu thé trung tam va do
muc d6 phan tan cho mau sé liéu khéng ghép nhém; xac suat
cuia bién cé.

§1 | s6 GAN DUNG. SAI S&

Trdi Pt v6i tén goi “Hanh tinh xanh” 13 ngdi nha
chung ctia nhan loai. Trong Hé Mit Troi, Trai Dat
12 hanh tinh thd ba tinh tit Mt Trdi, dong thdi ciing
12 hanh tinh 16n nhat trong cdc hanh tinh dat d4 xét vé
bén kinh, khéi lugng va mat do vat chat.

Tréi DAt ¢6 dién tich toan b bé miit 12 510,072 triéu km?.
(Nguon: hitps://vi.wikipedia.org)

Con 56°510,072 (triéu km?) la
(Nguon: https://shutterstock.com) 56 chinh xdc hay s& gan diing?

1. SO GAN PUNG

Hod don tién dién thang 4/2021 cla gia dinh bdc Mai la 763 951 ddng. Trong
thyc t&, bac Mai di thanh todn (hod don) biing tién méit cho ngudi thu tién dién s& tién Ia
764 000 ddng. Tai sao bac Mai khong thé thanh todn bing tién mit cho ngudi thu tién
dién s8 tién chinh xdc 1a 763 951 ddng?

Trong do dac va tinh todn thyc tién, doi khi ta khong st dung dugc céc s6 chinh xdc
(chdng han s6 763 951 & trén) ma phai st dung nhiing s& gan diing véi s chinh xdc.

[ Trong do dac va tinh todn, ta thudng chi nhan dugc cdc s6 gan ding.
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IL. SAI s6 CUA $6 GAN PUNG
1. Sai s6 tuyét déi

P Mot bdn hoa c6 dang hinh tron véi
ban kinh 12 0,8 m.

a) Viét cong thic tinh dién tich S ctia bdn hoa
theo = va ban kinh 0,8 m.

b) Khi tinh dién tich ctia bon hoa, ban Ngan 1ay
mot gid tri gn ddng ctia 712 3,1 va duge két
qua la: (Nguon: https://commons.m.wikimedia.org)

3,1.(0.8)°= 1,984 (m?).
Gid tri | S— 1,984 ] bidu dién didu gi?

‘ Néu a la s6 gan dung ctia s6 ding @ thi A, = [@ — al duoc goi la sai 56 tuyét @di
clia s6 gan dting a (Hinh I).

a a a a
— =
A”:‘E—a‘ A”:|E—a‘
a<a a>a
Hinh 1

Vidul | Mot bdn hoa c6 dang hinh tron véi ban kinh 1a 0,8 m. Hai ban Ngan va Anh
cling mudn tinh dién tich S ctia bdn hoa d6. Ban Ngan 14y mot gid tri gan ddng ctia 7 1a
3,1 va duge két qua Ia S Ban Anh 1dy mot gid trj gin diing ciia 7 12 3,14 va dugc két
qué 12 S,. So sdnh sai s0 tuyét doi Ay, clia s0 gin diing S, va sai sO tuyét doi Ag, ciia s
gin ding S,. Ban no cho két qué chinh xdc hon?

Gidi
Tac6: S, =3.1.(0.8)*=1,984 (m*);

5,=3,14 . (0,8)2=2,0096 (m?).
Ta thdy: 3,1 < 3,14 < nén 3,1.(0,8)>< 3,14 . (0,8)> < . (0,8)" tifc la Sl < S2 <S.
Suyra Ay, =[S -5, < |S - S| = A . Viy ban Anh cho két qué chinh xdc hon.
Chii y: Sai s& tuyét d6i ctia s6 gin diing nhan dugc trong mot phép do dac, tinh todn cang
bé thi két qua ctia phép do dac, tinh todn d6 cang chinh xac.
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2. Do chinh xic ciia mot s& gin dling

Haly ude luong sai s6 tuyét ddi Ay & Vidu 1.

Pé ude luong sai s tuyét ddi do, ta lam nhu sau:

Do 3,1 <m<3,15nén3,1.(0,8)°<x.(0,8)*<3,15.(0.8)% Suy ra 1,984 < S < 2,016.
Viy Ay = |§ - 8] < 2,016 - 1,984 = 0,032.

Ta n6i: Két qua ctia ban Ngan co sai s6 tuyét doi khong vuot qué 0,032 hay ¢6 do chinh xac

1a 0,032.

Nhan xét: Gia st a 1a s gan dung ctia 6 ding @ sao cho A, = la-d<a

i-d<do -—d<a-a<doa-d<a<a+d.

Mot cich tong quat:

[ Ta n6i a la s6 gan ding ctia s6 ding @ v6i do chinh xdc dnéu A, = [@ - al < d
vaquy udc vistgonla @ = a+ d.

Nhan xét: Néu A,<d thi 56 diing @ nim trong doan [a — d ; a + d]. B&i viy, d cang nhd
thi @9 sai 1éch clia s& gn ddng a so v6i s§ ding @ cang it. Diéu d6 gidi thich vi sao d
dugc goi 1a d6 chinh x4c clia s6 gan ding.

Vidu2 | Hay udc luong sai sé tuyét dbi AS2 S Vidul.
Gidi
Do3,14<m<3,15nén3,14. (0.8)> < 7. (0.8)> < 3,15 (0.8)2. Suy ra 2,0096 < S < 2,016.
Viy Ay, =[S - 8] <2,016 - 2,0096 = 0,0064.
Ta néi: K&t qua cia ban Anh c6 sai s6 tuyét d6i khong vigt qua 0,0064 hay ¢6 do chinh
xdc 1a 0,0064. Khi d6 ta c6 thé vigt S = 2,0096 + 0,0064.

3. Sai s¢ tuong déi
Cic nha thién vin tinh dudc thi gian dé

Trdi Dat quay mot vong xung quanh Mit Trdi 1a W g

o2

365 ngay + i ngay. Ban Hung tinh thoi gian di
bd mot vong xung quanh san van dong cua trudng
khoang 15 phit £ 1 phit. Trong hai phép do trén,
phép do nao chinh xdc hon?
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Phép do ctia cdc nha thién vin c6 sai s§ tuyét ddi khong vugt qud i ngay, c6 nghia 2

khong vugt qua 360 phit. Phép do clia Hiing c6 sai s6 tuyét d6i khong vugt qué 1 phit.

Néu chi so sdnh 360 phut va 1 phit thi ¢6 thé dan dén hiéu ring phép do ctia ban Hing

chinh xdc hon phép do cua cdc nha thién vin. Tuy nhién, % ngay hay 360 phit 1a do

chinh x4c ctia phép do mot chuyén dong trong 365 ngay, con 1 phit 1a d9 chinh x4c ctia
1

1
hép do mot chuyén dong trong 15 phiit. So sdnh hai ti s6 —*— = —— = 0,0006849...
EOP ¥ £ EEoP 365 1460

va % = 0,0666..., ta thiy ring phép do ctia cdc nha thién vin chinh xdc hon nhiéu.

Vi du trén cho ta thay: Sai s6 tuyét ddi clia s gan ding nhan dugc trong mot phép do dac,
tinh todn ddi khi khong phan dnh ddy db tinh chinh x4c ctia phép do dac, tinh todn d6.

Vi vily, ngodi sai s3 tuyét d6i A clia s6 gin ding a, ngudi ta con xét mot ti 53 khdc lién
quan dén sai s3.

s A
Tiso 6, = ‘ “‘ duoe goi la sai s6 twong déi ctia s6 gan ding a.
al

Nhan xét

*Néua=a+d thi A,=d.Dodé 5, = ﬂ Vi viy, néu ‘d‘ cang bé thi chit lugng ctia
phép do dac, tinh todn cang cao.

* Ngudi ta thudng viét sai s6 tuong d6i dudi dang phan trim. Chéng han, trong phép do
thdi gian Trdi Dat quay mot vong xung quanh Mt Trdi thi sai s3 tuong d6i khong vugt qud

1
4 L 0.068%.
365 1460

1. S6 QUY TRON. QUY TRON S6 GAN PUNG

L) Trudc hét, ta néu lai quy tdc lam tron (con goi la quy tron) s nguyén hodc s6
thap phan d&n mot hang nao d6 (goi 1a hang quy tron) nhu sau:

* Néu chit s6 ngay sau hang quy tron nhd hon 5 thi ta chi viéc thay thé chit s8 d6 va cdc
chif s bén phéi né bi 0.

 Néu chif s ngay sau hang quy tron 16n hon hoic biing 5 thi ta cing lam nhu trén nhung
cong thém mot don vi vao chil s8 clia hang quy tron.
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St dung quy tic trén, hily quy tron s3:
a) 123 456 dén hang trim;

b) 1,58 d&n hang phan mudi;

¢) 3,14159265... dén hang phan trim.

Nhén xét: Khi quy tron s6 123 456 dén hang trim ta duge s6 123 500. S6 123 500 goi la
s6 quy tron clia s6 ban diu.

&
[ Khi quy tron mdt s& nguyén hogic mot s6 thap phan dén mot hang nao d6 thi s&
nhan dugc goi 12 56 quy tron chia s6 ban diu.

Quy tron s6 3,141 d&n hang phan trim roi tinh sai s& tuyét d6i clia s§ quy tron.
Khi quy tron s 3,141 d&n hang phin trim ta dugc s6 3,14 va sai s6 tuyét doi cta s6
quy tron la 3,141 — 3,14‘ =0,001 < 0,005. Do vay 3,14 12 s6 gan ddng cta 3,141 véi do
chinh xdc 0,005.

Nhén xét: Khi thay s ding bdi s8 quy tron dén mdt hang nao do thi sai s6 tuyét ddi clia
6 quy tron khong vugt qud ntia don vi clia hang quy tron. Nhu vay, dd chinh xdc ctia s6
quy tron biing nita don vi ctia hang quy tron.

T nhén xét trén ta c6 thé viét s& quy tron ctia s8 gin ding cin ct vao dd chinh xdc

cho trudc.

Vidu3 | Viéts§ quy tron ctia mbi s§ sau véi @6 chinh xdc d:

a) 2 841 331 véi d = 500; %
b) 4,1463 véi d = 0,05; 1 Viét s6 quy tron clia
¢) 1,4142135... véi d = 0,005. moi sG sau v6i o chinh
xéc d:
Gidi 2) 28,4156 véi d = 0,005;
a) Vi do chinh xdc d = 500 nén ta quy ton s82 841331 )1 7350508 vei
dén hang nghin theo quy tic & trén. d=0,0005.

Vay s8 quy tron ctia s6 2 841 331 v6i @ chinh xdc
d=5001a2 841 000.

b) Vi d¢ chinh xdc d = 0,05 nén ta quy tron s6 4,1463 dén hang phin mudi theo quy tic
G trén.
Vay s8 quy tron ciia s6 4,1463 véi dd chinh xdc d = 0,05 1a 4,1.

¢) Vi d6 chinh xdc d = 0,005 nén ta quy tron s 1,4142135... @& hang phan trim theo
quy tic 6 trén.
Vay s quy tron ctia s& 1,4142135... v6i @9 chinh xdc d = 0,005 1a 1,41,
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Qua Vi du 3, ta thiy néu s8 diing 12 s6 nguyén hotc s6 thap phan thi ta ¢6 thé
fim dé dang s6 gan ding véi do chinh xdc cho trude bing cdch quy tron vé hang thich
hop. Tuy nhién, viéc biéu dién s6 thyc vé dang s6 nguyén hoic sd thap phan trong thuc
tién la khong don gian. Ngay nay, ta c6 thé st dung mdy tinh cam tay hoic c4c phuong
tién tinh todn hién dai d8 gidi quyét vin dé do.

Sit dung méy tinh cAm tay, tinh 37 . /14 (trong két qu Iy bén chif s6 & phan thap phan).
Pé thuc hién phép tinh trén ra két qua c6 bon chii s6 6
phin thap phan, ta c6 thé 1am nhu sau: 9 3 .

2 Si dung mdy tinh
. s o8 N cim tay, tinh Y15 :5- 2
 Tiép tuc an lan lugt hi man hinh hién (trong k&t qua Iy hai chit
ra Fix 0~ 9? 0 6 phan thap phan).
' 14y bon chit s thap phan. Két qua hién ra
man hinh la 8183.0047.

« An lién ti¢]

Vidud | Mot t5 gidy A4 c6 dang hinh chii nhat véi chiéu dai, chidu rong 1an lugt 1a
29,7 cm va 21 cm. Tinh d6 dai dudng chéo cta & gidy A4 d6 va xac dinh d6 chinh xac
cta ket qua tim duoc.

Gidi
Goi x la d6 dai duong chéo ctia to gidy A4 d& cho. Theo dinh li Pythagore, ta co:

x=+/29,7% + 217 = 882,09 + 441 = ,[1323,09 = 36,3743...
Néu 14y gid tri gin diing cla x la 36,37 ta co: 36,37 < x < 36,375.
Suy ra |x - 36,37| < 36,375 - 36,37 = 0,005.
Vay @6 dai dudng chéo clia td gidy A4 da cho la x ~ 36,37 va do chinh xdc clia két qua
tim dugc 12 0,005, hay néi céch khic x = 36,37 + 0,005.

. BAI TAP

Quy tron s6 — 3,2475 dén hang phan trim. S gin ding nhén dugc c¢6 do chinh xdc
1a bao nhiéu?

2. Viétsé quy tron ciia méi s6 sau v6i d6 chinh xac d:

a) 30,2376 voi d = 0,005; b) 2,3512082... vo1 d = 0,0005.

3. Biét V2 = 1,41421356237.... Viét s6 gn diing ciia v2 theo nguyén tic quy tron
14n lugt véi hai, ba, bon chil s& thap phan va udc lugng sai s8 tuyét doi.

4. Tada biét 1 inch (ki hi¢u 1a in) 1a 2,54 cm. Man hinh cia m6t chiéc ti vi c¢6 dang
hinh chii nhat véi d9 dai dudng chéo 1a 32 in, ti s gita chiéu dai va chiéu rong clia
man hinh 12 16 : 9. Tim mot gid tri gn ddng (theo don vi in) ctia chidu dai ti vi va
tim sai s6 tuyét ddi, o chinh xdc cla s6 gan ding d6.

5. Hay tim hiéu khdi lugng ctia Trai Dat, Miit Troi va viét két qua dudi dang s6 gin dung.
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CAc SO DAC TRUNG DO XU THE TRUNG TAM

D)
$2 Cho mAu $6 LIEU KHONG GHEP NHOM

SEA Games 30 d di vao lich st ctia Thé thao
= Viét Nam. Lin dau tién, Viét Nam ciing dugc
Viét Nam < P ; R

: Huy chuong Vang ca béng dd nam va béng
Viét Nam Indonesia | d4 nit. Djc biét, s6 ban thing trung binh ctia

6-0 Brunei
6-1
2-1
Singapore 0-1 Viét Nam doi tuyén béng dd nam U22 Viét Nam trong
2-2
4-0

Viét Nam

Lao

Thai Lan | MOi trin diu 123,43,

Campuchia

Viét Nam

Viét Nam S&'ban theing trung binh trong moi

Indonesia 03 Viét Nam trgn ddu dugc tinh nhut thé nao?

Bdng 1. Bdng két qud thi dau bong dd ciia
doi ruyﬁh béng dd nam U22 Viét Nam
tai SEA Games 30

1. S6 TRUNG BiNH CONG (SO TRUNG BINH)

1. Pinh nghia

K&t qua do chidu cao (don vi: xdng-ti-mét) ctia 5 ban nam t3 T la:
165 172 172 171 170

Tinh trung binh cong clia 5 s& trén.

[ S6 trung binh cfng chia mot mau n 55 liéu thong ké bing tong clia céc s8 liéu chia
cho 50 céc 56 liéu d6. S trung binh cong X ciia mau 6 liu x , x,, ..., x, 1a:
Wi X £ il
- ey n
n

Vidul | Két qua 4 1in kiém tra mon Toén ctia ban Hoa %
1a:7 9 8 9 1 Quan sét Bdng 1 va

Tinh s& trung binh cong ¥ clia mau s8 liéu trén. gidi thich tai sao s6 ban
thing trung binh cta doi

Gidi o tuyén bong dd nam U22
S& trung binh cong X clia mau s8 liéu trén la: Viét Nam trong mdi trin
déu 1 3,43.
. 7+918+9:?:&25‘

Nhdn xér: Cong thiic tinh s6 trung binh cong ¥ khi ¢6 cdc s6 liéu thong ké bing nhau
6 thé viét lai ¢ dang:
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s T+8+2.9 33 ..o
1+41+2 4

Ta c6 thé tinh s8 trung binh cong theo cdc cong thic sau:

¢ SO trung binh cong X clia mau s6 lidu thdng ké .
5 5 Zo R g Gia tri X *, —
trong bang phan bo tan so la: 1] 3
X+ Xy o+ X, 4n s6
g A 249 K7k Tan so nyfny | e |y
no+ny
¢ S§ trung binh cong ¥ clia mau s6 lidu thong ké
trong bang phan b tin s tuong d6i 1a:
X =+ % & et [l Gidtri | X | X | | X
o f n y n, p n, Tén 6 il 7
trongde fii=—; == v = =
e R Jk n tuong déi 1 2 "

len:ﬂl +I‘L2 & e +nk.

2Ly nghia

Trong thuc tién, d& tim hiu mot d6i tugng thong ké, ta dua ra tiéu chi thdng ké va tién
hanh thu thap nhiéu lan 6 liéu thong ké theo tidu chi d6, tao thanh mau s& liéu. Cin cd
vao mu s6 liéu d6, ta rit ra nhiing két luan c6 ich vé d6i tugng thong ké. DE két luan
rit ra phan dnh dung d4n ban chat ctia d6i tugng, ta can nhan biét dugc hinh thdi va xu
th& thay d6i ctia miu s lidu. V6i cdch nhin nhan nhu thé, s6 trung binh cong ctia miu
56 liéu c6 y nghia sau:

Khi cdc s6'liéu trong mdu it sai léch vdi s6 trung binh cong, ta c6 thé gidi quyét dugc van
dé trén bing cdch 1dy s6 trung binh cong lam dai dién cho méu s6 liéu.

Ching han, d¢ dy bdo lugng mua trong théng 8 tai Ha Noi ngudi ta tién hanh do lugng
mua cla tiing ngay trong thdng 8 tai Ha N¢i, ta dudc mau s6 ligu gdm 31 s8 lidu. S&
trung binh cong ctia miu sd lidu d6 duge xem nhu lugng mua trung binh thang 8 ctia
Ha Noi. Thong ké lugng mua trung binh thdng 8 ctia Ha Ni trong nhiéu nim lién ti€p
s€ cho ta nhiing du bdo (ngay cang chinh xdc hon) lugng mua trung binh thing 8 cua
Ha Ndi trong nhiing nim sip t6i.

Il. TRUNG VI

1. Pinh nghia

Diém kiém tra mdn Todn clia mdt nhém gém 9 hoc sinh nhu sau:
11367 88910

Tinh s8 trung binh cong ctia miu s lidu trén va néu nhan xét.
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Nhén xét: S6 trung binh cong ctia miu s ligu trén 12
- 1+1+3+6+7+8+8+9+10
Xi= ~ 5,9.
9
Quan sdt mau s3 liéu trén, ta tha'y nhiéu s8 liéu ¢6 sy chénh léch 16n so véi s6 trung binh
cong. Vi vay, ta khong thé 14y sd trung binh cong 1am dai dién cho mau s6 ligu ma ta

phai chon s6 dic trung khic thich hop hon. Cu thé, ta chon s6 dumg gitta mau sé liéu
trén, tirc 1a s6 7, lam dai dién cho méu s6 ligu do.

[ Sép thi ty mAu s liéu gdm n s6 lidu thanh mot day khong giam (hogc khong ting).
* Néu n 1a 18 thi s8 liéu ding & vi tri thi fiatal (s6 ding chinh giita) goi 1a
trung vi. 2
* Néu n 1a chin thi s8 trung binh cdng clia hai s liéu ding & vi trf thi g va
n . an .

3 + 1 goi la trung vi.

Trung vi ki hiéu la M.

Vidu2 | Thoi gian (tinh theo phit) ma 10 ngudi doi 6 %7
2 Nhiét do buoi t6i &

bén xe buyt la: ¢t do
Ha Noi ngay 21/11/2021
28 1,2 34 146 13 25 42 19 35 08 16820 gio, 21 £id, 22 g,

Tim trung vi ctia miu s6 lidu trén. 23 gid lan lugt 1a 26, 25,
23, 23 (don vi: °C).

Gidi (Nguén: https:/faccuweather.com)
Bude 1. Sip x&p cdc s6 liéu ciia mAu trén theo thd ty ANV Vi TR 0]

., liéu trén.
khong giam:

08 1,2 1,3 19 25 28 34 35 42 146
Bude 2. Xac dinh xem s6 céc s6 ligu la s6 chén hay s6 1& dé tim trung vi:
MAu 8 liéu trén ¢6 10 s8. S8 thi ndm va s6 thir sau 14n lugt 12 2,5 va 2,8.
Viviy M, = 25;728 = 2,65 (pht).
Nhan xét
* Trung vi khong nhat thiét 1a mot s6 trong mau s8 liéu va dé tinh todn.
* Khi céc s8 liéu trong mau khong c6 sy chénh Iéch 16n thi s6 trung binh cong va trung vi
x&p xi nhau.
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.Y nghia
Néu nhiing s6 ligu trong mAu c¢6 sy chénh 1&ch 16n thi ta nén chon thém trung vi lam dai
dién cho mau s3 liéu d6 nhiim didu chinh mot s& han ché khi st dung s8 trung binh cong.
Nhiing két luan vé ddi tugng thdng ke rit ra khi d6 sé tin ciy hon.
Chiing han, s& trung binh cdng ctia miu s6 li¢u théng ké trong Vi dy 2 1a:

28+ 1,2+34+14,6+1,3+2,5+4,2+1,9+3,5+0,8

T = 3,62 (phiit).
x T (phut)

Vi thé, néu chon thém trung vi M, = 2,65 (pht) 1am dai dién cho méu s6 liu 6 thi két
luan v& thi gian dgi & bén xe buyt s& tin cdy hon.

1Il. TG PHAN VI

1. Pinh nghia

Xét mAu s6 liéu duge xép theo thet t ting din:
123456789 1011

Tim trung vi cia miu s lidu trén.

Nhdn xét

Trung vi cia miu s6 liu trén 12 6. Tuy nhién, nhiéu s6 liéu trong mAu van c6 sy chénh

1éch 16n so véi 6, ching han: 1, 2, 10, 11. Vi thé, ta cin chon thém nhiing phin tit dic

trung cho miu s6 lidu.

Niia ddy phia dudi s8 6 (tic 1a nhiing s6 nhd hon 6) bao gdm 1,2, 3, 4, 5, ¢ trung vi 1a 3.

Niia ddy phia trén s6 6 (ttc 1a nhiing s6 16n hon 6) bao gdbm 7, 8, 9, 10, 11, ¢6 trung vi
1a9.

Ba phén i 3, 6, 9 chia miu s3 liéu thanh bdn phan 6 s lugng phén ti bing nhau la
{152}, {4: 5}, {7; 8}, {10; 11}

Ta chon bd ba 8 3, 6,9 12 bo s8 dic trung cho miu s6 lidu.

[ Sép thit ty mAu s6 lidu gdm 7 s6 liéu thanh mot day khong giam.
Ti phan vi ctia mau s6 lidu trén la bo ba gia tri: tir phan vi thw nhat, t phan vi
thir hai va tir phan vi thit ba; ba gi4 tri nay chia mau s6 lisu thanh bén phén c6 s6
Iuong phén tit bing nhau.
* Tt phén vi thit hai Q, béing trung vi.
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[ * Néu n1a 56 chin thi t phan vi thd nht @, bing trung vi ciia niia ddy phia dudi
va i phén vi thi ba O bling trung vi clia ntia day phia trén.
* Néu n la 56 1& thi t¢ phan vi thd nhit Q| bing trung vi ctia nifa ddy phia dudi
(khong bao gdm Q,) va tii phan vi thii ba O, bling trung vi clia nita ddy phia trén
(khong bao gém Q).

Ta minh hoa td phan vi cia mau s& ligu gdm 11 s6 lidu trén truc s& nhu sau:

i) g Wy Wy Xy Xp K Sy Ky Y10 *u11
Q 9, 9

Vidy3 | Tim t@ phan vi cia mau s& ligu:
21 35 17 43 8 59 72 119
Biéu dién td phan vi d6 trén tryc s6.

Gidi [ -
Mdu s6 ligu trén dudc sip xép theo thi t ting dan nhu sau: 93 Tim tit phan vi ciia

8 17 21 35 43 59 72 119 mau s liéu:
11 48 62 81 93 99 127
iom o m ens BN o 35443 =
Trung vi ctia mau s6 ligu trén la: ———— = 39 Biéu dién t phan vi trén
T truc s6.
Trung vi ctia ddy 8, 17, 21, 35 la: % - 19.
Trung vi cta day 43, 59, 72, 119 la: y = 65,5.
Viy 0,=19,.0,=39,0,=655.
T phén vi d6 dugc biéu dién trén tryc s6 nhu sau:
8 17 21 35 43 59 72 119
QIII‘) QZIS‘) QRIGS.S

2% nghia

* Trong thyc tién, ¢6 nhiing mAu s6 liéu ma nhiéu s8 liéu trong mau d6 van con sy chénh
1éch 16n so v6i trung vi. Ta nén chon thém nhiing s6 khac cling 1am dai dién cho méu d6.
Biing cich 14y thém trung vi cta tiing ddy s6 lidu tich ra bdi trung vi ctia miu néi trén,
ta nhan dugc td phan vi dai dién cho mau s8 li¢u d6.

* Bobagid tri Q, Q). O, trong tii phin vi phdn dnh d6 phan tdn cla mAu s6 lidu. Nhung
mi gid tri O, Q,, 0, lai do xu th€ trung tAm cta phin sG liu tuong dng ctia miu dé.
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IV. MOT

1. Pinh nghia

Bdc Tam khai truong ctia hang ban 4o s6 mi nam. S6 4o clia hang da ban ra
trong théng dAu tién dugc thdng ké trong bang tn s sau:

Cd a0 37 38 39 40 41 42 43
Tén s&
(S8 o bén duge) 15 46 62 81 Sl 20 3

Cd 4o nao clia hang bic Tam ban dugc nhidu nhat trong thang dau tién?

Ta c6 dinh nghia sau:

[ Mt ctia mau s6 lidu 1a gid tri c6 tan s6 16n nhit trong bang phan b tan s6 va ki
hiéu 1 M.

Chii ¥: Mot mau s8 lidu ¢6 thé ¢6 mot hodic nhiéu mét.

Vidu4 = Mét trong bang tin ?
$6 thong ké s 4o ban ra trong 4 Két qua thi thit mon Todn ctia 16p 10A nhu sau:
thang dAu tién cla clia hang &
Hoat dong 4 la bao nhiéu?
Gidi
Vi tin & 16n nhat 1a 81 va 81
tuong tng véi ¢S do 40 nén
m&t ctia bang trén 12 40.

5 6VlS 6 9108 58 4B 45 7 45 8 910
54 346 57 5 84859 586 56 8 87 979
a) M6t ctia miu s6 liéu trén 1a bao nhiéu?

b) Tinh ti 1& s§ hoc sinh 16p 10A dat diém ti 8 trd lén.
Ti 1 d6 phan 4nh diéu gi?

2Ly nghia

Mt ctia mot mau s liéu dic trung cho s 1an 13p di 13p lai nhiéu nhat tai mot vi trf cia mau
s6 lidu @6. Dya vao mdt, ta 6 thé dua ra nhiing két luan (c6 ich) vé ddi tugng thong ké.
Ching han, trong Vi du 4, mt trong bang tan s6 théng ké s§ 4o ban ra trong thang dau
tién clia ctia hang 12 40. Do vay, bac TAm nén nhap vé& nhidu hon cd 4o 40 d€ ban trong
thang ti€p theo.

V. TINH HOP Li CUA $6 LIEU THONG KE

DPoc ki cdc ndi dung sau:

Sau khi thu thap, t3 chic, phin loai va biéu dién s& liéu bing bang hojc biéu dd, ta cin
phan tich va x{ 1f cdc s6 liéu d6 dé xem xét tinh hop 1f ctia s6 lidu thong ké, dic biét chi
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ra duge nhiing s& ligu bat thudng (hay con goi 1a di biét, trong ti€éng Anh 1a Outliers).
Ta c6 thé st dung cdc s8 liéu dic trung do xu thé trung tim cho mau sd liéu khong ghép
nhém dé thyc hién diu do.

Vidu5 | Mau s6 lidu sau ghi lai cin ning ctia 40 ban hoc sinh 16p 10 cia mot trudng
trung hoc phd thong (don vi: ki-16-gam):
30 32 45 45 45 47 48 44 44 49
49 49 52 51 50 50 53 55 54 54
54 56 57 57 58 58,5 68,5 60 60 60
60 63,5 63 62 69 58,5 88 85 72 71

a) Xdc dinh trung vi, td phan vi clia mu s3 liéu trén.

b) Tii két qua ciu a), budc dau x4c dinh nhiing s8 li¢u bat thudng trong mau sd ligu trén.
Gidi

a) Miu s8 ligu trén dugc sip x&p theo thi ty ting din nhu sau:

30 32 44 44 45 45 45 47 48 49
49 49 50 50 51 52 53 54 54 54
55 56 57 57 58 585 585 60 60 60
60 62 63 635 685 69 71 72 8 88
« Trung vi cfia mu s6 liéu trén Ta: > ; ES_ 54s,

* Trung vi clia nita day phia dudi 30 32 44 44 45 45 45 47 48 49 49

49 50 50 51 52 53 54 54 54 la: 49;49:49.
* Trung vi ctia ntia day phia trén 55 56 57 57 58 58,5 585 60 60 60

60 62 63 635 685 69 71 72 85
Viy 0, =49; 0, =54,5: 0, = 60.

b) Dua vao trung vi, td phan vi cia miu s8 liéu da cho, budc diu ta c6 thé thdy nhiing s&
lidu bat thudng trong mau s6 liéu d6 1a: 30 32 85  88.

88 1a: 60; 0 _ 49

Chii y: Trong thyc tién, nhiing sG liéu bét thudng ctia miu s& ligu duge xdc dinh bing
nhiing cong cu todn hoc siu sic hon.

P eainar
1. Chiéu cao (don vi: xing-ti-mét) cia cdc ban t6 13 16p 10A 1an lugt 1a:
165 155 171 167 159 175 165 160 158
i v6i mau s6 lidu trén, hiy tim
a) S trung binh cong; b) Trung vi;

o) Mét; d) T phan vi.
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2. S6 déi giay ban ra trong Quy IV nidm 2020 clia mot cita hang dugc thdng ké trong
béang tan s3 sau:

Cd giay 37 38 39 40 41 42 43 44

Tan s6

) 40 | 48 | 52 | 70 | 54 | 47 | 28 | 3
(S8 doi giay bén dugc)

a) Mot clia miu s8 lidu trén la bao nhiéu?

b) Clia hang d6 nén nhap vé nhiéu hon ¢3 giay nao dé ban trong thing ti€p theo?

3. Bdng 2 cho biét nhiét @9 trung binh cdc théng trong ndm & Ha Noi.

Thang 1 2 3 4 o) 6 i 8 9 10 11 12

Nhiét d6

©C) 16,4 (17,0 |20,2|23,7|27,3|28,8|28,9|28,2|27,2|24,6(21,4|18,2

(Ngu(’}n: Tdp ban dé Dia li 6, NXB Gido duc Viét Nam, 2020)
Bdng 2

a) Nhiét do trung binh trong ndm 6 Ha Néi 1a bao nhiéu?

b) Nhiét do trung binh ctia thdng ¢6 gid tri thap nhat 1a bao nhiéu do C? Cao nhat
1a bao nhiéu do C?

4. Bdng 3 cho biét tong dién tich rling tif nim 2008 dé&n nim 2019 & nudc ta.

Nim 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 | 2019

Tong dién
tichring |13,1]13,2|13,4|13,5(13,9|14,0 13,8 |14,1|14,4|14,4| 14,5 14,6
(triéu ha)

(Nguon: https://baodantoc.vn)
Bdng 3

a) Dién tich riing trung binh ctia nudc ta tit nim 2008 dén nim 2019 la bao nhiéu?
b) Tit ndm 2008 dén ndm 2019, dién tich riing ctia ndm c6 gid tri thap nhat 1a bao
nhiéu triéu héc-ta? Cao nhit I bao nhiéu tri¢u héc-ta?
¢) So véi nim 2008, ti 1& tong dién tich riing ctia nudc ta nim 2019 ting 1én dugc
bao nhiéu phan trim? Theo em, ti 1¢ ting d6 1a cao hay thap?
d) Hay tim hiéu s8 li¢u vé téng dién tich riing cia tinh em dang séng trong mot s&
nim gan day.
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5¢ CAc 56 PAC TRUNG DO MUC DO PHAN TAN
>/ CHO MAU SO LIEU KHONG GHEP NHOM

K&t qua 5 bai kiém tra mon Todn ctia hai ban Diing va Huy dugc théng ké trong bang sau:

Diém kiém tra
Bail Bai 2 Bai 3 Bai 4 Bai 5
Hoc sinh
Diing 8 6 7 5 9
Huy 6 7 7 8 7

Bdng 4

Két qud lam bai kiém tra mén Todn ciia ban nao dong déu hon?

I. KHOANG BIEN THIEN. KHOANG TU PHAN VI

1. Pinh nghia

K&t quéa ctia 11 1dn do duoc théng ké trong méau s liéu sau:
25168791012 14 11 6 (1)

a) Tim hiéu giffa s& do 16n nhat va s§ do nhé nhat.

b) Sip xép cic s6 licu cla méiu (1) theo thd i ting dan. Tim cde gid i Q,, Q,, 0, I

td phén vi cia mau d6. Sau d6, tim hiéu O, — 0.
Nhan xét
* Trong mau s8 liéu (1), hi¢u gifta s& do 16n nhat va s do nho nhat 1a
R=x —x, =16-2=14

S8 R goi 1 khodng biéh thién ciia mau s6 liéu (1).

* Sip x&p cdc s6 lidu ctia miu (1) theo thi ty ting din, ta dugc:
2567 89 10 11 12 14 16

Vay 0,=6;0,=9; 0, =12. Suy raAQ =0Q,- 0, =12-6=06vagoila khodng tt phan vi

ctia mau s6 liu (1).

[ * Trong mot miu s6 liéu, khodng bién thién 1a hidu s6 gitta gia tri 16n nhat va gid
tri nhd nhat cia miu 8 liu d6.
Ta c6 thé tinh khoang biéh thién R ciia mu s61idu theo cong thifc sau: R=x,__—x,
trong d6 x, 12 gid tri I6n nht, x, 1a gid tri nho nhat cia miu s6 liéu do.

min’

* Gid st Q,, Q,, O, 1a tii phén vi ctia mAu 56 liéu. Ta goi hiéu A,=0,-0 1 khodng
11 phan vi cia mau s6 lidu d6.
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Chii y: Khoang td phan vi ctia mau s liéu con goi 1a khodng trdi giiia (ti€ng Anh la
InterQuartile Range — IQR) clia miu s& lidu d6.

Vidul | MAu s6 lidu thong ké chidu cao (don vi: mét) ciia 15 cay bach dan la:
63 66 7,5 82 83 78 79 90 89 72 75 87 7,7 88 76 (2)
a) Tim khoang bién thién clia mau 8 liéu (2).
b) Tim khodng td phan vi ctia mAu s ligu (2).
Gidi
a) Trong méu s8 liéu (2), s6 16n nhat 12 9,0 va sd bé nhat 1a 6,3. Vay khoang bién thién
ctia mau s6 licu (2) la:

R=x_ .—x
x ~ Vmi

‘may

=9,0-6,3=27 (m).
b) Sép xép cdc s6 liéu ctia mau (2) theo thi ty ting din, ta dugc:
63 66 72 75 75 76 7,7 7,8 79 82 83 87 88 89 9,0
Do d6 @, =7,5 (m); Q,=7,8 (m); O, =8,7 (m).
Véy khoing tit phan vi ciia mu s§ ligu (2) 1a: A, = 0, — 0, =8,7—7,5=1,2 (m).

in

2. ¥ nghia

a) Y nghia ctia khoang bién thién: Khodng bién thién ciia mdu so' liéu phdn dnh sit
“dao dpng”, “su dan trdi” ciia cdc s6 liéu trong mdu dé. Khoang bién thién dugc sit
dung trong nhidu tinh hudng thyc tién, ching han: tim ra sy phin tin diém kiém tra ctia
mot 16p hoc hay xédc dinh pham vi gid ca cia mot dich vu ...

Theo cdch nhin nhu & trong vét 1f, § d6 bién dd dao dong phin dnh khoang céch tit diém
can biing dén diém xa nhét ciia dao dong, néu coi s6 trung binh cong 1a “diém can bing”
ctia mAu s6 liu thi khoang bién thién clia mau 8 lidu c6 thé xem nhu hai 1an bién do
dao dong clia cdc s6 trong miu d6 quanh diém can biing.

Trong céc dai lugng do mic d6 phan tdn ctia miu s6 lidu, khoang bién thién la dai lugng
dé& hiéu, dé tinh todn va tuong ddi tot d6i v6i cdc mau s liéu nhd. Tuy nhién, do khoang
bién thién chi st dung hai gid tri x| vax_ ctia miu s liéu nén dai ligng d6 chua dién
gidi ddy dt sy phan tén clia cdc s8 liéu trong mau. Ngoai ra, gid tri cia khoang bién thién
s& bi anh hudng bdi cdc gid tri bat thudng clia mau s6 liéu d6. Trong nhiing trudng hgp
nhu vy, khodng bién thién ctia mAu s8 liéu khong phan dnh chinh xdc d6 dan trai cla
mau s6 ligu.

b) Y nghia ciia khoang t& phén vi: Khodng tit phdn vi la mét dai ligng cho biét mutc
dp phan tdn ciia 50% s& liéu chinh giita ciia mdu s6 liu da sdp xép va cé thé gitip xdc
dinh cdc gid tri bt thuong ciia mau s&'liéu dé. Khodng td phan vi thudng dugc st dung
thay cho khodng bién thién vi n6 loai trit hau hét gid tri bt thudng clia mau s8 liu.
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11. PHUONG SAI

1. Pinh nghia
S6 ligu thdng ké két qua 5 bai kiém tra mon Todn ﬂ'
ctia ban Diing 1a: 8 6 7 5 9 (3) (xem Bdng 4). Mbi hiéu gidia 53 liéu va

s6 trung binh cong goi 1a
dé léch cia 6 liéu d6 doi
74 V6i s6 trung binh cong.

S& trung binh cong ctia mau s lidu (3) la:
8+6+7+5+9
S
a) Tinh cdc do lech sau: (8 —7); (6 —7): (7 —7); (5—7): (9 7).

X =

b) Tinh binh phuong cdc dd léch va tinh trung binh cdng ctia ching.

Trung binh cdng ctia binh phuong cdc d6 1éch la:

E -1 +6-T+T-D+G-1+O-7 _
d

S6 s* duoc goi la phutong sai cia miu 8 lidu (3).

o Ao
X

&

2.

Mot cich tong quat, ta c¢6 dinh nghia sau:
Cho mu s6 liéu théng ké ¢6 n gid tri x,, X, ..., x, va s6 trung binh cong la .
45} =2 =)2
o Conglr) o =%) 3 (v, = )

Ta goi 58 s° = la phuong sai ctia mau
n

s6 liéu trén.

Nhan xét
 Khi ¢6 cdc s6 liéu biing nhau, ta c6 thé tinh phuong sai theo cong thiic sau:
+ Phuong sai clia miu 8 li¢u thong ké trong bang

phan bd tan s6 la: e
g —a —a id tri X | Xy | e | X
B n(x; = X)° + ny(x, = X)° + o+ m(x, — X) —
P ) ’ Tan so nen, | e |y
trong d6 n=n, +n,+ ... +n; X 120 trung binh
cOng clia cdc s6 ligu da cho.
+ Phuong sai clia miu s8 ligu thdng ké trong bang
phan bd tan s6 tuong d6i 1a: Gt x| x =
2 =2 ) —2 : 175 k
& =F0 ~ B+ 50 -8 .0 L3, o
trong d6 X I s6 trung binh cong clia cdc 56 liéu | wongasi |1 | L2 | | i
da cho.
37
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* Trong thuc t&, ngudi ta con diing cong thiic sau dé tinh phuong sai ctia mot mau s6 liéu:
o 2 D
e2:()c]—)c) +(x = X) + .+ (x, - %)

n—1

, trong do: x, 1a gid tri clia quan st thd i;
X 12 gid tri trung binh v n 14 8 quan sit trong miu s6 ligu do.
Vidu2 | Mau s6 liéu thong ké két qua 5 bai kiém tra mon Todn clia ban Diing, ban
Huy 1an lugt la:
8 6 75 9 (3

Diém

6 7 7 8 7 (4) (xem Bdng 4). i
S& trung binh cong ctia mau sd lidgu (3) va (4) déu 9 #, *’
1 ¥ = 7. HER SRR LR R
v B Bowa . xS Hy Hs
a) Tinh phuong sai s;,, s;, lan lugt clia hai mau sd ; My P
lidu (3) va (4). % i
b) Xét miu s6 lidu (3), ta goi do dai doan thmg MLH[ %
120 1éch ciia 58 ligu thdng ke x, dGi v6i s0 trung O Rt Bu2 Bu3 Bud Bu5 Bar
binh cong ¥ =7 (Hinh 2). So sanh phuong sai o L
52 ctia mfu s lidu (3) va gid tri cta biéu thic =

MH; + M H; + M H; + M H, + M H;
4 ;
¢) Sosénh s7, VA s3. Td d6 cho biét ban n2o c6 két qua kiém tra mon Todn ddng déu hon.

Gidi

_B-DHE-D+T-D+G-1+O-7) _
5
s =D HO-TV+0-'+@-1'+T-7) 2
5 5

a) Ta c6: s;

b) V6i mau s6 liéu (3), ta c6: A
MH, =18-71, M,H,=16-7, M;H,=7-1], ‘71’ Miu s6 liéu vé thdi gian
MH,=I5-17|, M,H,=19-17]. (don vi: gidy) chay cu li 500 m

clia 5 ngudi la:

552 588 62,4 54 594 (5)

Miu s& lidu vé thdi gian (don

5 vi: gidy) chay cu li 1500 m ctia

Nhu vay, phuong sai .YZD danh gid mdc do phan 5 ngudi d6 la:

tdn két qua 5 bai kiém tra mon Todn cla ban 2712 261 276 282 270 (6)

Diing (so v6i s6 trung binh cong ¥=7).

Vi the
. MH+MH; +MH; + M H, + M ,H;
¢ - S %

Tinh phuong sai clia miu (5) va
mau (6). Tii d6 cho biét cii li chay

3 e > =2 nén be 6 két qua Z
c¢)Do s; =0,4<s;=2 nén ban Huy c6 két qua no c6 két qua déng déu hon,

kiém tra mon Todn ddng déu hon ban Diing.
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.Y nghia

Phuong sai 1a s§ dic trung do mic d6 phan tin cta miu s liéu. Mau s6 lidu nao ¢
phuong sai nhd hon thi mic do phan tdn (so véi s3 trung binh cdng) clia cdc s6 liéu trong
mAu d6 s& thip hon.

11l. PO LECH CHUAN
1. Pinh nghia

Trong Vi du 2, phuong sai ctia mu s lidu (4) 1a s3 = 0,4. Tinh s, = /s

[ Ciin bac hai ctia phuong sai goi 1a dé léch chudn ctia miu s6 liéu thong ké.

Nhan xét: Vi don vi do ctia phuong sai la binh phuong don vi do ciia 6 ligu théng ke,
trong khi d6 1&éch chudn lai ¢6 ciing don vi do véi s6 liéu thong ké, nén khi can chu y dén
don v1 do thi ta st dung d6 léch chuan.

Vidu3 | Bing 5 théng ké nhiét d6 (don vi: °C) & Thanh phd HO Chi Minh ngay
03/6/2021 sau mot s6 lan do.

Gio do 1h 4h 7h | 10h | 13h | 16h | 19h | 22h
Nhiét do (°C) 27 26 28 32 34 35 30 28

Bdng 5 %V
a) Viét mu s ligu thdng ké nhiét do tit Bdng 5. 2 Miu 50 lieu vé s6 lugng

o e e s 40 ban ra lan lugt tit thang 1
b) Tmlg so}rung bu}hfong,, phuong sai va do léch dén thang 12 clia mot doanh
chuan ctia mau s6 liéu do.

nghiép la:
Gidi 430 560 450 550 760 430
a) MAu s8 ligu thong ké nhiét d nhan dugc tit Bdng 5 525 410 635 450 800 900
la: 27 26 28 32 34 35 30 28 Tinh do 1éch chuin ctia mu s
b) Nhiét @ trung binh la: liéu d6.
- 27+26+28+32;34+35+30+28 - 30 CC).

Phuong sai ctia miu s6 ligu do 1a:
o - S R 3 N G ) e R ey R o L AR ) T CO 3 L (R 3
8
CE A (2222 4151 0P (-2)7 T8
N 8 )
D6 léch chuan clia mau sé lidu do la: s = 4/9,75 ~ 3,12 (°C).

= 9,75;
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2.Y nghia

Ciing nhu phuong sai, khi hai mAu s& liéu thong ké c6 cting don vi do va ¢6 sd trung
binh céng biing nhau (hodc xAp xi nhau), miu s& lidu nao c6 do léch chudn nhéd hon
thi mic d6 phan tén (so véi s6 trung binh cong) clia céc s6 lidu trong mau d6 s& thap
hon. Do 1éch chudn 1a s6 dic trung do mic do phan tdn ctia mau sd lidu thdng ké ¢
cung don vi do.

IV. TINH HOP Li CUA $6 LIEU THONG KE

Ta c6 thé st dung cdc s6 dic trung do mic d6 phan tdn cho miu s& li¢u khong ghép
nhém @ chi ra dugc nhitng s& liéu bat thudng clia mau s8 ligu d6. Ta thudng st dung
khoéng td phan vi d€ x4c dinh s8 li¢u bt thudng clia mau s8 lidu. Cy thé nhu sau:

Gid st 0, 0,, O, 12 t&t phén vi cha mAu 53 ligu va higu 8,=0,-0/1a khoéng td phan
vi clia miu s8 liéu d6. Mot gid tri trong mau s6 liéu dugc coi 1a mot gid tri bat thudng
néu né nhé hon Q, — %AQ hoic 16n hon Q; + %AQ. Nhu vy, khoang td phén vi cho ta

cdch nhn ra gid tri bat thudng ctia mau s6 lidu.

Vidu4 | Néu céc gid tri bat thudng clia mau s8 liéu thong ké sau:
56 19 21 22 23 24 25 26 27 28 29 30 31 32 33 34 48 49 (@)
Gidi
Mau s6 ligu (7) 6 ti phan vi la 0,=22;0,=27;0,=32.Suyra

AQ:QS— 0,=32-22=10.
T 5 3 3 L sl %
Ciéc gid tri 5, 6 (nhd hon Q, — EAQ =22 — E.l() = 7) va cdc gia tri 48, 49 (I16n hon
3 3 R SN o m e
05 + EAQ =32+ 5.10 = 47) la cdc gia tri bat thuong ctia mau so liéu (7).

Chii y: Ta cling c¢6 thé xdc dinh s6 lidu bat thudng cia miu s8 ligu bing & trung binh
cong va do léch chuan. Cu thé nhu sau:

Gia st ¥, s 1an lugt 1a s6 trung binh cong va do 1éch chuin ctia mau sd ligu. Mot gid tri
trong mau s6 ligu ciing dugc coi 1a mot gid tri bat thudng néu né nhd hon ¥ — 3s hoic
16n hon X + 3s. Nhu vy, s8 trung binh cong va d6 1éch chudn cho ta céch nhén ra gid

tri bat thudng ctia mau s6 lidu.
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1.
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Trong 5 1in nhay xa, hai ban Hiing va Trung c6 két qua (don vi: mét) lan luot 1a

Hiing 2.4 2,6 24 2.5 2,6
Trung 2.4 2,5 25 2.5 2,6

a) Két qua trung binh ctia hai ban c6 bing nhau hay khong?

b) Tinh phuong sai clia mau sd liéu thong ké két qua 5 1An nhdy xa ctia mdi ban. T
d6 cho biét ban nao c6 két qua nhay xa 6n dinh hon.

Téc dp ting trudng GDP

Biéu dd doan thing & Hinh 3 biéu dién toc o
75 4%

do ting trudsng GDP cua Viét Nam giai
doan 2012 —2019. %
a) Viét mau s8 liéu thong ké toc do ting
trudng GDP nhan dudc tit biéu d6 & Hinh 3.
b) Tim khoang bién thién chia miu

7.08 7,02
81—

& licu do.

¢) Tim khoang i phan vi cia mAu s ligu d6. e
& i 2012 2013 2014 2015 2016 2017 2018 2019 Nam

d) Tinh phuong sai va do léch chudn ctia (Ngudn hitps://gso.gov.vn)
mau s§ ligu dé. Hinh 3

of s g ML . > Gid vang
Biéu do6 doan thang & Hinh 4 blfl] dien gid (nghin ddng/chi)
vang bdn ra trong bay ngay dau tién cua .

5767 |-~
thdng 6 nam 2021.
N ST5T [k

a) Viét miu sd liéu thong ké gid vang bin 577
ra nhan dugc tii biéu dd & Hinh 4. 5737
b) Tim khodng bién thién ciamau soliguds. 2727

¢) Tim khoang t phan vi cia miu s licu ds. 54,0

d) Tinh phuong sai va do léch chudn ctia e 206 36 4f6 sl6 el 6 Neay
miu 58 litu dé. (Ngudn: hitps://bieudogiavang.vn)
) Hinh 4

DE biét cay dau phat trién nhu thé no sau khi gieo hat, ban Chau gieo 5 hat dau vao
5 chiu riéng biét va cung cap cho ching lugng nudc, dnh sing nhu nhau. Sau hai tuan,
5 hat dau da ndy mam va phét trién thanh 5 cay con. Ban Chau do chiéu cao tii r€ dén
ngon clia m&i cy (don vi: mi-li-mét) va ghi két qua 12 miu 8 ligu sau:

112 102 106 94 101
a) Tinh phuong sai va do léch chun clia miu 8 lidu trén.
b) Theo em, cdc cdy ¢6 phit trién dong déu hay khong?

a1



s4 XAC SUAT CUA BIEN cé
TRONG MOT s TRO CHOI PON GIAN

Quan sét ddng xu & Hinh 5 ta quy udc: mit
xudt hién s6 5 000 12 mit sip hay mit S; mit
xudt hi¢n Qudc huy Viét Nam 1a m3t ngtia
hay mgt N. Tung mot déng xu can ddi va
ddng chat hai 1an lién ti€p. Xét bién ¢& “C6
it nhat mot 1An xuét hién mt ngiia”.

Hai mdt ctia dong xu
Hinh 5

Lam thé nao dé tinh dugc xdc sudt
clia bién cé néi trén?
I. XAC SUAT CUA BIEN CO TRONG TRO CHOI TUNG DONG XU

Trong trd choi tung déng xu, ta quy udc ddng xu 1a cin d6i va ddng chit.

Tung mot déng xu hai 1an lién tiép. Thyc hién cédc hoat dong sau:

L) Vit tap hop Q cdc két quéi c6 thé xdy ra d6i v6i mit xut hién ciia ddng xu sau
hai 14n tung.

Nhan xét

* Téap hop Q cac két qua co thé xay ra doi voi mét xuat hién ctia dong xu sau hai lan tung
laQ = {SS; SN; NS; NN}, trong d6, ching han SN la két qua “Lan thd nhat ddng xu xuat
hign mit sp, 14n thi hai ddng xu xuat hién mit ngiia”.

* Tap hop Q goi 12 khong gian méu trong trd choi tung mot ddng xu hai 1an lién tiép.

Xét su kién “Két qud clia hai 1an tung ddng xu la gidng nhau”. Su kién da néu
bao gdm nhiing két qua nao trong tip hop Q? Viét tap hop A cac két qua do.

Nhan xét

* Tap hop A cac két qua co thé xay ra dbi voi su kién trén la: A = {SS; NN}. Ta thiy
A < Q. Tap hop A con goi 12 bién cé ngdu nhién (hay goi tit 1a bién c6) trong trd choi
néi trén. Khi d6, su kién da néu chi ra tinh chat dc trung cho cdc phan tit ca tip hgp A.

* M&i phan tli clia tap hop A duoc goi la mot két qud thudn lgi cho bién c6 A: “Két qua
ctia hai 14n tung ddng xu 12 gi6ng nhau”.
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S& di ta goi nhiing phan tif do 1a két qué thudn 1gi cho bién ¢6 trén vi ching dap tmg
duogc mong muén thé hién trong bién ¢d, d6 1a mit xuét hién 6 ca hai l4n tung dong xu
la gidng nhau.

Viét ti s6 gitta s6 phén ti cda tap hop A va s phan tit clia tap hop Q.

o ol gl e s x N IS T ;2 1
Nhan xét: Ti s8 gifia s& phan tit ctia tdp hgp A va s6 phan tl ctia tap hgp Q 1a 1 = >
Ti s8 nay dugc goi 1a xdc sudt ctia bién c6 A: “Két qua ctia hai 1An tung ddng xu 1a gidng
nhau” trong trd choi néi trén.
Trong trd choi tung mdt ddng xu hai 14n lién ti&p, d6i véi mdi bién c6 A, ta c6 dinh nghia
6 dién clia xdc sudt nhu sau:

[ Xéc suét clia bién ¢d A, ki hidu P(A), 1a ti s§ gitta s6 cdc két quéa thuan 1gi cho
bign ¢8 A va s phan tli clia khong gian miu Q:

n(A)

@)’

& d6 n(A), n(Q) 1an lugt 1a s6 phan tit chia hai tap hgp A va Q.

PA) =

Vidu1 | Tung mot ddng xu hai l4n lién ti€p. ; 1 Tung mot ddng xu hai
a) Viét tap hop  1a khong gian miu trong trd choi trén. ldn lién tiép. Xét bién &
b) Xét bigh ¢ B: “C6 it nhat mot 1an xudt hién mit ngiga”, o0 1t 1At mot lan xudt

5 PNETAR A8 hién mit sap”. Tinh xdc
Tinh xéc suat ctia bién co B. b ot Bieh oo n6i tren.
Gidi

a) Khong gian miu trong trd choi trén 1a tap hop Q = {SS; SN; NS; NN}

b) C6 ba két qué thuan 1i cho bigh ¢& B 1a: SN, NS, NN, tic Ia B = {SN; NS; NN}.
n(B) 3

Vi thé, xdc suit ctia bién ¢d B la =1
Q) 4

Il. XAC SUAT CUA BIEN CO TRONG TRO CHOI GIEO XUC XAC

Trong trd chdi gieo xiic xdc, ta quy udc xtc xdc 1a can doi va dong chat.

Gieo mdt xtic xdc hai 14n lién ti€p. Thuc hién cdc hoat dong sau:

Viét tap hop Q cac két qua c6 thé xay ra d6i véi mit xudt hién clia xidc xic sau
hai 14n gieo.

Nhdn xét: Khi gieo mot xic xdc hai 14n lién tiép, c6 36 két qua c6 thé xay ra ddi véi mit
xudt hién ctia xdc xdc sau hai 1an gieo, d6 la:
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1) (1:2) (133) (1:4) (135 (136)

25D 252) 2:3) 2;4) (255 (236)

3B (3:2) (3:3) (3:4) (335 (B:6)

@:1) (4:2) (4:3) (4:4) 4:5 4:6)

53D (5:2) (5:3) 5:4) (5:5) (5:6)

6:1) (6:2) (6:3) (6:4) (6:5) (6:6)
« Téap hgp Q céc két qua co thé xay ra doi v6i mit xuét hién cia xidc xdc sau hai lan gieo
aQ={G;j)lij=1,23,4,5, 6}, trong d6 (i ; j) 1a két qua “Lan thd nhit xuét hién

mit i chAm, 13n thd hai xuat hién mit j chim”.

 Tap hop Q goi 1a khong gian mdu trong trd choi gieo mot xtc xdc hai 14n lién tiép.

Xét sut kién “Téng s8 chém trong hai 14n gieo xiic xfc biing 8”. Sy kién da néu

bao gdm nhiing két qua nao trong tip hop Q? Viét tap hop C cac két qua do.

Nhan xét

* Tép hop C cac két qua co thé xay ra d6i voi su kién trén la:
C={(2;6);(3;5);(4:4)(5;3);(6;2)}.

Ta thdy C < Q. Tap hop C cling goi 1a bién & ngdu nhién (hay goi tit la bién c) trong

trd choi néi trén. Khi d6, sy kién da néu chi ra tinh chit ddc trung cho céc phin ti clia

tap hop C.

* M&i phén tit cta tap hop C duoc goi la mét két qud thudn loi cho bign ¢§ C: “Tdng s&

cham trong hai lan gieo xtc x4c bing 8”.

Viét ti s6 gifia s6 phin tii ctia tip hgp C va s phan ti ctia tap hop Q.

Nhan xét: Ti s6 gilta s6 phén ti ctia tip hgp C va s6 phan ti ctia tap hop Q la %
Ti s& nay duge goi 1a xdc sudt cla bign ¢§ C: “Tdng s& cham trong hai lin gieo
xtic xdc biing 8” trong trd chdi néi trén.

Trong trd chdi gieo mot xiic xdc hai lan lién tiép, d6i véi méi bién ¢& C, ta c6 dinh nghia
6 dién clia xdc sut nhu sau:

[ Xdc suét clia bien ¢d C, ki higu P(C), 1a ti s6 gifta s cdc k&t qua thuan Igi cho
bién ¢& C va s8 phan tit cia khong gian miu Q:
P = X9,
n(€2)
& d6 n(C), n(Q) 1an lugt 1a s& phan i cla hai tap hop C va Q.
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Vidu2 © Gieo mdt xtic xdc hai lan lién tiép. E,y
2 Gieo mot xtic xic hai

N S LA . x N AN
a) Viét tap hop Q la khong gian mau trong tro choi trén. 14n Lién tiép. Xet bién c§

b) Xét biéh ¢& D: S8 chdlm trong hai Ian gieo déu 1a 56167, “SG chdm trong hai lin
Tinh xdc suat clia bién ¢ D. gico deu 1a so nguyén
. t6”. Tinh xdc suat cua

Gidi biéh ¢5 d6.

a) Khong gian mAu trong trd chdi trén 1a tap hop
Q={@;nli,j=1,2,3,4,5,6},
trong d6 (i ; j) 1a két qua “Lan dAu xuat hién m3t i chdm,
1an sau xuat hién mit j chAm”. TAp hop Q c6 36 phan til.

b) C6 9 két qua thuan 1gi cho bién & D Ta: (15 1); (133): (1:5); 3 1) (33 3);
(3555515535655, telaD={(;1);3);(;5;6:1D);6:3)
(3:5):(5: 1);(5:3):(5:5)}. Tap hop D ¢6 9 phin tii.

D) 9 1

Q) 36 4

Vay xdc suat clia bién cd néi trén la:

Peairae

1. Tung mdt ddng xu hai 14n lién ti€p. Tinh xdc suit cla bién cd “Két qui cia hai 1in
tung la khac nhau”.
2. Tung mot ddng xu ba lan lién tiép.
a) Viét tap hop Q 12 khong gian mau trong trd choi trén.
b) Xdc dinh mdi bién cd:
A: “Lan diu xuét hién mit ngiia”;

B: “Mit nglia x4y ra ddng mot 14n”.

3. Gieo mot xiic xdc hai 1an lién tiép.
a) Tim s& phn ti cia tip hop Q la khong gian mau trong trd choi trén.
b) Pht biéu m&i bién c6 sau dudi dang ménh dé néu sy kién:
A={(6:1);(6:2):(6:3):(6:4):(6:5):(6:6)}:
B={(1:6);(2:5):(3:4):(4:3):(5:2):(6:D};
C={(1:1):(2:2);(3:3);(4:4):(5:5)(6:6)}.

4. Gieo mot xiic xic hai 1an lién ti&p. Tinh xdc sudt ctia mi bién ¢d sau:
a) “Téng s6 chdm xudt hién trong hai 1an gieo khong bé hon 107;

b) “Miit 6 chdm xuat hién it nhat mot 1an”.
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§5 ) XAC SUAT cUA BIEN c6

Gieo mot xtic xic hai lan lién ti€p. Xét bign cd
“C6 it nhat mot 1an xut hién mit 6 cham”.

Lam thé nao dé tinh duoc xdc sudt
clia bién cé noi trén? Sdu mdt ciia xiic xdc

1. MOT S8 KHAI NIEM VE XAC SUAT
1. Phép thii ngiu nhién va khéng gian miu

Doc ki nhiing ndi dung sau:

© Mot trong nhiing khdi niém cd ban ctia If thuyét xdc sudt 1a phép thit. Ching han, tung
ddng xu hay gieo xtic xic, ... 1a nhiing vi dy vé& phép thit.

* Trong todn hoc phd thong, ta chi xét nhiing phép thii c6 thé xdc dinh dugc tap hop tit
ci cdc két qui c6 thé xdy ra clia phép thit d6 va tap hgp nay 1a tap hitu han. Ching han,
khi tung mot ddng xu, ta bit duge mit xuat hién ctia ddng xu 1 sdp hodc nglia.

[ C6 nhiing phép thit ma ta khong thé dodn trude duge két qua ciia né, mic du da
biét tap hop tat ca cdc két qua c6 thé ¢6 ctia phép thii d6. Nhitng phép thi nhu the
20i 12 phép thit ngdu nhién (goi tit 1a phép thir).

Xét phép tht “Gieo mot xic xfc mot 14n”, két qua c6 thé xdy ra cia phép thi
1a s6 chdm trén mit xudt hién ctia xtic xdc. Viét tip hop Q cac két qua c6 thé xdy ra ciia
phép tht trén.

Nhan xét

* Tép hop Q cac két quéd c6 thé xdy ra clia phép thi trén 1a Q = {15 2; 3; 4; 5; 6}.

* Tap hop Q goi 1a khong gian mdu cta phép thi.

Mot cich tdng quat, ta c6 dinh nghia sau:

[ Tap hop Q céc k&t qui c6 thé xay ra ctia mot phép thit goi 1a khéng gian mdu cla
phép thi d6.
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Vidul | Mot hdp c6 3 chiéc thé cling loai, mdi thé duge ghi mdt trong céc s6 1, 2, 3;
hai thé khdc nhau thi ghi hai s§ khdc nhau. Rit ngiu nhién mot chi€c thé tii trong hop,
ghi lai s6 clia thé dudc riit ra va bo lai thé d6 vao hop. Xét phép thit “Riit ngiu nhién lién
ti€p hai chi€c thé trong hop”. Hay cho biét khong gian mau ctia phép thi d6.

Gidi

Khong gian mAu clia phép thit trén 12 tap hop Q = {(1; 1); (1;2); (153); (23 1); (25 2);
2:3);3;1);(3;2);(3;3)},64d6, chfmg han (1 ; 2) 1a két qua “Lan thd nhat rdt ra thé
ghi 8 1, 14n thy hai it ra thé ghi s§ 2”.

Vidu2 & Mot hop cé 1 qua bong xanh, 1 qua béng do, 1 qua béng vang; cac qua bong
¢6 kich thude va khéi lugng gidng nhau. Ly ngau nhién mot qua béng tit trong hop, ghi
lai mau clia qua bong dugc 14y ra va bo lai qua béng d6 vao hop. Xét phép thit “Lay ngau
nhién lién ti€p hai qua béng trong hop”. Hiy cho biét khong gian mau ctia phép thi d6.
Gidi
Khéng gian mAu ctia phép thi trén 1a tap hop Q = {XX; XD; XV; PD; BV; bX; VV;
VX; VD}, & d6, ching han XD 1a két qua “Lan thd nhat 1dy ra qua béng xanh, 1an thi
hai 14y ra qua béng d6”.

2. Bién ¢&

a) Pinh nghia

Xét phép thit T: “Tung mot ddng xu hai 1an lién tiép”.

Khong gian miu ctia phép thi trén 12 tap hop Q = {SS; SN; NS; NN}.

a) Su kién “Két qua clia hai 1an tung 1a giéng nhau” tuong dng véi tap con A nao clia
tap hop Q?

b) Phét biéu tap con B = {SN; NS} ctia khong gian mau Q dudi dang ménh dé néu sy kién.

Nhan xét

* MJi sy kién lién quan d&n phép thit T tuong tng véi mot (va chi mot) tap con A clia

khong gian miu Q.

* Ngudc lai, mdi tap con A clia khdng gian mau Q c6 thé phét biéu dusi dang ménh @&

néu sy kién lién quan dén phép thit 7.

Mot cich tdng quat, ta c¢6 dinh nghia sau:
[ Bién ¢& ngdu nhién (g0i tit 1a biéh c4) 1a mot tap con ctia khong gian mau.
Chii y: Vi sy kién chi ra tinh chat dic trung cho céc phan ti ciia mot bién ¢d nén ta ciing

2oi st kién 12 bién 8. Ching han: Sy kién “Két qua ctia hai 1dn tung 12 giéng nhau” trong
phép thit “Tung mot ddng xu hai 1an lién ti€p” 12 mot bién 6.
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Vidy3 | Xétphép thii “Gieo mot xtic xdc hai lan lién tiép”. “;’7
o 2 oy o g s . 1 Xétphép thii “Gieo mot
a) Su kién “Tong sO6 cham trong hai lan gieo chia hét

m o xtic xdc hai 14n lién ti€p”.
cho 5” tuong ting v4i bién cd nao cta phép thi trén?

a) Su kién “S6 chim
b) Phit biéu bign c& trong 1an gieo thtt hai
14 6” tiong ting véi bién

D={(1:5):(5:1):(2:4):(4:2):(3:3): (6:6)) 60 cls phép thi mém?
ciia khong gian mau (ctia phép thit trén) dudi dang ) phar bicu bien 5

ménh dé néu su kién. E={(5;6);(6:5);(6:6)}
i ciia khong gian miu
Gidi (frong phép thit fré %
g phép thii trén) dudi

a) Su kién “Téng s6 chim trong hai lan gieo chia hétcho 5 dangménh dénéu sukién.
tuong ting véi bién c6:
C={(1:4):;(4:1):(2:3):(3:2):(4:6):(6:4):(5:5)}
ctia phép thii trén.

b) Tap con D bao gdm tit c4 c4c phin tli clia khong gian miu c6 tinh chat djc trung 1a tdng
hai s6 trong mdi ciip chia hét cho 6. Vay bién ¢ D c6 thé phat biéu dusi dang ménh dé
néu sy kién “Tdng s6 chim trong hai 1in gieo chia hét cho 6”.

b) Bién c& khong. Bién ¢6 chic chin

Xét phép thi T v6i khong gian mau Q. Mbi bién ¢6 1a mot tap con clia tap hop Q. Vi thé,
tap rong @ ciing 1a mot bién ¢6, goi 12 biéh cd khong thé (goi tit 1a biéh cd khong). Con
tap hop Q goi 1a bién ¢6 chdc chdn.

Chiing han, khi gieo mot xtic xdc, biéh ¢& “Mit xuét hién ¢6 7 chim” 1a bién ¢& khong,
con bién c6 “Mit xuit hién c6 s& chim khong vugt quéa 6” 1a bien c& chéc chin.

¢) Bién ¢4 doi

Xét phép thii T v6i khong gian mau 1a Q. Gia st A 12 mot bién 8. Nhu vay, A 12 tap con
clia tap hgp Q. Ta xét tip con Q2 \ A 1 phin bu ctia A trong Q.

[ Tap con Q \ A xéc dinh mét bién ¢d, goi 1 biéh ¢ déi ctia bign ¢ A, ki hidu 1a A.

Chiing han, khi gieo ngAu nhién mot xic xfc mot 1an, bién ¢d “Mit xuat hién cta xiic
xdc ¢6 s6 chim 1a s6 1&” 12 bién ¢ d6i cta bién c§ “Miit xuét hién clia xiic xic ¢6 s6

chém la s6 chdn”.

Chii y: N&u biéh ¢8 A dude md ta dudi dang ménh @& ton hoc Q thi bih ¢ d6i A dugc

mé ta biing ménh @& phii dinh ctia ménh @& Q (tGc la ménh d& Q).
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3. Xdc suit ciia bién ¢§

Xét phép thit “Tung mot déng xu hai 1an lién tiép”.

Khéng gian mu cia phép thd trén 1a tap hop Q = {SS; SN; NS; NN}.

Tinh xdc suét clia bién ¢5 A = {SS; NN}.

Mot cich tong quat, ta c¢6 dinh nghia sau:

Xét phép thli chi c6 mot sd hitu han két qua c6 thé xdy ra va kha ning xay ra clia tiing
két qua la gidng nhau. Goi Q2 la khong gian mAu ctia phép thit d6. Khi d6, véi mdi bien c6 A,
ta c6 dinh nghia c6 dién clia xdc suét nhu sau:

Xic sudt clia biéh ¢6 A, ki hiéu la P(A), biing ti s6 ”((é)) . 8d6 n(A), n(Q) 1an lugt
n

n(A)

12 s6 phin i cBia hai tap hgp A va Q. Nhu vay: P(A)= o
ni

Vidu4 | Mot hdp c6 5 chiéc thé cing loai, mbi thé dugc ghi mot trong cdc 8 1, 2, 3,
4, 5; hai thé khdc nhau thi ghi hai s& khdc nhau. Rit ngéu nhién ddng thdi 2 chiéc thé tit
trong hop.

a) Goi Q 12 khong gian miu trong trd chdi trén. Tinh s6 phan ti ctia tap hop Q.
b) Tinh xdc sudt ctia bién ¢d E: “Tdng cdc s6 trén hai the 12 s6 187,
Gidi
a) Mi phin t ctia khong gian mau Q 12 mét t6 hgp chap 2 ciia 5 phin tit trong tip hop

{1:2:3; 4 5). Vi thé

5! 5.4
nQ)=C? = == =10.
=G =na" 2

b) Bién ¢ E gdm cdc cch chon ra hai chiéc thé ghi s61a: 1 va2; 1 va4;2va3;2va5;

3 va4; 4 va 5. Vi thé n(E) = 6. Viy xdc suét ctia bién ¢6 E la:
nE) 6 3

Q) 10 5

P(E) =

Vidy5 Tt mot hop chida 5 qua cAu tring va 5 qua ciu dé; cdc qua ciu c6 kich thude
va khéi lugng giong nhau. Ly ngdu nhién ddng thdi hai qua ciu. Tinh x4c suét 1dy dugc
hai qué ciu khic mau.

Gidi
M&i 14n 14y ra ddng thoi hai qua ciu cho ta mot t6 hgp chap 2 cta 10 phén tii. Do d6,
khong gian miu Q gdém cdc t& hgp chap 2 ciia 10 phan tit va
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100 10.9 ?
n() = CIZO = = =45. 2 C6 5 bong hoa mau
21.8! 2 d 5 7
. e N trang, 5 bong hoa mau
Xét bién c6 G: “Hai qua cau lay ra khdc mau”. vang va 6 bong hoa mau
do. Nguoi ta chon ra
4 bong hoa tir cac bong
hoa trén.

Khi hai qua cAu léfy ra khdc mau thi mot qua cau 14y ra c6
mau lrang, qué ciu con lai ¢6 mau d6. Co 5 cach lay ra

mot qua céu mau trang va cling ¢o 5 cach lay ra mot qua Tinhiedc oudilonalbicn

céumau dé. Theo quy téc nhan, ta co n(G) =5 . 5 = 25. ¢8 “B6n bong hoa chon
Vay xde sudt cita bién ¢8 G Ia: Laico e baman
2
pogy - B0 282
n(Q) 45 9

Vidu 6 | Nhan dip khai truong mot clia hang kinh doanh d6 dién ti, khdch hang du tién
sau khi mua hang sé dugc nhan mot phiéu ting qua. Mén qua 1a mot chiéc tai nghe clia
mot trong nim hing va tai nghe mbi hiing 6 di hai mau tring hogc den.

a) V& 56 dd hinh ciy biéu thi cdc kha ning ctia mot mén qua ma khéch hang dau tién c6
thé nhan dugc tit phidu ting qua.

b) Tinh xdc suét ctia bién c6 H: “Khdch hang dAu tién nhan dugc chi€c tai nghe mau
tréng tii phi€u ting qua”.

Gidi

a) S0 d6 hinh cay biéu thi cdc kha ning clia mot mén qua ma khéch hang dau tién c6 thé
nhan dugc tit phiéu ting qua:

Qua ting

Tai nghe clia Tai nghe cta Tai nghe cta Tai nghe cla Tai nghe cta
hang thd nhit hang thid hai hang thi ba hang thi i hang thd nim
Mau Mau Mau Mau Mau Mau Mau Mau Mau Mau
trang den trang den tring den trang den trang den

b) Ta thay khong gian miu Q 1a cdc loai tai nghe d&&m theo hing va theo mau ciia tai
nghe. Duya vio so dd hinh cy & trén, ta thay:

* n(Q) = 10.
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* Khéch hang diu tién ¢6 thé nhan duge 1 trong 5 loai tai nghe mau tring tng véi
nam hang, tic la n(H) = 5.
n(H) 5 1

Vay xdc suit dé xay ra bién c¢6 H 1a P(H) = =
n(Q) 10 2

II. TINH CHAT CUA XAC SUAT

Xét phép thit T véi khong gian miu 1a Q. Khi d6, ta ¢6 cdc tinh chét sau:

i *P(@)=0;PQ)=1;

* 0 <P(A) < | v6i mdi bién c§ A;

* P(A) = 1 - P(A) véi mbi bién c6 A.

Chitng minh

* Xéc sufft clia bida 8 khongla p@y = 22 [0
n(Q) n(Q)
pocrili i e ol B n(€2)
Xdc sudt cuia bién co chac chan la P(Q) = =g
n(Q)
n(A) % ol i Wi
* Do P(A) = _Q) va 0 <n(A) <n(Q) nén 0 <P(A) < 1 v6i moi bién co A.
n

* Do n(Q\ A) = n(Q) — n(A) nén xdc suat ciia bién cd Al

P(X): n(Q\ A) _ n(Q) — n(A) = n(A) ~ - P(A).
n(Q) n(Q) n(Q)

Vidu 7~ Mothdp c6 10 qua béng tring va 10 qua béng do; cdc qua béng 6 kich thude
va khdi lugng gidng nhau. Lay ngiu nhién ddng thdi 9 qua béng trong hdp. Tinh xdc sudt
dé trong 9 qud béng dugc 14y ra c6 it nhat mot qua béng mau do.

Gidi
M3i 14n 1dy ra ddng thdi 9 qui béng cho ta mdt 8 hop ? i
chap 9 ciia 20 phén ti. Do d6, khong gian miu Q gdm cic  ~ 3 CO 15 bonfi hoa ,Eau

2 A 5 A o s _ 9 trang va 15 bong hoa
t0 hgp chap 9 cta 20 phan ti va n(Q) = C. s I e
Xét bién ¢§ K: “Trong 9 qua béng dugc 18y ra c6 it nhat  radong thdi 10 bong hoa.
mot qua béng mau do”. Tinh xdc sudt clia bién
P . L cd “Trong 10 bong hoa
Khi d6 bién c6 doi cta bién cd K la bién c6 K : “Trong dugc chon ra cé it nhat
9 qué béng dugc 1dy ra khong c6 qua béng mau d6 nao”, mot bong mau tring”.
tc 1a ca 9 qua béng dugc 14y ra ¢6 mau tring.

" < 51
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M3i lan 1dy ra dong thdi 9 qua béng mau tring cho ta mot t8 hop chap 9 ciia 10 phan ti.

: ne 1o
Dods n(®K) = €%, = 22 _ 10, Suyra P&y = 2 _ 10y,
](l n(Q) 9
(1] (o
10

P(K)=1-P(K) =1~ —.
CZO

1. NGUYEN Li XAC SUAT BE

Qua thyc nghiém va quan st thuc t&, ngudi ta thy riing céc bién ¢d ¢6 xdc suat bé
nhu khong xay ra trong phép thii. Chiing han, mbi chuyén bay déu c6 mot xdc su
bi xay ra tai nan. Nhung trén thyc té, tai nan cia mot chuyén bay s& khong xay ra. Tii d6, ta
thita nhan nguyén Ii sau day, goi la nguyén If xdc suat bé: Néu mét bién c6 ngdu nhién cé
xdc sudt rdt bé thi thic t&'cé thé cho rdng trong mdt phép thit bién c& dé sé khong xdy ra.

Tuy nhién, mot xdc suit nhu the nao duge xem 1a bé phai tuy thude vao tiing bai todn cu
thé. Vi dy nhu xdc suit dé dit khong mé 12 0,01 (diing cho nhdy di) thi ciing khong thé
coi 12 bé va khong thé ding loai dit d6. Nhung néu xéc suét dé tau vé ga cham 14 0,01 thi
lai 6 thé xem la tau vé ga ding gio.

. BAI TAP

Mot hop ¢6 5 chi€e thé ciing Ioal mdi thé dugc ghi mot trong cicsd 1,2,3,4,5;
hai thé khdc nhau thi ghi hai s& khdc nhau. Rit ngiu nhién ddng thi 2 chiéc thé ti
trong hop.

a) Goi Q 12 khong gian miu trong trd chdi trén. Tinh s6 phan ti ctia tap hop Q.

b) Tinh xdc sudt clia bién ¢& “Tich cdc sO trén hai thé 12 s6 18"

2. Mot hop c6 4 tAm bia cling loai, m01 tAm bia dugc ghi mot Lmng cles6 1,2 3.4
hai tAm bia khéc nhau thi ghi hai s§ khdc nhau. Riit ngiu nhién dong thdi 3 tdm bia
tif trong hop.

a) Tinh s6 phin ti ctia khong gian mau.
b) Xdc dinh céc bién ¢d sau:

A: “Téng cdc 8 trén ba tim bia bing 9

B: “Céc s6 trén ba tim bia 12 ba s6 ty nhién lién tiép”.
¢) Tinh P(A), P(B).

3. Haiban nit Hoa, Thio va hai ban nam Diing, Huy dugc x&p ngdi ngiu nhién vio bon
gh& @it theo hang doc. Tinh xdc suit x&p dugc:

a) Ban Thao ngdi gh€ dau tién;
b) Ban Thio ngdi gh& dau tién va ban Huy ngdi gh€ cudi ciing.

4. C6 10 bong hoa mau tring, 10 bong hoa mau vang va 10 bong hoa mau d6. Ngudi ta
chon ra 4 bong hoa tif cdc bong hoa trén. Tinh xdc suat ctia bign ¢8 “Bon bong hoa
chon ra c6 ca ba mau”.
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BAI TAP CUGI CHUGNG VI

Chon chit cdi ditng trudc phuong dn diing (tit bai 1 dén bai 2)

1.

Poc sach tai hoc10.vn

Cho miu s li¢u 1 2 45 9 10 11

a) S trung binh cong ctia miu s ligu trén la:

A: 5 B.5,5. C.6. D.6.5.
b) Trung vi clia mau s8 li¢u trén la:

A: 5 B.5,5. C.6. D.6.5.
¢) Tt phan vi clia mau s6 liéu trén 1a:

A.Q,=4,0,=50,=9. B.Q,=1,0,=55.0,=11.
C.0,=1,0,=50,=1L D.Q,=2,0,=50,= 0.
d) Khoéng bién thién cia miu s6 lidu trén la:

A: 5 B. 6. €10, Bylil
) Khoang td phan vi clia mau s8 liéu trén la:

A 7. B 8. QC.9. D. 10.
g) Phuong sai cia miu s6 lidu trén 1a:

A ? B. ? C. 9. D. /9.

h) D6 léch chudn ctia mau s6 liéu trén la:

A % B. 976 C. 9. D. /9.

Bdng 6 thong ké s6 40 so mi nam bén dugc clia mot clia hang trong mot thang.

Cd 40 36 37 38 39 40 41 42

Tén s6

(S6 40 bén dugc) 28 30 31 47 45 39 32

Bdng 6
Mot clia mau s6 liéu trén 12 bao nhiéu?
A.42. B. 47. @32 D. 39.

Biéu dd doan thing & Hinh 6 cho biét lugng khach du lich quéc &€ dén Vigt Nam
trong mdt s6 ndm (tir 1990 d&n 2019).
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a) Viét miu s6 lidu thong ké s8 lugt khdch du lich ~ Luong khdch

quéc t& dén Viét Nam nhan dugc ti bidu dd ben. """

b) Viét miu s liéu theo thi ty ting din. Tim 20000 18 009
s6 trung binh cdng, trung vi v td phan vi clia
mau s6 ligu dé.

¢) Tim khodng bién thién va khoang td phan vi 100007 7944
clia mau s6 liéu do.

d) Tinh phuong sai va @9 léch chudn ctia miu
56 liéu do.

15 000

5000

0x - 5
1990 1995 2000 2005 2010 2015 2019 Nam

(Ngudn: hitps:/fvietnamtourism.gov.vi)

4. L6p 10A c6 40 hoc sinh. Ti s§ phan trim vé&

o3 = Hinh 6

phuong tién ma cdc ban dén truong dugc mo ta
nhu biéu d6 & Hinh 7.

2 g . e e B Xe dap
a) C6 bao nhiéu ban di xe dap dén trudng? B Dibo
b) Chon ngu nhién mot ban d€ phan cong vio B Xe bus
d6i xung kich clia trudng. Tinh xdc sudt ctia B Xe 65 con
biéh ¢ “Ban dugc chon 12 ban dén trudng bing
xe dap”. Hinh 7

5. Em hiy tim hiéu chiéu cao ctia tit ca cdc ban trong t6 va 1ap mau s6 li¢u véi két qua
ting dan. Vi mau s8 liéu d6, hdy tim
a) SG trung binh cdng, trung vi va td phan vi;

b) Khoang bién thién va khoang ti phan vi;
¢) Phuong sai va @9 1éch chudn.

6. Trong mot hoi thio quéc t€ ¢6 10 chuyén gia dén tir cde nude § chau A, 12 chuyén
gia dén tir cac nude & chau Au. Chon ngiu nhién 2 chuyén gia véo ban t chic.
Xic suit dé chon dugc 2 chuyén gia ¢ hai chiu luc khac nhau vao ban t6 chiic la
bao nhiéu?

7. Trong mot budi khiéu vii ¢6 ding 10 ciip vg chdng. Chon ngdu nhién 2 ngudi 1én
khiéu vii ddu tién. Xéc suit dé 2 ngudi dugc chon 1a vg chdng 1a bao nhiéu?

8 Mot 16 hang c6 20 san pham bao gdbm 16 chinh phim va 4 ph& phim. Chon ngiu
nhién 3 sdn pham.

a) C6 bao nhiéu két qua xay ra khi chon ngdu nhién 3 sdn phim?
b) Xdc suat ctia bign ¢ “Ca 3 san pham dugc chon 1a chinh phdm” bing bao nhiéu?

9. Trong mot hop c6 20 chiéc thé duge viét cdc s6 1, 2, 3, ..., 20 sao cho mdi thé chi
viét mot s6 va hai thé khac nhau viét hai s6 khac nhau. Chon ngiu nhién 2 chiéc thé.
Tinh xdc suit ctia bién ¢d “Hai thé dugc chon ¢6 tich clia hai s& dugc viét trén d6 1a

s618”.
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HOAT DPONG THUC HANH

VA TRAI NGHIEM

Chii dé 2. XAY DUNG MO HINH HAM SO BAC NHAT,
BAC HAI BIEU DIEN SO LIEU DANG BANG

1. NOI DUNG CHiNH CUA CHU BE

1. M6 hinh todn hoc

Nhiing hién tugng phd quét trong tu nhién, trong thuc tién ddi séng clia con ngudi dugc
khdi quét hod, “md hinh hod” thanh nhiing khdi niém, dinh i, tinh chat, ... trong todn hoc.
Ching han: dy bdo thdi tiét, nhiing thay ddi ctia hé sinh thdi, quy m6 dan s3, xy dung
chién Iugc kinh doanh, dién bién gid ca ctia cdc mit hang, ... dudc mé hinh hod bing cic
ham s& hoiic c4c phuong trinh trong todn hoc.

Muc dich ctia vige xdy dung mé hinh toan hoc cho mét hién tugng phd qut trong thyc
tién 1a nhiim hiéu dugc hién tugng va dy bdo duoc tién trinh dién ra cta hién tugng dé
trong tuong lai.

2. Xay dung m hinh ham s& biéu dién s§ liéu thong ké

Dé xiy dung mo hinh todn hoc cho mot hién tugng xdy ra trong thyc tién, ta st dung

thong ké. Biing cdch xem xét hién tugng d6 ¢ nhiing thai diém khac nhau trong qua khd,

ta thu thap, t6 chic va biéu dién duge mot miu s6 liéu théng ké, ching han & bang s6

ligu thong keé.

Dé xiy dung md hinh todn hoc biing cdc ham s§ dua trén miu s& lidu thong ké, ngudi ta

lam nhu sau:

Bude 1. Lua chon cdch biéu dién dif ligu 1én mit phing toa do

Butde 2. Ciin ¢t vao vige biéu dién dif liéu trong mit phing toa dd, lya chon ham s&
thich hgp

Bude 3. St dung ham s6 da chon d€ gidi thich va du dodn hién tugng xdy ra trong
thuc tién

Bude 4. Kiém tra va diéu chinh (néu can thiét).

Chii y: Céc md hinh dit khép véi dii liéu ciing chi dua ra mot mo ta gn ding vé hién

tugng xay ra trong thyc tién. Vi th€ viéc kiém tra va diéu chinh mo hinh 1a can thiét.
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Vidul | Mot cong ty thong ké s6 san pham ban duge mdi nim ti nim 2017 dén nim
2020 nhu sau (don vi: triéu san phim):

Nim 2017 2018 2019 2020

Doanh sé (triéu san pham) 14 22 28 31

Bdng 1
Biing cich st dung ham s& bic nhit, néu mé hinh todn hoc biéu dién & li¢u & Béng 1.
Dua theo m6 hinh d@6, du dodn s6 san phdm bén dugc trong cdc nim 2021, 2022.
Gidi
Bude 1. Lua chon cdch biéu dién dii liéu 1én mit ph?mg toa do.
Patx=1-2017 véit € {2017;2018; 2019; 2020}. Ta cé x € {05 1;2; 3}.
Tit Béng 1, ta c6 bang thong ké sau:

x 0 1 2% 3
S& san phim tuong iing vdi x
(triéu san phim) 14 22 28 31

Bdng 2

Xét cdc diém A(0 ; 14), B(1 ; 22), C(2 ; 28) va D(3 ; 31) trong mit phéng toa do.

Bude 2. Xem s6 san phim ban duogc f(x) 1a ham s6 clia x. Ta phai chon f{x) 12 ham s& bac
nhit sao cho f(x) du dodn (cang chinh xdc cang t&t) s§ san phdm bén dugc & nhiing nim
sau ndm 2020, tic la tinh dudc gid tri cta f{x) véix > 4.

Ciin et vao bon diém A(0 ; 14), B(1 ; 22), C(2 ; 28) va D(3 ; 31), ta chon ham s& bc nhit
v =f(x) ¢6 db thi “gAn” nhat véi bon diém trén.

Thong thudng viée tinh todn tryc tiép dé xdc dinh dugc cong thiic clia ham s bic nhat
néi trén la khong d& dang. Ngudi ta ding cdc phin mém todn hoc dé trg gidp cho qud
trinh tinh todn. Chéng han, ta st dung phan mém GeoGebra dé xac dinh ham s6 bac nhat

noi trén nhu sau: B et G
Vao phan mém GeoGebra, xuit hi¢n giao AP O]e) £ > =%
dién nhu Hinh 1. ¥ Gl
— Vé diém A(0 ; 14) b?mg cdch dung cau
lenh “=(0,14)” nhu Hinh 2.

& GeoGebra Classic

B B2 S cll=1PARN

@ =01 H
Hinh 2 Hinh 1
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Tuong ty, vé& cdc diém B(1 ; 22), C(2; 28) va D(3 ; 31) trong miit phéng toa do bi“mg céach
ding cac cau lénh: “=(1,22)"; “=(2,28)”; “=(3,31)".

— St dung ciu 1énh:

= FitPoly({A, B, C,D},1)
“=FitPoly({A,B,C.D},1)” nhu Hinh 3 ta — 57x+152
dugc ham:

f(x) = 5,7x + 15,2 v6i @ thi 6 Hinh 4.

Hinh 3

() = FiPoy((A.8,C.01,1)
- sTxeis2

Hinh 4

Bude 3. Dya theo m6 hinh ham sé bac nhat f(x) = 5,7x + 15,2, ta dy dodn s6 san phim
bén dugc trong cic nam 2021, 2022 14n lugt 1a:

fi4)=57.4+152=38;
f(5)=5"7.5+152=43,7T~44.
Budc 4. Dy doén trén 12 hgp 14, vi thé ta khong can didu chinh md hinh toan hoc da chon.

Vidu2 | Mot cong ty thdng ké s§ san phim ban dugc mdi ndm tif nim 2017 dén nim
2020 nhu sau (don vi: triéu san pham):

Nim 2017 2018 2019 2020

Doanh s& (tri¢u san phim) 15 25 42 48

Bdng 3
a) Biing cdch sit dung ham s& bac hai, néu m6 hinh todn hoc biéu dién & ligu & Bdng 3.
Dua theo md hinh d6, du dodn s6 san pham bén dugc trong cdc nim 2021, 2022 va
x4c dinh ndm bén dugc nhiéu sin phim nhat.
b) Dua theo md hinh ton hoc trén, cong ty c6 nén cong bd san pham méi vao nim 2023
hay khong? Vi sao?
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Gidi

a) Budc 1. La chon cdch biéu dién dif ligu 1én miit phing toa do.
Patx=1r-2017 véir € {2017; 2018; 2019; 2020}. Tacé x € {0; 1; 2; 3}.
Tit Bdng 3, ta c6 bing thdng ké sau:

52 0 1 2 3
S6 san phiam tuong ting véi x
(triéu san phim) 15 25 42 48

Bdng 4
Xét cdc diém A0 ; 15), B(1 ; 25), C(2 ; 42) va D(3 ; 48) trong mit phiing toa do.
Bude 2. Xem s6 san phim ban duoc flx) la
ham s8 cla x. Ta phdi chon fx) la ham s&
bac hai sao cho f(x) du dodn (cang chinh xdc cang
t6t) s6 san phdm bdn dugc & nhiing nim sau nim
2020, tic 12 tinh dugc gid tri cia flx) v6i x> 4.
Cin ct vao bon diém A(0; 15), B(1;25), C(2;42)
va D(3 ; 48), ta xdc dinh ham s6 bic hai ¢6 do thi
“gan” nhat v6i bon diém trén.

Tuong tu nhu trong Vi dy 1. Ching han, ta st dung
phin mém GeoGebra dé xac dinh ham s6 bac hai
noi trén nhu sau:

— V& cdc diém A(0 ; 15), B(1 ; 25), C(2 ; 42) va
D(3 ; 48) trong miit phing toa d9 bing cich ding [= o
cdc cau lénh: “=(0,15)"; “=(1,25)"; “=(2,42)”;
“=(3,48)". Hinh 5

— Sit dung cau Iénh “=FitPoly({A,B.C,D},2)” ta dugc ham: f(x) = — x* + 14,6x + 14,1
v6i d6 thi 6 Hinh 5.

Bude 3. Dua theo mo hinh ham s6 bic hai f(x) = — x* + 14.6x + 14,1, ta ¢6 thé:
* Dy doén s8 sin phdm bén dudc trong céc nam 2021, 2022 14n lugt 1a:
fid)y=—4>+14,6 .4+ 14,1 =56,5~ 57, f(5) =— 52+ 14,6 . 5+ 14,1 = 62,1 =~ 62.
* D6 thi ham s6 bac hai ¢6 hoanh d9 dinh 14 7,3 va
AN =—T+14,6.7+ 14,1 = 67,3~ 67:f8) =— 82+ 14,6 . 8 + 14,1 = 66,9~ 67.
Vay khi x =7 (ttic la ndm 2017 + 7 = 2024) hodc khi x = 8 (tdc la ndm 2017 + 8 = 2025)
cong ty s& ban dugc nhiu sin phdm nhat 1a (khoang) 67 triéu sin pham.

Bude 4. Dy doén trén 1a hgp 11, vi thé ta khong can didu chinh md hinh todn hoc da chon.
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b) Dua theo m hinh ham s6 bac hai, ta thdy s6 lugng san phdm bén dugc van trong xu
hudng ting d&n nim 2025. Vi thé, khong nén thay déi mau san phdm d6 bing miu san
pham méi. Vay cong ty khong nén cong bd san phim méi vao nam 2023.

3.Y nghia ciia xy dung mé hinh toan hoc

Con ngudi nhan thic mot hién tugng xay ra trong thyc tién thong qua nhiing dit liéu
thong tin thu thap duoc tai hitu han thoi diém. Do d6 di liéu thu thap dugc thudng c6
tinh rdi rac, khong di dé phan 4nh tién trinh dién ra cia hién tugng d6 theo thdi gian lién
tuc. Vige xdy dung mé hinh toan hoc cho phép chiing ta khic phuc diéu d6. Nh vy,
chiing ta c6 thé hiéu dugc ban chat hién tugng va du bdo duogc tién trinh dién ra ctia hién
tuong do trong tuong lai.

II. 601 Y 16 CHUC CAC HOAT DONG THUC HANH VA TRAI NGHIEM

Hoc sinh dugc chia theo nhém. Mi nhém Iya chon di li¢u (quy md dan s6 clia
dia phuong; nhiét @9 vao cdc thang & dia phuong; s6 gid ty hoc va diém s8 tuong tdng;
nhu ciu v& mot loai san phim; ...) va phan cong thu thap dif liéu. Sau d6 mdi nhém dién
két qua thu thap di liéu vao bang.

Sau dy la mau néu lya chon dif ligu 12 nhiét d6 vao cdc thang cia dia phuong.

Théng I ? ? ?

Nhiét 49 ? ? ? ?

M&i nhém thyc hanh xay dyng mo hinh todn hoc dang ham s bac nhat hodc
ham sd bac hai @& biéu dién s6 lidu 6 bang thong ké theo cdc budc da néu 6 myc 1.2.

1l. PANH GIA

Gido vién tién hanh tng két, rit kinh nghiém va dénh gid.

Hinh thiic danh gia: Theo hinh thic ddnh gid cta hoc tap dy an.

1. Panh gia hoat dong ca nhan

* Mbi c4 nhan ty dénh gid vao phiéu c4 nhan.

* Nhém dénh gid tiing thanh vién trong nhém vao phiéu dnh gid c4 nhan.

2. Panh gia hoat dong va san phim ciia nhém

* Nhém ty ddnh gid lai hoat dong ctia nhém va cho diém vao phiéu ddnh gid hoat dong
clia nhém.

* Gido vién va cdc nhém dénh gid va cho diém phin trinh bay ctia tiing nhém vao phicu
ddnh gid hoat dong nhém.
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PHUCONG PHAP TOA DO
TRONG MAT PHANG

Trong chuang nay, ching ta sé tim hiéu nhiing néi dung sau: toa do
cuia vecto, phuong trinh dudng thang, phuong trinh dudng tron,
phuong trinh ba dudng conic trong mit phéng toa dé.

§1 TOA PO CUA VECTO

Hinh I minh hoa hoat dong ctia mot man hinh ra da 6 tram
kiém sodt khong luu ctia sin bay, dang theo ddi mot may
bay ha cdnh. Mdy bay xuit hi¢n trén man hinh ra da béi
mot dom ﬁg, ki higu 1a M. Dua trén sy thay d6i ctia toa
d0 vectd OM , tram kiém sodt c6 thé x4c dinh dugc dudng
bay ctia mdy bay.

546%\ Toa dj ciia vecto 07\1 la gi?
b 4 Hinh 1

1. TOA DO CUA MOT PIEM

Trong mit phing toa do Oxy (Hinh 2), hy:
a) Tim hoanh d6 va tung d9 cla diém A.
b) Néu cdch xdc dinh toa @ clia diém M tuy y.

Hinh 2 Hinh 3

Dé xdc dinh toa d6 ciia mot diém M tuy y trong mit phing toa do Oxy, ta 1am nhu sau
(Hinh 3):
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 Tii M ké dudng thing vudng géc véi truc hoanh va cit truc hoanh tai diém H tng véi
$6 a. S6 a 1a hoanh d6 cta diém M.

o Tit M ké dudng thing vudng géc véi truc tung va cit tryc tung tai diém K tng véi s6 b.
S8 b 1a tung d6 ctia diém M.
Cip 8 (a ; b) 1a toa dd ctia diém M trong mit phing toa do Oxy. Ta ki higu 1a M(a ; b).

1l. TOA DO CUA MOT VECTO
Cho diém M trong mit phing toa 4 Oxy.
a) V& vecto W .

b) Néu cich xdc dinh toa do ctia diém M.

[ Toa do ctia diém M dugc goi 1 toa do chia vecto O_M 3

Neu OM ¢6 toa d0 (a : b) thi ta viét OM =(a:b) hdy
OM (a ; b), trong d6 a goi la hoanh do cla vecto OM va
b goi la tung do cuia vecto OM (Hinh 4).

Hinh 4

Chii y: Trong mit phéng toa dd Oxy, ta c6:

< OM =(a; by M(a: b).

Veeto 7 c6 diém g6c1a 0 vacé toadd (1 ;0) goi lavecto
don vj trén truc Ox.

Vecto ] ¢6 diém gde 1a O va 6 toa do (0 ; 1) goi la
vecto don vi trén truc Oy (Hinh 5).

Vidul | Trong mit phing tog do Oxy, cho cdc diém
M N, P, Q (Hinh 6). Tim toa do ctia cic vecto OM ON
OP OQ
Gidi
Tt Hinh 6, ta c6: M(~ 4 ; 3), NG3 5 0), P(5;— 2), 0(0 ;- 3).
Do d6: OM = (- 4:3), ON =(3 ;0),

OP =(5:-2),00 =(0;-3).

Hinh 6

Trong miit phing toa dd Oxy, cho vecto i (Hinh 7). Hay xdc dinh diém A sao
cho OA = .
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Dé xdc dinh diém A, ta 1am nhu sau (Hinh 8):
5
Pas

0 g2

Hinh 7 Hinh 8

* Qua O ké dudng thing d song song Vi gid clia vecto i.
. Iﬁ,ﬁ'y dié’m\A trén dudng thing d sao cho hai vecto 04, i cung hudng va do dai doan
thing OA biing do dai vecto .
Nhén xét: Vi mdi vecto i, ta xdc dinh duge duy nhat mot diém A sao cho OA = i.
W i

V6i mi vecto i trong mit phing toa do Oxy, toa do clia vectd i 1 toa do cia

diém A, trong d6 A 1a diém sao cho OA = ii.

Néu i ¢6 toa @0 (a ; b) thi ta viét ii = (a ; b) hay

ii (a ; b), trong d6 a goi 1a hoanh dd ctia vecto i va = 7

b goi 1a tung do ctia vecto ii. / \
1

Vidu2 | Tim toa do clia cdc vects @, b & Hinh 9.

o X
Gidai
Trong Hinh 10, ta c6:
Had= & vaA(2;2); toa do vecto a chinh la toa Hinh 9

46 diém A nén @ = 2 2).
+) b = OB vaB(1 ; - 3); toa do vecto OB chinh 1a
toa @9 diém Bnén b = (1 ;- 3).

E 1 Tim toa do cla cdc vectd
¢, d trong Hinh 11.

i

Hinh 11

Hinh 10
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Trong mit phing toa do Oxy, cho vecto
i =(a;b). Tachon diém A sao cho OA = i.

Xét vecto don vi i trén truc hoanh Ox va vecto don vi
trén tryc tung Oy (Hinh 12).

a) Tim hoanh d9 va tung d9 cla diém A.

b) Biéu dién vecto O_H. qua vecto i

¢) Bidu dién vecto OK qua vecto J.

d) Chiing t6 riing @ = ai + bj.

st

Do (a ; b) la tog d@p ciia vecto ii nén diém A cé hoanh délaa va
tung a6 la b. Diém H biéu dién s6'a tren truc Ox nén OH = ai:
diém K biéu dién s6'b trén truc Oy nén OK bj Ta co:

OA 0H+0K *az+bj

Ta ¢6 dinh Ii sau:

W = — -
Trong mit phéng toa 0 Oxy, néu i = (a ; b) thi i = ai + bf.
Neuogc lai, néu @ = ai + bj thi i =(a;b).

™ - X, = X
Chiiy: Vi @ = (x;y) v b =(x,5y), tacs: d=b <" 2
WE= Yoo

Nhu vy, mdi vecto hoan toan duge x4c dinh khi biét toa do ctia né.

Vidu3 | Trong mit phéng toa do Oxy, cho diém A(1 ;2) vavecto it =(3 ;-

a) Biéu dién vecto il qua vectd i va J. g
o x = e Dot T8 2 Trong mit phing toa do
b) Bicu dién vecto OA qua vecto i va j. Oxy, cho difm B 1 ; 0) va
Gidi vectd V =(0;- 7).
a) Biéu dién vecto v qua
Q) Vii =(3:—4)nénii =37 + (—4)] =37 —4]. vectd 7 va J. .
o . U T ) b) Biéu dién vecto OB qua
b) Vidiem A cé toadd 1a (1;2) nén OA =(1;2). Do do: vectd i VA J.
OA=17 +2j =7 +2].
63
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1L LIEN HE GIUA TOA PO CUA PIEM VA TOA DO CUA VECTG

Trong mit phing toa do Oxy, cho hai diém A, B

(Hinh 13).

a) Tim hoanh d§ X, va tung do Va ciia diém A; hoanh do Xy
va tung d9 y, clia diém B.

b) Tim diém M sao cho OM = AB. Tit d6, tim hoanh d6 a
va tung dd b ctia vecto AB.

¢) So sanh: X=X, vaa; V= vab. Hinh 13

[ Trong mit phing toa dd Oxy, cho hai diém Ax, 5y, vaB(xg; yp).
Ta co: E = (=%, Y=,

Vidu4 | Trong mit phing toa do Oxy, cho ba diém ’77
khong th'fmg hang A(1;1),B(4;3),C(-1;-2). 3 Trong mit phing toa
— dd Oxy, cho céc diém:

a) Tim toa dd cta vecto AB. A(1;3), BG;-1),

b) Tim toa d9 clia diém D sao cho td gide ABCD 1a hinh C2;-2), D(-2;2).
binth Banh: Chiing minh AB = DC.
Gidi

a)Tacé: AB =(4—1;3-1). Viy AB =(3;2).
b) Goi toa dj ctia diém D 1a (xD 5 yD), ta co: D—C =(-1- Xpi— 2- yD).
Tit gidc ABCD 12 hinh binh hanh khi vi chi khi
-1-x,=3 o x,=-4
yp=—4

DC=ABo DC=(3:2) <
-2-y,=2

NGy D(~ds; =),

Vidu5 | Trong mdt bai luyén tip clia cdc ciu thi bong
nudc, huin luyén vién cho céc ciu thi di chuyén theo ba
doan lién tiép. Doan thd nht di chuyén vé huéng Dong Bic
v6i quang dudng 1a 20 m; doan thi hai di chuyén vé hudng
Tay Bic véi quing dudng 12 10 m va doan thi ba di chuyén
theo hudng Pong Bic véi quing dudong 5 m.

a) V& cdc vecto biéu dién sy di chuyén cla céc cau tha
trong h¢ truc toa do Oxy véi vi tri bit dau nhu Hinh 14, Hinh 14
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trong d6 ta quy udc do dai dudng chéo ctia mdi 6 vudng
la5m.

b) Tim toa do ctia cic vectd trén.

Gidi

a) Trong Hinh 15, ta thiy céc vects AB, BC, CD lin lugt
biéu dién sy di chuyén theo doan thd nhat; doan thi hai;
doan thi ba ctia cdc cAu thi.

b) Do @9 dai dudng chéo ctia mbi 6 vudng 12 5 m nén do
dai canh ctia mdi 6 vuong la % m. Dua vio s6 6

vuong, ta c6:

A{ﬂ;oj; B(#;loﬁ}
(15‘/— 15\/—] D(loﬁ;%].

Do d6

b
&

&
aQ

. BAI TAP

Tim toa dd ca cdc vecto trong Hmh 16 va biéu
dién méi vecto d6 qua vecto i va j s

2. Tim toa dd cla cédc vectd sau:
a)d =3i; Wb=-7:
Oc=i-47; & d=05 +6).

Ol Bt dhu

Hinh 15

:[# 2 1042 - oj tic a AB = (1042 ; 1042);

:[# 25‘/_ 11542 - 10\/—] tic1a BC = (- 542 ;542);
[10\/5 15\/— 35‘/— 15\/5] ticla CD = [#ﬂj

2

3. Tim céc 8 thyc a va b sao cho mdi cp vectd sau
biing nhau.
ai=QRa-1,-3)vav=03.4b+1);
b)X=(a+b;-2a+3b)vay=2a-3;4b).
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4. Trong mat phang toa do Oxy, cho ba diém A(2 3),B-1;1),C3;-1).
a) Tim toa d9 diém M sao cho AM BC
b) Tim toa d¢ trung diém N clia doan thang AC. Chiing minh ﬁ = W

5. Trong mit phéng toa o Oxy, cho diém M(- 1 ; 3)
a) Tim toa d6 diém A ddi xting véi diém M qua gdc O.
b) Tim toa d9 diém B d6i xing véi diém M qua truc Ox.
¢) Tim toa d6 diém C d6i xiing v6i diém M qua truc Oy.
6. Trong mit phing toa do Oxy, cho ba diém khong thing hang A(- 3 ; 1), B(~ 1 ; 3),

I(4 ; 2). Tim toa d9 clia hai diém C, D sao cho t gidgc ABCD 1a hinh binh hanh nhan
I1am tam ddi xtng.

7. Trong mat phfmg toa d9 Oxy, cho tam gidgc ABC. Cdc diém M(1 ;- 2), N(4 ;- 1) va
P(6;2) 1an lugt 1a trung diém ctia cdc canh BC, CA, AB. Tim toa d9 clia cdc diém A, B, C.

JO! Jrim iy tHEm

Chiing minh cong thiic tinh toa d6 cia vecto
A 92 R A N R e
qua toa do cua diém dau va diém cudi
Trong Muc III, ta di phat biéu khing dinh sau:
Trong mit phéng toa o Oxy, cho hai diém Alx,; y,) vaB(xg; yp). Taco:
AB = (x5 = X5 Y5 = Ya)-
Khing dinh trén c6 thé chiing minh nhu sau:
Vi a :()cA ;yA)nén (ﬂ = XAF + yAf.
Vi &é =(xp 3 y,) nén O*Bl = xB? + nyA
Do d6
AB = 0B~ OA = (x40 + yu)) = (0,0 + y,0) = Oepi = x,0) + (Vp) = Ya))
= (g = X + (v = )7

Vay AB =(xp—X,;Y5=V,).
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§2 | BIEU THUC TOA PO CUA CAC PHEP TOAN VECTG

Hai mdy t3i kéo tau bién dugc dit & hai vi tri B va D doc theo kénh dao dugc minh hoa
& Hinh 17. Hai mdy t5i d6 kéo mot con tau tif vi tri A huéng dén vi tri C.

5 3 Hinh 17 2
gt Q@
Kénh dao Panama

b

(Nguon: https://shutterstock.com)

Lam thé nao tim dugc tog @j ciia vi tri C khi biét tog d¢p
ctia cdc vitri A, Bva D?

1. BIEU THUC TOA DO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO,

PHEP NHAN MOT s6 V61 MOT VECTG

Trong mit phing toa o Oxy (Hinh 18), cho hai

veetd @ = (x;5y,) VA V= (x5 5,).

a) Bidu dién cdc vecto @, ¥ theo hai vecto i va J .

b) Biéu dién cic vecto i + v, il — v, kii (k € R) theo hai
vecto i va j.

¢) Tim toa dd cdc vectd i + v, i — V, kii (k€ R).

Dé biu dién vectd i + ¥ theo hai vecto i va J, ta lam 18
nhu sau:
Do i =(x;3y,), V=(x,;y,)nén i = xlf + yJ‘, V= xzf + yzf. Vi vay,
U+v= (xlf + ylf) = (xzf + yzj') = (xlf + xzf) + (y]f + yzf)

= (;c1 + xz)f + (yl + yz)]‘.
Tuong tu, ta ¢6 cdc biéu dién sau:
=7 = (= )i+ Oy = 3T < kid = (k)i + (] (k< R).
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[ Néu i =(x;y)va v =(x,;y,) thi

Uk = (o e YY)
U Vi= (0 =% 5y = V));
kit = (kx, s ky)véik e R.

Nhdn xét: Hai vecto il = (39, V= G5 5,) (CEZ 6) cuing phuong khi va chi khi ¢6
mdt s thyc & sao cho x; = kx, vay, = ky,.

Vidul | Choii =(2;- 1), % =(1;5). Tim toa do %’ -
ctia mbi vectd sau: 1 a)Cho i =(-2;0),
= (O = ok s

a) i +V; b)i-Vv.

Tim toa dd cha vecto
Gidi T+
Doii =(2;-1), ¥ =(1;5)néntaco: .
o_.u ﬁ( ), v =( )nenqco_. b)Chou:(\/g;O),
Au+v=2+1;-1+5).Vayu+v =3;4). V:(O'—«ﬁ)
b)i-V=2-1;-1-5).Vayii—-v =(;-6). Tim toa d6 cia vecto W

. sao cho w + i = V.

Vidu2 JChod =(-2;3), b =(2;1), € =(1;2). Tinh
x e 5 O 3,
toa d9 clia mbi vecto sau: 3d; 2d — b; d +2b —=C.

()

Gidi
Dod=(-2:3).,5=@2;1), =(;2) nén tacé:
)33 =(3.(-2):3.3).Viy 33 = (- 6;9).

+) 23 =(—4;6).

Dod6 23— b =(-4-2:6-1),viviy 2 — b =(- 6:5).

) 2b =(@4;2),d+2b =(2;5)v;‘1—%?: (7%;73)
Do d6 3+ 25 — 7 = (1;2].
2 AD
Vidu3 | Chobadiém A(- 1:—3), B2:3)vaC3:5). ‘? :

Chiing minh ba diém A, B, C thing hang. o Té‘;(‘;g e
Gidi A 1 2), BQ ; 3),

. _ — e C(- 4 ; m). Tim m @& ba
Ta c6: AB =(3;6), BC =(1;2). Suyra AB =3BC. diém A, B, C thing hang.

Vay ba diém A, B, C thing hang.
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1. TOA PO TRUNG PIEM DOAN THANG VA TOA PO TRONG TAM TAM GIAC

- Trong mit phing toa do Oxy, cho hai diém b
A(x, 5 y,) VA B(xy; y,). Goi M(x,,; y,) 1a trung diém ctia Ys
doan thing AB (minh hoa & Hinh 19). Yar
a) Biéu dién vecto OM theo hai vectd OA va OB. L
b) Tinh toa d6 cta M theo toa do ctia 4 va B. Ol x, x, ,\1 X
E Cho hai diém ACx, ; v,) Vi B(ry: v,). Néu M(x, 3 v,,) Hinh 19
1a trung diém doan thing AB thi %’
o= ZaiXe YA Ve 3 Cho hai diém A2 ; 4)
M=, M T va M(5 ; 7). Tim toa do
diém B sao cho M I trung
diém doan thing AB.

Trong mit phing toa 4o Oxy, cho tam gidc ABC
c6 trong tim G (minh hoa & Hinh 20).

a) Biéu dién vecto 0OG theo ba vectd 07 OB va OC.
b) Tinh toa do cta G theo toa dd cta A, B, C.

W | —-—

Cho tam gidc ABC c6 A(xA g yA), B(xB + yB), C(xC ;yc)A
Néu G(xg 1 yg) 1a trong tam tam gidc ABC thi

XA+XB+XC yA+yB+yC

= 5 = Hinh 20
G 3 Y6 5

X,

Vidu4 = Chotam gidc ABCc6A(-2;1),B(2:5),C(5:2). E{Cho badiémA(1: 1)
Tim toa dd trung diém M ctia doan thing AB va trong tim G B(1;5),G(1 ;2).
clia tam gidc ABC.

a) Chiing minh ba diém A,

Gidi B, G khong théng hang.

. N ) g A b) Tim toa d¢ diém C sao
Do M(x,,; y,) 1a t:;mgzdxem doan thjng 154B nén SholGIT gt Goloia

—2 4 @ -
X = =0, vy, = = 3. tam gidc ABC.
M ) Im >

Vay M0 ; 3).
Do Glx, ; y,) Ia trong tm tam gidc ABC nén x; = CAw2wS, | eI

3
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111 BIEU THUC TOA O CUA TiCH VO HUGNG

Trong mit phiing toa do Oxy, cho iva ] la cdc vecto don vi trén Ox va Oy.
a) Tinh fz; ;2; ;;

b) Cho @i = (x5 V= (x, :,)- Tinh tich v6 hudng i . .

DE tinh céc tich vo hudng néi trén, ta lam nhu sau:

Tacs: 12 =i = 1; 72 = mz =Li.j=0®iLlj).Dodé

ﬁ.V:(xl?+ ylf).()c27+yzf):xlxz.i2+x1y24i LJ Xy .j.i+y1yz.j2

=N, N,
[ Neu i = (x5y) VAV =(x, ;) thi @.V =x.x, +y,y,

Nhan xét
a)Néu d = (x;y)thi || = \/ﬂ =22+ %
b) Né'uA(x1 sy vaB(x, .y, thidB= ‘E‘ = 4/(x, - )cl)2 +(, - yl)zA
¢) V6i hai vecto i = (x5 va V= (59, déu khéc 0, ta c6:
* @i va v vudng géc v6i nhau khi va chi khi x x, +y,y, = 0.
X + Yebo

2 .2 B, 2
Xt N T Y,

Vidu5 | Trong mit phing toa @ Oxy, cho tam gidc ABC c6 A2 ; 2), B(1 ;- 1), C(8 ; 0).

e cos(id, V) = ARG

a) Tinh ﬂ 3 E va cosA‘B‘C
b) Chiing minh AB L AC.
¢) Giai tam gidc ABC.
Gidi
a)Tacé: BA =(1,3), BC =(7,1). Dod6 BA.BC =1.7+3.1=10.
Mat khdc, ta ciing co:
Bl = V12 + 3% = V10, [BC = V72 + 12 = V50,
cosABC = cos(a, FC:) = B4 .BC 10

[Bal [sc] 0N 5

&
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b)Do AB = (~ 1;~ 3) va AC = (6:~ 2) nén AB.AC = (- 1). 6+ (~3).(~2)= 0
Viy AB L AC.

©)Do AB L AC nén BAC = 90°, tiic 1a tam gidc ABC vudng tai A.
Ma cos ABC = V5 en ABC ~ 63°. Vithé ACB ~ 90° — 63° = 27°.
Mt khdc, ta c6: AB = |BA| = 10

BC = ‘BC‘

CA =+BC* - AB® = \/ sJ—

Vidu 6 Mot chiéc xe 6 to con bi mic ket trong bun 1ay. DE kéo xe ra, ngudi ta diing
xe tai kéo bing cich gdn mot ddu day cdp kéo xe vao dau xe 6 t6 con va méc diu con
lai vao phia sau cua xe tai kéo. Khi kéo, xe tai tao ra mot luc E ¢6 dd 16n (cudng do) la
2 000 N theo phuong ngang 1én xe 0 t6 con.

Ngoai ra, c6 thém mot ngudi ddy phia sau xe 6 td con, tao

= F, F
raluc F, c6dolonla300 N Ién xe. Céc luc nay dudgc bidu :
dién bling vectd nhu Hinh 21, sao cho (F, Fy) = 5°. D6 16n Hinh 21

Iic téng hop tic dong 1én xe 6 td con la bao nhiéu Newton

(lam tron két qua dén hang don vi)?

Gidi

Chon hé truc toa dd Oxy nhu Hinh 22, méi don vi trén truc

Ging v6i 1 N. Fy F,

Ta co o %
e Fl =(2000; 0), Hinh 22
« (F.F,) =5°néntoa do ciia F, la

=(300 . cos5°; 300 . sin5°).
Do d6, luc F téng hdgp cdc luc tic dong 1én xe 6 t6 con c6 toa do la:

F=F +F =(2000+300.cos5° ; 300 . sin5°).

Do 16n lye téng hop F tdc dong lén xe 6 to con la:

[Fl = 2000 + 300 . cos5°) + (300 . sin5°)? =2 299 (N).
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Weainar

1. Trong mit phing toa dd Oxy, cho @ = (- 1;2), h=(3:1),¢ = 2:—3):

a) Tim toa d6 vecto i = 2d + b- 32
b) Tim toa do vectd ¥ sao cho ¥ + 2b = @ + .

2. Trong mit ph?mg toa dd Oxy, cho A(-2;3), B(4;5), C(2;-3).
a) Chiing minh ba diém A, B, C khong thing hang.
b) Tim toa do trong tdm G cua tam gidc ABC.
¢) Giai tam gidc ABC.

3. Trong mit phing toa d Oxy, cho tam gidc ABC c6 trung diém céc canh BC, CA, AB
tuong tng 1a M(2 ; 0), N(4 ; 2), P(1 ; 3).
a) Tim toa d9 cdc diém A, B, C.
b) Trong tdm hai tam gidc ABC va MNP c6 trung nhau khong? Vi sao?

4. Trong mit ph'fmg toa do Oxy, cho tam gidc ABCc6 A(2 ;4), B(- 1; 1), C(- 8;2).
a) Tinh ABC.
b) Tinh chu vi ctia tam gidc ABC.
¢) Tim toa d9 diém M trén dudng thing BC sao cho dién tich ctia tam gidc ABC bing
hai 14n dién tich ctia tam gidc ABM.

5. ChobadiémA(l; 1), B(4;3)vaC(6;-2).
a) Chiing minh ba diém A, B, C khong thing hang.
b) Tim toa do diém D sao cho ti gidc ABCD 1a hinh thang ¢6 AB // CD va CD = 2AB.

6. Ching minh khing dinh sau:
Hai vectd @ = (x, 3y, V = (x,3y,) (V # 0) cling phuong khi va chi khi c6 mot s6
thyc k sao cho x, = kx, va y, = ky,.

7. Mot vat déng thdi bi ba lyc tic dong: luc tic dong
thd nhat F c6 dd 16n1a 1 500 N, luc tac dong thd hai

F_ c6 do 16n 1a 600 N, luc tic dong thi ba F c6 do
16n 12 800 N. Céc luc nay dugc biéu dién bdng nhiing

vecto nhu Hinh 23, véi (F. ) =30°, (. F,) =45°

va (B, F,) = 75°. Tinh d 16n lic téng hop tic dong o3
1én vat.
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§3 ' PHUONG TRINH PUGNG THANG

Mot méy bay cit cdnh tit sin bay theo mot dudng thing nghiéng véi phuong niim ngang
mdt géc 20°, van tdc cit canh 1a 200 km/h. Hinh 24 minh hoa hinh dnh dudng bay ciia
mdy bay trén man hinh ra da cia bo phan khong luu. D€ xdc dinh vi tri cia mdy bay tai
nhiing thai diém quan trong (chéng han: 30's, 60's, 90 s, 120 s), ngudi ta phai 1ap phuong
trinh duding thing mé ta dudng bay.

(Nguén: hitps://pixabay.com) Hinh 24

Lam thé nao dé lap phuong trinh ducong thing trong 2

mdt pheng toa do? &
P
WG

1. PHUGNG TRINH THAM SO CUA PUGNG THANG
1. Vecto chi phuong clia dudng thing

Trong mit phing toa dd Oxy, cho dudng thing A.
V& vectd @i (i # 0) ¢6 gid song song (hofic trung) véi
dudng thing A (Hinh 25).

i o iy
[ Vecto i duogc goi la vecto chi phuong ctia duong
théng A néu # = 0 va gid clia ii song song hoic
tring véi A.

Hinh 25

Nhan xét

* Néu i 1a mét vecto chi phuong ciia A thi ki (k = 0) cling la mét vecto chi phuong
cua A.

* Mot dudng thing hoan toan dugc xdc dinh khi biét mot diém va mot vecto chi phuong
ctia dudng thing d6.
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2. Phuong trinh tham s6 ciia duong thiang
Trong mijt phiing toa do Oxy, cho dudng thing A di qua diém M (x, ; y,) va ¢6
vectd chi phuong ii = (a ; b). Xét diém M(x ; y) nim trén A (Hinh 26).

a) Nhan xét v& phuong clia hai vectd il va W

b) Chiing minh ¢6 s6 thyc ¢ sao cho W = tii.

¢) Biéu dién toa @9 ctia diém M qua toa d ctia diém M, vatoa do clia vecto chi phuong .
Xét diém M(x ; y) € A. Vi MyM ciing phuong v6i i@ nén
¢6 s8 thuc £ sao cho w = fii.

Do MyM = (x— x5y~ y)s ii =(a;b)nén

()

—_— X— X, =at X =xy+at
MM = i & o

Y=Y, =bt y=y,+bt

Hinh 26

Ngugc lai, néu diém M(x ; y) trong mit phing toa do thoa
mén hé () thi M(x; y) < A.

W r 4 —-—

L |X=xgtat 2 . - Y . >
Heé (a” + b~ > 0 va t 1a tham s0) dudc goi 1a phuong trinh tham so
Y=Y+ bt

ctia dudng thing A di qua M(x, ; y,) va nhan i =(a;b)1am vectd chi phuong.

Nhdn xét: Cho dudng thing A c6 phuong trinh tham s6 la:

x=Xggat 5 5 oo y

(a” + b° >0 vatlatham s0).

y=y,+bt
« V6i mbi gid tri cu thé cta 1, ta xdc dinh duge mot diém trén dudng thing A. Ngudc lai,
v6i mbi diém trén dudng thing A, ta xdc dinh duge mot gid tri cy thé cla ¢,
« Vecto ii = (a ; b) la mét vecto chi phuong cia A.

Vidu 1
a) Viét phuong trinh tham s8 ctia dudng thing A di qua diém A(- 1 ; 3) va co vecto chi
phuong i = (2 3 %j
X'=—543t

b) Cho dudng thing A c¢6 phuong trinh tham s6 1a { g iop Chi ra toa d6 mot vecto
y=38-12t

chi phuong ctia A va mot diém thudc dudng thing A.
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Gidi %y
a) Phuong trinh tham s6 clia dudng thing A la: 1 Cho dudng thing A c6
phuong trinh tham s&

x=-1+2t
N x x—1=0r
1 (zlatham s0). {
y:3+5t V= 21
o x . . Lo a) Chi ra toa do cta hai
b) Toa do ciia mot vecto chi phuong ciaAlau =3 ;- 2). dzém thudc dudng thing A,
[jngvcjjl:()[acé {x = E)ABL0=—3 b) Diém ndo trong céc
y=8-2.0=8 diém C(= 1;-1),D(1;3)
Diém B(- 5 ; 8) thudc dudng thing A. thugc dudng thing A?

II. PHUGNG TRINH TONG QUAT CUA PUOGNG THANG
1. Vecto phap tuyén ciia duwong thing

Trong mit phing toa dd Oxy, cho dudng thing A.
V& vectd ii (ii = 0) c6 gid vuong géc véi dudng thing A
(Hinh 27).

W & OO T

Vecto 7i duoc goi 1a vecto phdp tuyén ctia duong
théng A néu 7 = 0 va gia cia vecto i vudng géc
v6i A. Hinh 27

Nhan xét

« Néu 7i 1a mdt vecto phdp tuyén clia A thi kii (k = 0) cling 14 mét vecto phép tuyén
clia A,

« Mot dudng thing hoan toan duge xdc dinh khi bigt mot diém va mot vectd phép tuyén
ctia dudng thing do.

« Néu dudng thfmg A ¢6 vecto chi phuong 14 ii = (a ; b) thi vecto 7i = (— b ; a) lamét
vecto phap tuyén cua A.

2. Phuong trinh tdng quét ciia dudng thing

Trong mit phing toa do Oxy, cho dudng thing A
di qua di€m M (x, ; y,) va ¢6 vecto phap tuyén i = (a; b).
Xét diém M(x ; y) niim trén A (Hinh 28).

a) Nhan xét vé phuong ctia hai vecto 7 va M M.

b) Tim mdi lién hé gifta toa d6 cla diém M véi toa do cta
-2 5 L % £ =
diém M va toa do clia vecto phdp tuyén 7. Hinh 28

75
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Tac6: MM = (x—x,;y—=y,), i =(a;b).
Xét diém M(x ; y) € A. Vi MM L ii nén

MM i = 0 < alx—x)) + by - y) =0 ax + by — ax, — by, = 0.
bit ¢ = - ax - by, ta dugc phuong trinh ax + by + ¢ = 0 (ID).

Ngugc lai, néu diém M(x ; y) trong mit phing toa d thoa min phuong trinh (IT) thi
M(x;y) e A

[ Phuong trinh ax + by + ¢ = 0 (a va b khong ddng thoi bing 0) dudc goi 1a
phuong trinh téng qudt ctia dudng thing.

Nhan xét
« Dudng thing A di qua diém M(x, ; y,) va nhan ii = (a; b) lam vecto phap tuyén co
phuong trinh la

a(x—xg) +b(y —y,) =0 & ax + by + (= ax, — by) =0.
« Mbi phuong trinh ax + by + ¢ = 0 (a va b khéng ddng thdi bing 0) déu xdc dinh mot
dudng thing A trén mét phing toa dé nhan mot vecto phap tuyé’n la7i =(a;b).

Vidy2 | Viét phuong trinh tong qut ctia du’dng thing A j

— 2 Cho dudng thang Acé
di qua diém A(- 2 ; 4) va c6 vectd phdp tuyénla 7i = (3;2). phudng trink tong quat 1a
Gidi x—y+1=0.
Theo gia thiét, phuong trinh ctia dudng thing A 1a a) Chi ra toa d6 cia mot

_ vectd phédp tuyén va mot
3+ R206-4) —JO. vectd chi phuong ctia A.
Tii d6, ta nhan dugc phuong trinh tong qudt cua dudng b) Chi ra toa do ctia hai

thing A 12 3x +2y-2=0. diém thudc A.

3. Nhiing dang dic biét ciia phuong trinh tong quat

Cho duding thing A c6 phuong trinh tdng quét ax + by + ¢ = 0 (a hodc b khdc 0).

Néu nhan xét vé vi tri tuong ddi ctia dudng thing A véi cic tryc toa dd trong mbi trudng

hop sau:

a)b=0vaa=0; b)b#=0vaa=0; c)b=0vaa+0.

DEé xét vi tri tuong ddi clia dudng thing A véi cdc truc toa

dg, ta 1am nhu sau:

a) Néu b = 0 va a = 0 thi phuong trinh dudng thing A tré
thanh ax + ¢ = 0. Khi d6 dudng thing A song song hoic

N " s g .oz c
triing véi truc Oy va cit tryc Ox tai diém | ——;0
a

(Hinh 29).

Hinh 29
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b) N&u b # 0 va a = 0 thi phuong trinh dudng thing A trd thanh y

by + ¢ = 0. Khi d6 dudng thing A song song hoic tring v6i ~ _ ¢
b A
truc Ox va cit truc Oy tai diém [0 e %) (Hinh 30).
_
. g . [ E;
¢)Néu b # 0 va a # 0 thi phuong trinh dudng thang A c6 thé R
mn >

viét thanh
- -5 2,
T
Khi d6 dudng thiing A 1a db thi ham s& bac nhat

@ e g a
) = — —x — — v6i hé s6 goc la k = — — (Hinh 31).
Y b 5 cs0 g 1’)( inh 31)

Hinh 31

Nhan xét

« Dudng thing A ¢6 phuong trinh tng quat ax + by + ¢ = 0 (a hogic b khdc 0) 1a dd thi
ham s8 bac nhat khi va chi khi a =0 va b = 0.

« Phuong trinh truc hoanh la y = 0, phuong trinh truc tung la x = 0.

11L. LAP PHUONG TRINH DUGNG THANG

Khi l4p phuong trinh dudng thing, ta thudng gip ba tridng hgp nhu sau:

— Lap phuong trinh dudng thing di qua mot diém cho trude va biét vecto phap tuyén.
— Lap phuong trinh dudng thing di qua mot diém cho tridc va biét vecto chi phuong.
— Lap phuong trinh dudng thing di qua hai diém cho trudc.

1. Lap phuong trinh dudng thing di qua mét diém va biét vecto phap tuyén
Phuong trinh dudng thing A di qua diém M(x, ; y,) va nhan i =(a;b) (i = 0) lam
vecto phdp tuyén 12 a(x - x)) + b(y - y,) = 0.

2. Lap phuong trinh duong thing di qua mot diém va biét vecto chi phuong
Phuong trinh tham s3 ctia dudng thing A di qua di€m M (x, ; y,) va nhan i = (a ; b)
. ) ‘Ix:x‘,Jrat . .
(u # 0) lam vecto chi phuong la (¢ 1a tham s0).
[ y=y,+bt
Néu a# 0 vab = 0 thi ta con 6 thé viét phuong trinh clia dudng thing A & dang:
X-X _Y~¥%.
a b
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3. Lap phuong trinh duong thing di qua hai diém
Dlrc'mgthéngAdiquahaidiémA(xO;yo),B(xl;yl)nénnhénvectd AB = =% — Vo)
lam vecto chi phuong. Do d6, phuong trinh tham s& ctia dudng thing A la:

x=x,+ (x; — x )t

0+ (=% (¢ 1 tham s6).

¥ =5+ 01 = Yo
N&u x, = x;# 0 vay, =y, # 0 thi ta con c6 thé viét phuong trinh cia dudng thing A
6 dang:

X=X _ Y=Y .

=% N

Vidy3 | Lap phuong trinh dudng thing A thod min méi didu kién sau:
a) Puong thing A di qua diém M(- 2 ;- 3) vacé i = (2 5) 1a vecto phap tuyén;
b) Puding thing A di qua diém M(3 ;— 5) vacé i = (2 ; - 4) 1a vecto chi phuong;
¢) Pudng thiing A di qua hai diém A(~ 3 ;4) va B(1 ;- 1).
Gidi
a) Phuong trinh Ala2(x +2) + 5(y +3) =0 & 2x + 5y + 19=0.

b) Phuong trinh A I %’3 J y+5

S4x+2y-2=02x+y-1=0.

o) Phuong tnh Ala 253 Y4 [ X+3_yT4 o4y 120,
1-%3 -1-4 4 &1

Vidu4 = Lap phuong trinh dudng thing A di qua hai diém A(a ; 0) va B(O ; b) véi
@+ b >0.
Gidi
Dudng thing A di qua hai diém A, B nén c¢6 vectd chi phuong 1a AB = (- a ; b). Suy ra
Anhan vectd ii = (b ; @) 1am vectd phap tuyén. Vay dudng thiing A c6 phuong trinh tdng
quat la:

b(x—a)+a(y-0)=0hay bx+ay—ab=0 (1)

Chii y: Trong trudng hop ab = 0, chia hai v& clia phuong trinh (1)
cho ab ta dudgc:

X P
—+==1 2
P 2

Phuong trinh dang (2) dudc goi 1a phuong trinh duong thing
theo dogn chdn, dudng thing nay cit Ox va Oy lan luct tai
A(a ; 0) va B(0 ; b) (Hinh 32). Hinh 32
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Vidy5 | Dudng thing A & Hinh 33 biéu thi tOng chi phi 5 ¥
1p diit va tién cudc st dung dich vu Internet (don vi: trim S A
nghin ddng) theo thdi gian clia mot gia dinh (don vi: thang). §“
" £ 20
a) Viét phuong trinh clia dudng théng A. g
b) Giao diém ciia dudng thing A véi tryc tung trong tinh £ 10
hudng ndy c6 ¥ nghia gi? 5 5
¢) Tinh tdng chi phi 14p dijt va sit dung Internet trong 12 thing 011 5 12%
dAu tién. Théng
Hinh 33

Gidi
a) budng théng A di qua hai diém 1an lugt c6 toa d6 (0 ; 5) va (5 ;: 20) nén A c6 phuong
trinh 1a:
¥=0_ 353 (2 V5 SNy s GEsy=3x4s,
5-0 20-5 5 15 1 3
b) Giao diém ctia dudng thing A véi truc Oy ting véi x = 0. Thai diém x = 0 cho biét mic
phi ban dau 13p dit dé st dung Internet. Khi x =0 thi y = 5, vi vay chi phi lip dit ban
déu 12 500 000 dong.

¢) 12 thdng dAu tién tng véix=12. Do d6: y=3. 12+ 5=41.

Viy t6ng chi phi 1ip dit va sit dung Internet trong 12 thang ddu tién 1a 4 100 000 ddng.

Peairie

1. Lap phuong trinh tong quét chia dudng thing A di qua diém A(- 1;2) va
=03;2).
b) C6 vectd chi phuong 1a ii = (-2 ;3).

a) C6 vecto phdp tuyén la

2. Lap phuong trinh m&i dudng thing trong cdc Hinh 34, 35, 36, 37 dudi day:

Hinh 34 Hinh 35
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Hinh 36 Hinh 37

3 i =—1-3t
3. Cho duong thang d c6 phuong trinh tham so la: & 3
Y= 242f
a) Lap phuong trinh tdng quét ctia dudng thing d.
b) Tim toa d9 giao diém ctia dudng thing d 14n lugt véi céc truc Ox, Oy.

¢) Budng thing d c6 di qua diém M(- 7 ; 5) hay khong?

4. Cho dudng thing d c6 phuong trinh téng qudt 1a: x — 2y — 5= 0.
a) Lap phuong trinh tham s& ctia dudng thing d.
b) Tim toa d9 diém M thudc d sao cho OM = 5 véi O 1a gdc toa do.
¢) Tim toa do diém N thudc d sao cho khoang céch tit N dén truc hoanh Ox 1a 3.

5. Cho tam gidc ABC, biét A(l ; 3), B(— 1 ;— 1), C(5 ; — 3). Lap phuong trinh tdng

qudt cla:

a) Ba dudng thing AB, BC, AC;

b) Budng trung tric canh AB;

¢) Pudng cao AH va dudng trung tuyén AM.

6. DEé tham gia mot phong tap thé dyc, ngudi tap phai trd
mot khoan phi tham gia ban dAu va phi st dung phong
tap. Pudng thing A & Hinh 38 biéu thi téng chi phi
(don vi: tridu ddng) tham gia mot phong tap thé duc
theo thdi gian tip ctia mot ngudi (don vi: thang).

a) Viét phuong trinh cita dudng thing A. S
, 21
b) Giao diém ciia dudng thing A v6i truc tung trong & 1
N i e, =]
tinh hudng nay c6 y nghia gi? ol 5 12
¢) Tinh tong chi phi ma ngudi d6 phai tra khi tham gia Théng
phong tap thé dyc véi thoi gian 12 thang. Hinh 38
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VI TRI TUONG DOl VA GOC GITA HAI PUGNG THANG.

§4 ; SRR Yo DNt A o g IR ¢
KHOANG CACH TU MOT DIEM DEN MOT BUGNG THANG
Trong thyc tién, c6 nhiing tinh hudng doi hoi chiing
ta phai xdc dinh vi trf tuong d6i clia hai dudng thing, R
giao diém clia hai dudng thing, ... Chiing han: G mén
thé thao ndi dung 10 m sting trudng hoi di ddng, myc

tiéu di dong trén mot dudng thing b song song véi i
mit dat va cdch mgt dat 1,4 m; vién dan di dong trén
mot dudng thing a (Hinh 39). D& tring myc tiéu, ~
van ddng vién phai udc lugng dugc giao diém M clia Hinh 39
a va b sao cho thoi gian chuyén dong dén diém M
clia vién dan va clia myc tiéu 1a bing nhau.
Lam thé ndo dé xdc dinh giao diém M cia hai dwong thing a va b? e ‘5
o)
L29
Ay
<]
1. VI TRi TUONG DOI CUA HAI PUGNG THANG
Néu vi tri tuong doi ctia hai dudng thing trong mit phing.
oA
Hai duong thdng trong mdt pheng thi cdt nhau hodic song song A f/@\\
hodc tring nhau. E‘}/ \V/f/

Trong mit phing toa d9, cho hai dudng thing A, A, 1dn lugt ¢6 vecto chi
phuong 1a &, i,. Néu diéu kién v& hai vecto &, i, trong mdi trudng hgp sau:

a) A] cit Az; b) Al song song véi Az; c) A] tring véi AZA

i Trong mit phing toa d9, cho hai dudng thing A, va A, 1dn lugt ¢6 vects chi
phuong 12 ii,, ii, . Khi d6
a) A cit A, khi va chi khi #, i, khong ciing phuong.
b) A, song song véi A, khi va chi khi &, ii, ciing phuong va c6 mot diém thuoc
mot dudng thing ma khong thude dudng thing con lai.
) A, trling v6i A, khi va chi khi %, i, cing phuong va c6 mot diém thudc ca hai
dudng thing dé.
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Chii y
* A, vudng gée v6i A, khi va chi khi i, i, vudng géc v6i nhau.
« Khi xét vi tri tuong di ctia hai dudng thing, c6 thé da vao ciip vecto phap tuyén ciia
hai dudng thing dé.
Vidul & Xétvitri tuong d6i ctia mi cip dudng thing sau:

QA2 -y +1=0vaA;-x+2y+2=0. g
x=1+2¢ 1 Xét vi trf tuong d6i

b)A3:X7)v71:()vaA4:{y:3+2t‘ R G

Giai s x=1+1

a) Dudng thing A ¢6 vecto chi phuong =0a;2, e # e

dudng thing A, c6 vectd chi phuong i, = (= 25— 1).

- 1

Do }2 = % nén i, i, khong cing phuong, suy ra Ay ﬁ{y N 21,
Al cat A,

b) Dudng thing A, A, 14n lugt c6 vecto chi phuong i = (1;1), i, = (2;2). Suy ra
ﬁ4 = 2!734 Chon ¢ =0, ta ¢6 diém M(1 ;3) e AA. Dol-3-1#0nénM(1;3) ¢ A3A
Vay A, song song V6i A,

Ta c6 thé xét vi tri tuong ddi ctia hai dudng thing dya vao s8 giao diém ctia chiing.

Nhdn xét: Cho hai dudng thing A, va A, ¢6 phuong trinh 1an lugt 1a
ax+by+c =0vaax+by+c,=0.

L . {alx+b1y+51:0
Xét hé phuong trinh: @
a,x+by+c, =0
Khi d6
a) Al cit Az khi va chi khi hé (T) c6 nghiém duy nhat.
b) Al song song véi A, khi va chi khi h¢ (I) vd nghiém.
©) A, tring v6i A, khi va chi khi hé (I) ¢6 v6 O nghiém.
Vidy2 & Xétvi tri tuong d6i ctia hai dudng thing =
Aix—-2y+1=0vaA;:2x-4y+2=0. Rxél vi trf tuong aci
Gidi clia dudng thang
Toa do giao diém clia dudng thing A va dudng thing A, d:x+2y-2=0
la nghiém cia hé phuong trinh: v6i mbi dudng thing sau:
{X*Z)’Jrlzo AiBx—2y+6=0;
2x—-4y+2=0. Ayx+2y+2=0;
He trén ¢6 vo s6 nghi¢m. Ap2x+4y-4=0.

Nhu vy, A vaA, c6 vo 6 diém chung, tdc 1 A, tring vGi A,
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Il. G6C GIUA HAI PUGNG THANG

Trong mit phing, cho hai dudng thing A va A, cdt nhau tai A tao thanh bon
g6c dinh A.

Quan sét Hinh 40a va doc t&én mdt géc nhon trong bdn géc do.

Quan sét Hinh 40b va néu dic diém bon géc tai dinh A.

b)

Hinh 40

‘ Hai dudng thing A, va A, ¢t nhau tao thanh bon gdc.
* Néu hai dudng thang A, vaA, khong vudng goc v6i nhau thi géc nhon trong bon
g6c tao thanh dudc goi la g6c glda hai dudng thing A vaA,
 Néu hai dudng thang A, va A, vudng géc v6i nhau [hl ta néi goc gitta hai dudng
thing A vaA, bing 90°

Géc giita hai dudng thing A, va A, duge ki hiéu I (A, A,) hofic (A, A

guy Li;{)(‘ Khi A song song hodic tring v6i A,, ta néi géc giiia hai dudng thang A, va A,
ing 0°.

Nhdn xét: Gée gifia hai dudng thing luon bé hon hoge biing 90°, tiic 1a (A, A,) < 90°.

Cho hai dudng thing A, A, ¢t nhau tai 7 va ¢6 vectd chi phuong lan lugt I
i, ii,. Goi A va B la cdc diém lan luct thudc hai dudng thing A, VA A, sa0 cho
ii, = IA, ii, = IB.
a) Quan sit Hinh 41a, Hinh 41D, hay nhan xet vé do 16n clia géc gitta hai dudng thing
A, A, vadd 16n clia géc gilia hai vecto IA IB
b) Chiing 6 cos(A, A)) = ‘cos(IA, IB)‘.

Hinh 41
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Pé tra 1i cdc cAu hoi trén, ta lam nhu sau:

« Néu (IA, IB) < 90° thi (A,, A,) = (I4, IB). Do d6, cos(A,, A,) = cos(IA, IB) va
cos(IA, IB) = 0.

*N&u (IA, 1B) > 90° thi (A, A,) = 180° — (IA, IB). Dod6, cos(A,, A,) = — cos(A, IB)
va cos(/A, IB) < 0.

Tu hai tridng hgp trén, ta suy ra cos(A, A,) = ‘cos(a, EZ)|

A
]
Trong mijt phéing toa do, cho hai dudng thing A| va A, ¢6 vectd chi phuong lan
lugt 1a IZI = (a] 3 hl)’ EZ = (a2 3 b). Tinh COS(AI, A).

Nhn xét: Do (i, i) = (IA, IB) nén cos(A,. A,) = |cos(ii, ii)| =

2

Trong mit phang toa do, cho hai dudng thang A va A, ¢6 vectd chi phuong lin
lugt1a &, = (a, ; b)), iy = (a,; by). Taco:
‘a]a2 + b]b2|

[2 2 2 2
a; + by .\a; + by

cos(Al, Az) =

Nhan xét
*A LA Saa,+bb,=0.

© Cho hai dudng thing A, va A, ¢6 vectd phip tuyén lan higt 1a 7, 7,. Ta cling c6:

. 7

cos(A, A) = ‘cos(ﬁl, ﬁ2)| = |ﬁ ‘ ‘ﬁ ‘
1] - [

Vidu3 | Tinh s§ do géc giiia hai dudng thing AVaA,

trong moi trudng hop sau: 73 Tinh s5 do goc gita
x:—1+\/§t 5 x:—1+\/§t hai dudng thing A, va A
a) A LvaA,: 2 i 1 7
1 y=l+1, 2 y=d-1; trong moi trudng hop sau:
2 _ :
D) A3 +y—10=0Va A~ 2x+y—T7=0. A1 3433
2 3
Gidi Vad,iy-4=0;
a) A, ¢6 vectd chi phuong i = (+/3 ; 1. ) A 2t y=0
A, 6 veetd chi phuong @, = (V3 ; - 1). vady-x+3y-5=0.
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W3 Betcn 1
B+ B 2

Do do, ta c6: cos(Al, Az) =

Vay (Al, AQ) =60°.
b) A ¢6 vecto phdp tuyén 7 = (3 ; 1), A, c6 vectd phdp tuyén 7, = (- 2 ; 1). Do d6,
ta co: .
g o 1 . n 3.(-2)+1.1]
cos(A,, A,) = [cos(ii, ii,)| = ol _ Benery ot

Al e o 2

Vay (A, A,) =45°.

1ll. KHOANG CACH TU MOT PIEM DEN MOT DUONG THANG

Trong mit phing toa d9, cho dudng thing A: 2x +y — 4 =0 va diém M(- 1; 1).
Goi H 12 hinh chi€u ctia M 1én dudng thing A.

a) Tim vecto chi phuong ctia dudng thing MH.

b) Viét phuong trinh tham s& ctia dudng thing MH.

¢) Tim toa do clia H. Tii d6, tinh do dai doan thing MH.

Trong trudng hgp tong quat, ta c6:

W . -— ]

Trong mit phiing toa do Oxy, cho dudng théng A ¢6 phuong trinh ax + by + ¢ = 0
(@ + b* > 0) va diém M(x, ; y,). Khodng cdch tit diém M dén dudng thing A,
ki hiéu 1a d(M, A), dudc tinh bdi cong thic sau:

ax, + by, + ¢|
d(M,A):i‘ 0t bt
a® + b*

Chii y: N&u M e A thi dM, A) = 0.

Vidu4 | Tinh khodng céch tii diém M dén dudng thi“ing % 4

A trong mdi trudng hop sau: a) Tinh khoang cach tii
Q) M(=2;1)vaA: 2x—3y+5=0. ?ligm 2(0 ; 0) dén duong
ng A:
=—2%3 )
b)M(1 ;- 3)vaa: {* - =y
y=2-4t -4 2
Gidi b) Tinh khoang cach gilia
) Ta c6: hai dudng thang song song
R.c2-3.1+5 2 23 A=yl =0

d(M, A) = = =22 VA
22+(73)2 \/E 13 vaAzAx =0
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b) Buong thﬁng A diqua diém N(- 2 ; 2), ¢6 vecto phap tuyé’n n=(4;3).
Phuong trinh cia dudng thing A 12 4(x + 2) + 3(y — 2) = 0. Tii 6, ta nhin dugc phuong
trinh tong quat ctia dudng thing A 1a 4x + 3y + 2 =0.

[4.143.-3+2 3

V4?4 3 s

Vay d(M, 8) =

. BAI TAP

Xét vi tri tuong d6i ctia mbi cip dudng thing sau:
a)d;:3x+2y-5=0vad, x—4y+1=0;
b)ydyix-2y+3=0vad;:-2x+4y+10=0;

X=—=+t

O dgdr+2y-3=0vad, 52
.

735

2. Tinhsd do géc giita hai dudng thing di2x—-y+5=0vad;:x-3y+3=0.

3. Tinh khoang cdch tii mot diém dén mot dudng thing trong mdi trudng hgp sau:
= QAT
a)A(l;—Z)vaAl:3x—y+4=0; b)B(—3;2)vz‘1A2: - N
y=1-2¢
4. Vi gid tri ndo ctia tham s6 m thi hai dudng thing sau diy vuong géc?
Armx-y+1=0vaA,;:2x-y+3=0.

5. Chobadiém A(2 ;- 1), B(1 ;2) va C(4 ; - 2). Tinh s6 do géc BAC va géc giita hai
dudng thing AB, AC.

6. ChobadiémA(2;4), B(- 1;2)vaC(3 ;- 1). Viét phuong trinh dudng thing di qua B
ddng thoi cdch déu A va C.

7. C6 hai con tau A va B ciing xuét phit tit hai bén, chuyén dong déu theo dudng thing
ngoai bién. Trén man hinh ra da ctia tram didu khién (dugc coi nhu mit phing toa do
Oxy véi don vi trén cdc tryc tinh theo ki-16-mét), sau khi xudt phat 7 (id) (£ > 0), vi tri
clia tau A ¢6 toa dd dudc xdc dinh bdi cong thiic {x = =33 , vitri cta tau B ¢6

y=—4+25¢
toa do la (4 — 30t ; 3 — 401).
a) Tinh cosin géc gitta hai dudng di cta hai tau A va B.
b) Sau bao lau k& tif thdi diém xudt phat hai tau gin nhau nhat?
¢) Néu tau A dng yén & vi tri ban diu, tau B chay thi khoang cdch ngdn nhat giita
hai tau biing bao nhiéu?
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§5 ' PHUONG TRINH DUGNG TRON

& mot s6 cong vién, ngudi ta dung vong quay c6
bén kinh rat 16n dit theo phuong thing ding nhu

Hinh 42. Khi vong quay hoat dong, mot ngudi ngdi
trong cabin s& chuyén dong theo dudng tron.

Lam thé nao d@é xdc dinh duoc \»4«
< - P -—o

phuong trinh quy dao chuyén

déng ciia nguoi do?

Hinh 42
(Nguon: https://pixabay.com)

1. PHUONG TRINH DUOGNG TRON

1. Phuong trinh dudng tron

a) Tinh khodng cich tit gdc toa dd O(0 ; 0) dén diém M(3 ; 4) trong mit phing toa do Oxy.

b) Cho hai dié’ﬁm I(a ; b) va M(x ; y) trong mit phing toa dd Oxy. Néu cong thic tinh do
dai doan thang /M.

Nhdn xét: V6i hai diém I(a ; b) va M(x ; y) trong mét phing toa do Oxy, ta c6:

IM = J(x — a)* + (v - b2

Trong mit phiing toa do Oxy, néu méi lién hé gitta x va y dé:

a) Diém M(x ; y) nim trén duong tron tam O(0 ; 0) ban
kinh 5.

b) Piém M(x ; ) nim trén duong tron (C) tdm I(a ; b) ban
kinh R. '

Diém M(x ; y) ndm trén duong tron (C)
khi va chi khi

IM=R< IM*=R?
& (x—a)* + (y— b)> = R* (Hinh 43).

Hinh 43
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i%hucng trinh dudng tron tim /(a ; b) ban kinh R la
(x—a’+(@—b>’=R~-
Phuong trinh dudng tron & dang trén thudng dude goi 1a phutong trinh chinh tdc cia
ditong tron.
Vidul | Lap phuong trinh dudng tron trong mdi trudng hop sau:
a) Budng tron tam O bén kinh R;
b) Buong tron tdm /(— 1 ; 3) ban kinh 7.
Gidi
a) Phuong trinh dudng tron tdm O ban kinh R la:
x=02+(-0>2=R*o > +y* =R
b) Phuong trinh dudng tron tdm /(- 1 ; 3) ban kinh 7 la:
- DP+@-32=7" @+ 172+ -3)>=49.

Vidy 2 © Tim tdm va ban kinh cta dudng tron ¢6 phuong trinh la:

(x+27%+(y-57%=9. e
Gidi E{ Viét phuong trinh dudng
Ta c6: G+2+(-57=9 ,‘fg ;lﬁ,n;){(ﬁ i VSR G

Sx— 2P+ (-57=3%

Vay dudng tron da cho c6 tdm la /(- 2 ; 5) ban kinh R = 3.
Viét phuong trinh dudng tron (C):

(x—a)*+ (y— b)* = R* vé dang x* + y* — 2ax— 2by + ¢ = 0.

Nhan xét: Ta c6 thé viét phuong trinh (x — a)* + (y — b)* = R? ctia dudng tron tim I(a ; b)

ban kinh R v& phuong trinh c6 dang 1a x* + y* — 2ax — 2by + ¢ = 0. Dang d6 thudng dugc

20i 1a phutong trinh tong qudt ciia dudong tron.

Vidu 3

a) Phuong trinh x? + y? — 4x + 2y — 4 = 0 ¢6 phéi 12 phuong trinh dudng tron khong?
N&u phai, xdc dinh toa do tim va ban kinh ctia dudng tron do.

b) Xdc dinh diéu kién ctia a, b, ¢ dé phuong trinh x* + y? — 2ax — 2by + ¢ = 0 1a phuong
trinh dudng tron. Khi d6, xdc dinh toa dd tdm va béan kinh theo a, b, c.
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Gidi
a) Ta co:
Py —dx+2y-4=00 2 —dx+4+)y’+2y+1=9 (-2 +(y+ 1) =32
Phuong trinh trén 12 phuong trinh dudng tron tam (2 ; — 1) ban kinh R = 3.
b) Ta cé:
X4y —2ax—2by+c=0 (P —2ax+a>) + (P = 2by + b)) =a* + > — ¢
S@-—al+Gy-bP=d*+bh—-c

Do @6, phuong trinh trén la phuong trinh dudng %V
tron khi va chi khi @® + b? > c. Liic niy dudng tron 2 Tim k sao cho phuong trinh:
da cho c6 tdm I(a ; b) ban kinh P+y +2%x+4y+6k+3=0

1a phuong trinh dudng tron.
R=~d* +b* —c. ¥ . &

2. Phuong trinh dudng tron di qua ba diém khong thang hang
Do ¢6 duy nhit mot dudng tron di qua ba diém khong thing hang cho trude nén ta
6 thé 1ap dugc phuong trinh dudng tron d6 khi biét toa do ctia ba diém néi trén.
Vidu4 | Lap phuong trinh dudng tron di qua ba diém
A(-1; 1), BE: - 2), C(0; 2),
Gidi
Gia sii tm ctia dudng tron 1a diém I(a ; b). Ta c6 IA = IB = IC < IA* = IB* = IC*.
Vi IA® = IB%, IB*= IC? nén
(~1-a’ +(1-b?=(0-a)*+(2-b)
O=aP+(2-bF=O-a)+(2-p) Ey
2 2 _ _ 2 2 3 Lap phuong trinh dudng tron
P a+b°+2a-2b+2 a’ +b°+4b+ 4 diquabadiémA(l;2),8(5;2),
b +4b+d=a*+ b —4b+ 4 @il 5=2)
2a-2b=4b+2 _ [a=1
Ly
b=0 lb=o.
Pudng tron tam /(1 ; 0) ban kinh R = IC = \a® + b* — 4b + 4 = +/5.
Phuong trinh dudng tron 1a (x — 1) + (y - 0)> = (\/5)%

Vay phuong trinh dudng tron 1a (x — 1) + y* = 5.
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II. PHUONG TRINH TIEP TUYEN CUA PUGNG TRON
Cho diém M(x, ; y,) nim trén dudng tron (C)
tam I(a ; b) ban kinh R.

Goi A I ti€p tuyén tai diém M(x, ; y,) thudc dudng tron
(Hinh 44).

a) Ching t6 ring M 1 vectd phép tuyén clia dudng thing A.
b) Tinh toa do ctia IM,.

¢) Lap phuong trinh tdng quét ctia dudng thing A.

Hinh 44

Cho dudng tron (C) tim I(a ; b) va diém Mo(xo s yo) ndm trén duong tron d6. Goi A la
ti&p tuyén ctia dudng tron (C) tai diém M(x 3 y,)- Khi do, ta c6:

[ * Dudng thing A di qua di€m M(x, ; y,) va ¢6 vecto phap tuyén
M, =(x0—a R b).
* Phuong trinh ti€p tuyén A la

0= Dx=x) + 0y — DYy =y =0.

Vidy5 | Lap phuong trinh ti€p tuyén tai di€m M(2 ; 1) thudc dudng tron

(- 12+ -37=5.

Gidgi A

Dudng tron ¢6 tam (1 ; 3). Phuong trinh ti&p tuyén tai %Lép phuong trinh tiép tuyén

diém M(2; 1) thuoe dudng tron (x— 1)+ (y=3)’=510  tai diém My 1 : - 4) thuoe
C-Da-+1-3)y-1)=0 ﬁmgm; ,

S1x-2)-20-1)=0x—2y=0. s e S

Vidu 6 | Trong mit phing toa dd Oxy, mot vat chuyén dong tron déu ngugc chidu kim
ddng hd trén dudng tron tim (3 ; 2) ban kinh 5 duéi tic dung clia lyc cing day. Khi vat
chuyén dong t6i di€ém M(6 ; 6) thi diy cing bi dit.

a) Viét phuong trinh quy dao chuyén dong ctia vat sau khi day bi dt, biét ring vt chi
chiu tdc dong ctia duy nhat luc cing day trong bai todn nay.
b) Mot vét khdc chuyén dong thing déu trén dudng thing c6 phuong trinh
d:3x+4y+23=0.
Chiing minh hai vét nay khong giip nhau tai bat ki thai diém nao.
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Gidi

a) Quy dao chuyén dong ctia vat thd nhat trude khi day bi Y
diit 1a dudng tron (C) (Hinh 45) ¢ phuong trinh:

=32+ (-27=52 (x-3)2+(y-2)%=25.
Khi day bj ddt, do vat thi nhat chi chiu téc dong clia
duy nhat lyc ciing day nén vat do ti€p tuc chuyén dong
theo ti€p tuyén Mt tai diém M(6 ; 6) thudc dudng tron
(C). Phuong trinh tiép tuy&n Mt 1a:
(6-3)x—6)+(6-2)(y-6)=0
S3(x-6)+4(y-6)=03x+4y-42=0. Hinh 45

Viy quy dao chuyén dong ctia vat thi nhét sau khi diy bi dit 1a tia Mr niim trén
dudng thing c6 phuong trinh la: 3x + 4y — 42 =0.

b) Khodng céch tit tim dudng tron (C) dén dudng thing d: 3x + 4y + 23 = 0 la:

T [3.3+4.2+23 BN
\l32 + 42

Vi khoang cdch tii tim dudng tron (C) dén dudng thing d 16n hon ban kinh cla

dudng tron (C) nén dudng tron (C) va dudng thing d khong c6 diém chung, tic 1a vat

thd hai khong gdp vt thd nhat khi day chua dit. Mit khéc, vi d // Mt nén vat thi hai

khong giip vat thd nhat sau khi day bi ddt. Vay hai vat khong bao gid gip nhau.

Peiirae

1. Phuong trinh nao sau day la phuong trinh dudng tron?
a) x>+ - 2x+2y-7=0;
b) x®+3? - 8x+2y+20=0.

2. Tim tim va ban kinh ctia dudng tron trong mdi trudng hgp sau:
a) Dudng tron ¢6 phuong trinh (x + 1)> + (y - 5)> = 9;
b) Pudng tron ¢6 phuong trinh x* + y* — 6x — 2y — 15 = 0.

3. Lap phuong trinh dudng tron trong mdi trudng hop sau:
a) Budng tron ¢6 tim /(- 3 ; 4) ban kinh R = 9;
b) Budng tron c6 tam I(5 ; — 2) va di qua diém M(4 ;- 1);
¢) Pudng tron c6 tam I(1 ; — 1) va c¢6 mdt tiép tuyén 1a A: 5x — 12y — 1 =0;
d) Budng tron dudng kinh AB v6i A(3 ;—4) va B(— 1 ; 6);
) Pudng tron di qua ba diém A(1 ; 1), B3 ; 1), C(0 ; 4).
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4. Lap phuong trinh ti€p tuyén tai diém c6 hoanh d¢ bing 3 thudc dudng tron
(x+272+(y+7)>=169.

5. Tim m sao cho dudng thing 3x + 4y + m = 0 tiép xic véi dudng tron
x+ 1)+ (y-2)%=4.

6. Hinh 46 m6 phong mot tram thu phét séng dién thoai
di dong dit ¢ vi tri I ¢6 toa dd (- 2 ; 1) trong mit
phing toa do (don vi trén hai truc 1 ki-16-mét).

a) Lap phuong trinh dudng tron mé ta ranh gidi bén
ngoai cia viing phii séng, biét ring tram thu phit séng
d6 dugc thiét k& véi ban kinh phi séng 3 km.

b) N&u ngudi dung dién thoai 6 vi tri ¢6 toa do (— 1 ; 3)
thi ¢6 thé st dung dich vy cla tram nay khong? 4

Giai thich.

¢) Tinh theo dudng chim bay, xdc dinh khoang cdch ngdn nhat dé mot ngudi ¢ vi tri
c6toa dd (— 3 ; 4) di chuyén dudgc t6i viing phl séng theo don vi ki-16-mét (1am tron
két qua dén hang phan mudi).

7. Ném dia 12 mdt mon thé thao thi dau trong Thé van hoi Olympic mita he. Khi thuc
hién ci ném, van dong vién thudng quay lung lai véi hudng ném, sau d6 xoay ngugc
chidu kim ddng hd mot vong rudi clia dudng tron dé 14y da rdi tha tay ra khoi dia.

Gia sit dia chuyén dong trén mot dudng tron tam [ [0 § %j bén kinh 0,8 trong

mit phing toa 6 Oxy (don vi trén hai truc 1a mét). Dén diém M[% i 2], dia
dugc ném di (Hinh 47). Trong nhiing gidy dAu tién ngay sau khi dugc ném di, quy
dao chuyén dong ctia chiéc dia c6 phuong trinh nhu thé nao?

¥

X
@

=

(Nguon: https://shutterstock.com) Hinh 47
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§6 ' BA PUGNG CONIC

Tit xa xua, ngudi Hy Lap da biét ring giao tuyén ctia
/) miit nén tron xoay va mot mit phing khong di qua

Dutong tron %‘) dinh ctia mit nén 1a dudng tron hodc dudng cong ma
Duong elip L/ ta goi la dudng conic (Hinh 48). Tii “dudng conic”
Ducomg hypebol  xuat phit tit g6c ti€ng Hy Lap konos, nghia 1 mgt nén.

2

Duong parabol £ . . A . Cf‘} )
Duong conic gom nhiing loai duong - \'b
- - J

nao va dige xdc dinh nhue thé nao?

Hinh 48

1. PUONG ELIP

1. Pinh nghia duong elip

Duong elip la mot dudng quen thudc véi ching ta va
thudng giip trong thyc t€, ching han:

— Quan sat mot cdc thuy tinh hinh try ¢6 chia nudc mau:
Néu diit ding c6c nude trén mit ban nim ngang thi mit
thodng ctia nudc trong c6c 1a mot hinh tron, gidi han béi
mot dudng tron. N&u ta nghiéng cdc nudc di thi mit thodng
ctia nudc dude gidi han boi mot dudng elip (Hinh 49).

— Nha thién vin hoc ngudi Puc la Johannes Kepler
(1571 — 1630) da ching o ring: M3i hanh tinh trong :
Hé Mit Trdi déu chuyén dong theo quy dao la mot Hinh 50
dudng elip (Hinh 50).

(I Bong hai chiéc dinh c6 dinh tai hai diém F, F, trén mt mdt bing gd. Liy mot
vong day kin khong dan hoi c6 @ dai 16n hon 2F, F Quang vong diy d6 qua hai chiéc
dinh va kéo cing tai vi tri cua dau bt chi (Hinh 51).
Di chuyén dAu bt chi sao cho day ludn ciing, ddu bt chi
vach nén mot dudng ma ta goi la duong elip. Goi vi tri cia
ddu bt chi 1a diém M.

Khi M thay d6i, c6 nhan xét gi vé tong do dai MF, + MF,?

Khi M thay dsi, tong MF, + MF,
la mot do dai khong doi.

Hinh 51
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I Cho hai diém EOE ¢6 dinh c6 khoang cich FF,=2c(c>0).
Puong elip (con goi 1a elip) 1a tdp hgp cdc diém M trong mit phing sao cho
MF, + MF, =2a, trong d6 a la s6 cho trude 16n hon c.
Hai diém F, va F, dugc goi 12 hai tiéu diém cta elip.

2. Phuong trinh chinh tic ciia elip

Théng thudng ta thiét 1ap phuong trinh ctia mot dudng (thing hodic cong) trong miit
phéng toa do theo hé truc toa dd Oxy cho trudc. Tuy nhién, ddi véi dudng elip, néu 1am
nhu vay thi phuong trinh thu dugc c6 thé s& phc tap, khong thuan tién trong van dung.
Vi vy, khi 1ap phuong trinh ctia dudng elip trén mit phing, trudc tién ta sé chon hé truc
toa 9 Owxy thudn tién nhat.

Trong mit phing, xét dudng elip (E) la tap hop
cdc diém M sao cho MFI +MF2 =2a, 6d6 F1F2: 2¢ (v6i
a>c>0).

Ta chon hé tryc toa do Oxy c6 gdc 1a trung diém cla F, F,,
truc Oy la dudng trung tryc cla F| F, va F, nim trén tia Ox
(Hinh 52). Khi do, Fl(— c;0)va Fz(c ; 0) 12 hai tiéu diém
ctia elip (E). Chiing minh ring: Hinh 52

a) A (- a;0) v A,(a; 0) déu I giao diém cia elip (E) v6i tryc Ox.

b) B](() ;—b)va Bz(() ;b),6d0b= \laz — ¢, ddula giao diém cta elip (E) véi truc Oy.

Dé chiing minh cédc khing dinh trén, ta 1am nhu sau:

a) DoAlFl =a-c vélAleza + cnénAlF] +A1F2= 2a. VéyA](— a ; 0) thudc elip (E).
Ma Al(— a ; 0) thudc truc Ox nénA](— a; 0) 1a giao diém cta elip (E) v6i tryc Ox.
Tuong ty, ta ching minh dugdc A,(a ; 0) 1a giao diém ctia elip (E) v6i truc Ox.

b) Ta cé:

BF,=Jc- 07 + (0-b) =N +0? =& =a
ViB,F, =B,F, nén B)F, + B,F, =a +a=2a.Do d6, B,(0 ; b) thudc elip (E). Ma
32(0 3 b) thudc truc Oy nén Bz(() ; b) la giao diém cua elip (E) véi truc Oy.
Tuong t, ta chiing minh duge: B,(0 ; - b) 1a giao diém cta elip (E) véi truc Oy.
Nhu vay, elip (E) di qua bon diém Al(— a; 0), Az(u ;5 0), Bl(() ;= D), 32(0 3 b), v6i

b=+d*-c.
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Ta chiing minh dugc ring:

[ Khi chon hé tryc toa do nhu trén, phuong trinh dudng elip c6 thé viét dudi dang
DD
X 5,
o

—+=—=1, trongdéa>b>0.
a b

Day goi 1a phuong trinh chinh tdc ciia elip.

Chii y
D& véi elip (E) ¢6 phuong trinh chinh tic nhu da néu & trén, ta c6:
*F=da"-b,8d62c=FF,.

* Néu diém M(x ; y) thue elip (E) thi —a < x < a.

Vidyl = Trong cic phuong trinh sau, phuong trinh nao Ia phuong trinh chinh tic ctia
duong elip?

2 2 2 2 2 2 2 2
Doy pIALENIOEEY Y gl 2o

$ 3 £ 3 E £ 3
Gidi

5 9
Phuong trinh chinh tic ciia elip ¢6 dang *— + 2= = 1, véi a > b > 0 nén chi ¢6 trudn,

g p = L 2

a b

hop d) 1a phuong trinh chinh tic ctia dudng elip.

Vidu?2 | Lap phuong trinh chinh tic ciia elip (E) c6 mot tiéu diém 1a F,(5 ; 0) va di
qua diém M(0 ; 3).

Gidi

Elip (E) c6 phuong trinh chinh tic 1a:
2 2 3

=1(a>b>0). EV
1 Lap phuong trinh
Do FZ(S ; 0) 1a mot tidu diém cta (E) nén ¢ = 5. Diém chinh tic cta elip (E) di
2 qua hai diém M(0 ; 3) va
M(0 ; 3) niim trén (E) nén 7 + o 1. Do d6 b* =9, suy N[3 12

rad®=b*+c*=9+25=34.

Vay elip (E) ¢6 phuong trinh chinh tic la:
%2 2
LY

349
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1. PUGNG HYPEBOL
Dudng hypebol 1a mot dudng quen thudc véi ching ta va thudng gip trong thuc t&,

chiing han:

Mat cdt dimg ciia mét
thdp cdng ditgc thiét ké
hypebol. Dang
thiét ké"do doi hoi it vat
liéu xdy dung hon so vai
nhitng dang hinh khdc.

Mt cdt dimg ciia 6ng
khéi nha mdy dién hat
nhan dugc thiét k& cé
dang hypebol.

co dang

(Nguon: htps://flickr.com) (Ngudn: hitps://pixabay.com)

1. Pinh nghia dudng hypebol

Pong hai chiéc dinh ¢6 dinh tai hai diém F, F,
trén mit mot bang g6. Lay mot thudc thing c6 mép AB
va mot s¢i day khong dan hdi c6 chiéu dai / thod man
AB - F\F, <1 <AB. Dinh mot dau day vao diém A va
déu day kia vao F,. Dt thude sao cho diém B tring v6i
Fva lﬁy dau bt chi (ki hiéu 1a M) ti sit sgi diy vao
thude thang sao cho sgi day ludn bi ciang. Sgi day khi
d6 1a dudng gap khic AMF,,

Hinh 53

Cho thudc quay quanh diém B (triing F)), tic 1a diém A chuyén dong trén dudng tron
tam B ¢6 bdn kinh bing do dai doan thing AB, mép thudc ludn dp sit mit gb (Hinh 53).
Khi d6, du biit chi M s& vach nén mot dudng ma ta goi la duong hypebol.
Khi M thay ddi, 6 nhan xét gi vé higu MF, - MF,?

Ve
/@\@ Khi M thay i, hiéu
@6

MF,— MF, = (MF, + MA) — (MF, + MA) = AB — | khong déi.

Cho hai diém R 6 dinh c6 khoang cdch F\F,=2c(c>0).
DPuong hypebol (con goi 1a hypebol) 1a tip hgp cdc di€ém M sao cho
|MF, - MF,| = 2a, trong d6 a 1a s& duong cho trudc nhd hon c.

Hai di€m F, va F, dudc goi 12 hai tiéu diém cta hypebol.
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2. Phuong trinh chinh tic ciia duong hypebol

DEé lap phuong trinh cia dudng hypebol trong
at phéng, trudc tién ta s€ chon hé truc toa d6 Oxy thuan
tién nhat.

Tuong ty elip, ta chon truc Ox 12 dudng thing F' \F,, truc Oy
la dudng trung tryc clia doan thing F F, = 2c (c > 0), gdc
toa do O 1a trung diém cla doan thfmg Fle (Hinh 54).

a) Tim tog do ctia hai tiéu di€m F, F,.

Hinh 54
b) Néu du dodn thich hgp cho [ ? | trong bang sau:
Elip Hypebol
Hai tiéu diém Fl(— c;0), Fz(c ; 0).— Hai tiéu diém Fl(— c;0), F2(c 0y

Elip (E) 1a tap hop céc di€ém M sao cho: | Hypebol (H) 1a tap hop cdc diém M sao cho:
MF, + MF, =2a. |MF, - MF,| = 2a.
Elip (E) c¢6 phuong trinh chinh tic la: Hypebol (H) c6 phuong trinh chinh tic la:
2 2 2 2
X ) X
L=y, S @M=L
a b a b

trong d6 @ = ¢* + b*.

\

Ta chiing minh dugc ring:

[ Khi chon hé tryc toa d nhu trén, phuong trinh duding hypebol ¢ thé viét dudi dang

x2 y2

TS 1, trongd6a>0,b>0.
a b

DPay goi la phuong trinh chinh tdc ciia hypebol.

Chii y

D3i véi hypebol (H) c6 phuong trinh chinh tic nhu da néu & trén, ta c6:
e ?=a’+ b7, §d6 2c = F | F,, vi diéu kién a > b 1a khong bét bugc.
* Néu diém M(x ; y) thudc hypebol (H) thi x < —a hojc x > a.
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Vidu3 = Trong cdc phuong trinh sau, phuong trinh nao

1a phuong trinh chinh tic ctia dudng hypebol? 2 Viét phuong trinh
2 2 2 2 hypebol sau diy duéi
a) XT - yT =1 b) XT _ VT =1 dang chinh tic:
54 45 4292 =1.
2 2 2 2
X ¥ A X ) _
0)5_275_271’ d)5—2—4—271,
Gidi
g ’Cz yZ
Phuong trinh chinh tic ctia hypebol ¢6 dang — — Py =1, v6ia >0, b > 0 nén cic
2

trudng hop b), ¢), d) la phuong trinh chinh tic ctia dudng hypebol.

Vidu4 @ Viét phuong trinh chinh tic ctia dudng hypebol (H) c¢6 mot tiéu diém la
F2(6 ; 0) va di qua diém A2(4 5 0).
Gidi ~
Gii sit hypebol (H) ¢6 phuong trinh chinh tic 1a 2~ 2= 1 véia > 0,5 > 0.
a

=

2 2
Do A,(4 ; 0) thudc (H) nén 4—2 = 0—2 =1 suyraa=4.MaF,(6:0)latiéu diém ctia (H)
a b
nén ¢ = 6. Suy ra
b*=c*-a*=36-16=20.
. P
Vay hypebol (H) c6 phuong trinh chinh tac la % o0 £71

1ll. PUGNG PARABOL

Ciing nhu hai dudng elip va hypebol, dudng parabol 1a mét dudng quen thudc véi ching
ta va thudng giip trong thyc t&, ching han:

tong lén cay cdu

Dai phun nuéc
nguoi ta thiét ké cdu cé dang hinh parabol Vdi cdc tia nude ¢é dang hinh parabol
2 rx ~ 2 i
quay bé lom xudng phia dudi. (Nguon: https://commons.wikimedia.org)
(Nguon: https://commons.wikimedia.org)
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1. Pinh nghia duong parabol

Léy dudng thing A va mot diém F khong thude A. Ly mot & ke ABC (vudng 8 A)
va mot doan day khong dan hdi, ¢6 do dai bing AB. Pinh mot diu diy vao diém F, diu
kia vao dinh B ciia & ke. Dit & ke sao cho canh AC niim trén A, 14y dAu bt chi (ki hidu Ia
diém M) ép sit sgi day vao canh AB va giit ciing sgi day. B

Lic nay, soi day chinh la dudng gap khic BMF.

Cho canh AC ciia & ke trugt trén A (Hinh 55). Khi d6,
dAu bidt chi M s& vach nén mot dudng ma ta goi la
duong parabol.

A A
Khi M thay d6i, c6 nhan xét gi vé khoang cich it M dén F ~ C A
va khoang céch tit M dén dudng thing A? Hinh 55

o
Khi M thay d6i, ta c6: MA + MB = MF + MB (= AB). —'@— ;
@

0 =MF. b
Do d6 MA = MF. &

V | — u

Cho mét diém F ¢& dinh va mot dudng thing A ¢& dinh khong di qua F.
Puong parabol (con goi 12 parabol) 12 tap hop cic diém M trong mit phing céch
déu F vaA.

Diém F dudc goi 1 tidu diém cla parabol. Pudng thing A dugc goi 1a dudng
chudn ctia parabol.

2. Phuong trinh chinh tic ciia parabol

Cho parabol (P) véi tiéu diém F va dudng chudn A.
Ciing nhu elip, dé 1ap phuong trinh ctia (P), trudc tién ta Mx: y)
s& chon hé tryc toa dd Oxy thuan tién nhat.

Ké FH vudng géc v6i A (H € A). Dt FH=p>0.Tachon ~ 2
hé truc toa d9 Oxy sao cho O 1a trung diém doan thing FH H| O\ g2 . ) x
va F niim trén tia Ox (Hinh 56). 2

Suy ra: F[%;O), H(—%;Oj va phuong trinh dudng

thing A 1a x + g =0. Hinh 56
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P

Do d6 khoang cdch tit M(x ; y) € (P) dén duong th%mg Ala [x + E

Ta ¢6: M(x ; y) e (P) khi va chi khi do dai MF biing khoang cach tif M (i A, tdc la:

2 2 2
(-2 s = o (2] +52=(2+2)
2 2 2, 2

2 2
<:>y2:(x+§) —(x—g) <y =2px

[ Khi chon hé tryc toa @ nhu trén, phuong trinh dudng parabol c6 thé viét dudi dang
V2 =2px (p>0).
Day goi 1a phuong trinh chinh tdc ciia parabol.

Chii y: D81 v6i parabol (P) c6 phuong trinh chinh tic y* = 2px (p > 0), ta ¢6:
* Tigu diém 1a F(% 3 Oj va phuong trinh dudng chudn la: x + g =0.
* Néu diém M(x ; y) thude parabol (P) thi x > 0.

Vidu5  Trong cdc phuong trinh sau, phuong trinh nao 12 phuong trinh chinh tic cta
duong parabol?
a)y?=- 6x; b) y* = 6x; ¢) X2 = - 6y; d) x% = 6y.
Gidi
Phuong trinh chinh tic cta parabol ¢6 dang y* = 2px v6i p > 0 nén chi c6 trudng hgp b)
1a phuong trinh chinh tic ctia dudng parabol.

Vidu 6 © Viét phuong trinh chinh tic ctia parabol (P) biét:
a) (P) ¢6 tidu diém 1a F(5 ; 0); b) (P) di qua diém M(2 ; 1).
Gidi
Goi phuong trinh chinh tic ctia parabol (P) 1a: y* = 2px (p > 0).
a) Vi (P) c6 tidu diém 1a F(5 ; 0) nén 127) =5 ticlap=10.

Viy phuong trinh chinh tic ctia parabol (P) 1a y* = 20x. E 3 Viét phuong triinh
, N cdc parabol sau day dudi
b) Do diém M(2 ; 1) nim trén (P) nén 17 = 2p . 2, tdc 1a dang chinh tic:
2
p= %.Véy phuong trinh chinh tic ctia parabol (P) 1a  a)x = yj;
2 _ X b)x—y*=0.
Y 2
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IV. MOT SO UNG DUNG THUC TIEN CUA BA DUGNG CONIC

Ba dudng conic ¢6 nhiéu tng dung trong thuc tién. Ta néu ra mdt vai tng dung clia ba
duong conic.

1. Ndm 1911, nha vat If hoc ngudi Anh la Ernest Rutherford (1871 - 1937) da dé xuat
md hinh hanh tinh nguyén td, trong d6 hat nhan nhé bé niim tai tim clia nguyén tii, con
cdc electron bay quanh hat nhén trén cdc quy dao hinh elip nhu cdc hanh tinh bay quanh
Mit Troi (Hinh 57).

Hinh 57 Hinh 58
2. Trong vit Ii, hién tugng hai séng gip nhau tao nén cic gon séng 6n dinh goi 1a hién
tugng giao thoa clia hai séng. Cdc gon séng c¢6 hinh cdc dudng hypebol goi la cdc van
giao thoa (Hinh 58).
3. Véi guong parabol, tia sing phdt ra tif tiéu diém (tia t6i) chi€u dén mot diém cla
parabol s& bi hdt lai (tia phan xa) theo mdt tia song song (hodc tring) véi truc ciia
parabol (Hinh 59).

Hinh 59 Hinh 60 Hinh 61
Tinh chat trén c¢6 nhiéu Gng dung, ching han:
— Dén pha: B& mit ctia dén pha 1a mdt mit tron xoay sinh bdi mot cung parabol quay
quanh tryc ctia né, béng den duge dit & vi tri tiéu diém cta parabol d6 (Hinh 60). Cdc tia
sdng pht ra tif béng den khi chiéu dén bé miit ctia den pha sé bi hit lai theo cdc tia sdng
song song, cho phép ching ta quan sét dugc cdc vat § xa.
— Chao vé tinh ciing c6 dang nhu dén pha. Piém thu va phit tin hiéu cla may dugc dit
& vi trf tiéu diém clia parabol (Hinh 61).
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. BAI TAP

Phuong trinh nao sau ddy 1 phudng trinh chinh tic cta elip?

2 2 2 X2y P
a)—+=—=1 b —-=—=1; ) —+=—=1 d)—+=—=1
64 25 25 64

2. Cho elip (E) ¢6 phuong trinh chinh tic :—9 + ;—5 = 1. Tim toa do cdc giao diém ciia

(E) v6i tryc Ox, Oy va toa d6 cdc tiéu diém cta (E).

3. Viét phuong trinh chinh tic cta elip (E), biét toa do hai
giao diém cla (E) v6i Ox va Oy 1an lugt 1a A 1(=550) B

va B,(0;/10).

4. Ta biét ring Mijt Tring chuyén dong quanh Trii Dat
theo quy dao 1a mt elip ma Trdi Dat 1a mot tiéu diém.
Elip d6 c6 A|A, =768 800 km va B B, = 767 619 km
(Nguén: Ron Larson (2014), Precalculus Real Mathematics, Real
People, Cengage) (Hinh 62). Viét phuong trinh chinh tic Hinh 62
cua elip dé.

| Mt Trang
5

A2

5. Nhiing phuong trinh nao sau ddy 12 phuong trinh chinh tic ctia hypebol?

2 2 2 < 2y 2 2
) QAR AN TR ) (S A )—7—:1; ) [
9 9 9 9 64 64 9
6. Tim toa d9 céc tidu diém clia dudng hypebol t:ong mbi mi(‘jng hop sau:
2y i b
16 25

7. Viét phmmg trinh chinh tic ciia hypebol (H), bigt N(+/10;2) nim trén (H) va
hoanh d6 mot giao diém ctia (H) véi truc Ox bing 3.

8. Nhiing phuong trinh nao sau ddy 1 phudng trinh chinh tic ctia parabol?
)y =-2x b) y? = 2x; o=-2y ) y? = 5.

9. Tim toa d6 tiéu diém va viét phuong trinh dudng chuén clia dudng parabol trong
mdi trudng hop sau:

)y = 57)(; b) »* = 242x. Y

A
10. Viét phuong trinh chinh tic ctia dudng parabol, biét tidu
diémIa F (6 ; 0). (e
11. Mot chi€e den c6 mit cit ngang 13 hinh parabol (Hinh 63). 5 5 >
Hinh parabol c¢6 chiéu rong gitta hai mép vanh la N
AB =40 cm va chiéu siu & = 30 cm (/1 bing khoang cdch
tii O dén AB). Béng dén niim & tiéu diém S. Viét phuong B
trinh chinh tic ctia parabol d6. Hinh 63
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BAI TAP CUGI CHUONG VI

Chon chit cdi diing trude phuong dn diing (tit bai 1 dén bai 4)

1

Trong mit phing toa do Oxy, cho A(3 ; 4), B(2 ; 5). Toa dd ciia AB Ia:
A (1;-1). B.(1;1). C.(-1:1. D.(-1;-1.

Vecto nao sau diy 1a mot vectd phap tuyén ctia dudng thing A: 2x — 3y +4 = 0?
Anyp=(3:2). B. %, = (23 3).

C. i3 =3;-2). D. 7, =(2;-3).

Toa do tam / chia dudng tron (C): (x + 6)> + (y — 12)* = 81 1a:

A.(6;-12). B. (- 6;12). C.(- 12;6). D.(12;-6).
Khoang céch tit diém A(1 ; 1) dén dudng thing A: 3x +4y + 13 = 0 bing:

Al B. 4 (@] 2 D. 4.

Trong mat phfmg toa do Oxy, cho tam gidc MNP c6 M(2 ; 1), N(— 1;3), P(4;2).
a) Tim toa do cua cdc vecto O—M, W, M_.P;

b) Tinh tich v6 huéng MN . MP;

¢) Tinh d¢ dai cic doan théng MN, MP;

d) Tinh cos NMP;

¢) Tim toa do trung diém I ctia NP va trong tim G ctia tam gidc MNP.

Lap phuong trinh tdng quat va phuong trinh tham s clia dudng thing d trong mdi
truong hop sau:

a) d di qua diém A(- 3 ; 2) va c6 mot vectd phép tuyén 1a ii = (2 ;- 3);

b) d di qua diém B(- 2 ; — 5) va c6 mot vecto chi phuong 1a i = (- 7 ; 6);

¢) d di qua hai diém C(4 ;3) va D(5 ; 2).

Lap phuong trinh dudng tron (C) trong méi trudng hop sau:

a) (C) c6 tam I(- 4 ; 2) va ban kinh R = 3;

b) (C) ¢6 tam P(3 ; - 2) va di qua diém E(1 ; 4);

¢) (C) ¢6 tam Q(5 5 — 1) va ti€p xiic vdi dudng thing A: 3x + 4y — 1 =0;
d) (C) diquabadiémA(-3;2), B(-2;-5)vaD(5;2).

103
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8. Quan st Hinh 64 va thuc hién cdc hoat dong sau:
a) Lap phuong trinh dudng thing d;
b) Lap phuong trinh dudng tron (C);
¢) Lap phuong trinh tiép tuyén clia dudng tron (C) tai
diém M2 + N2 ;1++/2).

9. Cho hai dudng thing
AI: \/§x+ y-4=0, AZ:x+\/§y—2\/—:0. Hinh 64
a) Tim toa do giao diém hai dudng thing da cho;
b) Tinh géc o giita hai dudng thing da cho.
10. Cho biét mdi dudng conic c6 phuong trinh dudi diy la dudng conic dang nao (elip,
hypebol, parabol) va tim toa d¢ tiéu diém clia dudng conic dé.
2 2 2 2
b)x_+y_:1; C)X_,Lzl
64 2 9 16
11. Cho tam gidc AF F), trong d6 A(0 ; 4), F,(= 3 0), F,(3; 0).
a) Lap phuong trinh tSng quét cla cdc dudng thing AF| va AF,.

a) y2 =18x;

b) Lap phuong trinh dudng tron ngoai tiép clia tam gidc ARF,.
¢) Lap phuong trinh chinh tic cha elip (E) c6 hai tiéu diém la F], F2 sao cho (E) di
quaA.

12. Trén man hinh ra da ctia dai kiém sodt khong luu san bay A c6 hé truc toa 3o Oxy
(Hinh 65), trong d6 don vi trén mdi truc tinh theo ki-16-mét va dai kiém sodt dugc
coi la goc toa @ O(0 ; 0). N&u mdy bay bay trong pham vi cdch dai kiém sodt
500 km thi s& hién thi trén man hinh ra-da nhu mot diém chuyén dong trong mit
phéng véi hé truc toa dd Oxy.

Mot mdy bay khéi hanh tif san bay B lic 14 gis. Sau
thoi gian 7 (gi0), vi tri ctia mdy bay dugc xdc dinh boi
diém M c6 toa dd nhu sau:
1600 1400
X e 1t

3 3
1900 1400
Y=t e
3 3 Hinh 65

a) Tim vj trf clia mdy bay Idc 14 gid 30 phit. Thoi diém nay mdy bay da xuit hién
trén man hinh ra-da chua?

b) Lic may gi¢ mdy bay bay gan dai kiém sodt khong luu nhat? Tinh khoang cich
giffa mdy bay va dai kiém sodt khong Iuu lic d6.

¢) Mdy bay ra khoi man hinh ra-da vao thdi gian nao?
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THUC HANH PHAN MEM GEOGEBRA
(NEU NHA TRUONG CO DIEU KIEN THUC HIEN)

1. GIOI THIEU PHAN MEM GEOGEBRA

Hién nay, trén th€ gi6i c¢6 nhidu phan mém todn hoc, trong d6 c6 phan mém GeoGebra.
GeoGebra la phin mém mién phi, d& st dung, than thién v6i ngudi ding va ¢6 cédc phién
ban cho khoang 80 ngén ngit khic nhau. Sau khi da cai dit phan mém, viéc chuyén doi
ngdn ngil (ching han tit ti€ng Anh sang tiéng Viét) hét sic don gidn. Phan mém GeoGebra
¢6 pham vi st dung rét rong (Hinh hoc phing, Hinh hoc khong gian, Dai 58, Giai tich,
Xéc suat, Thong k&, Bang tinh dién t{) va trén nhiéu hé diéu hanh khéc nhau, ¢6 thé chay
truc tuyén (online) hogic cai djt vao mdy tinh, dién thoai thong minh va hd trg rat t6t cho
viéc day hoc mén Toén ciing nhu gido duc STEM.

Pé st dung phin mém GeoGebra, ching ta co thé st dung online tai dia chi https:/www.
geogebra.org/ hogc tai tif dia chi https://www.geogebra.org/download va cai dit vao mdy
tinh ho3c dién thoai thong minh, sau d6 cai d4t ngdn ngii Tiéng Viét dé st dung.

II. THUC HANH PHAN MEM GEOGEBRA

1. Biéu dién mién nghiém hé bit phuong trinh bac nhat hai 4n

Butde 1. M6 trang GeoGebra (Hinh 1). R4 4 004N =+ seq=
+ [t VT B EY
Bude 2. Nhap tling bat phuong trinh vao 6 ,‘,
Nhap lénh: va bim enter. s
Khi d6 man hinh s& hién thi mién nghi¢m i
clia tiing bat phuong trinh, 12 mién dugc t6 R I
mau. Mién nghiém ctia hé 12 mién giao ctia
tling bat phuong trinh va dudc biéu dién béi i
mién mau dam hon. | | 4
Hinh 1
Vidu1 | Biéu dién hinh hoc tip nghiém g: TE¥h ol it e
clia h¢ bt phuong trinh bac nhat hai 4n sau: tap nghiém cla hé bf}:t
phuong trinh bédc nhat
3x-y+3>0 hai 4n sau:
-2x+3y-6<0 x =2y +£3<0
e SE )
2x+y+42>0. %20,
105
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Hudng din ° I £y

Butde 1. M6 trang GeoGebra. 1

Bude 2. Nhap bat phuong trinh 3x —y +3 >0 ',"'

Va0 & Nhap lénh: va bam enter,
man hinh s& hién thi nhu Hirnh 2. Mién nghi¢m 1T 7 A
clia bt phuong trinh 3x — y + 3> 0 la mién duoc

t6 mau. Puong nét dit biéu thi mién nghiém
khéng chita cac diém nim trén duong théng
3x-y+3=0.

Bude 3. Tiép tuc nhap tiing bat phuong trinh con
lai nhu sau: — 2x + 3y — 6 < 0 (-2x+3y-6<=0);
2x +y + 4> 0 (2x+y+4>=0). Khi d6 man hinh
s& hién thi nhu Hinh 3. Mién nghiém ctia hé la
mién dugc t6 mau dam nhat. Cdc duong nét
lidn: —2x + 3y —6 = 0; 2x + y + 4 = 0 biéu
thj cdc diém ndm trén hai dudng thing d6 ciing
thuéc mién nghiém.

2. V& cac dudng conic Hinh 3
a) Gidi thiéu mét s6' cong cu co bdn trong phdn mém GeoGebra dé vé hinh

Sau day 12 mdt s6 cdng cy cd ban trong phin mém GeoGebra dé vé hinh:

Di chuyén: Ta c6 thé sit dung chudt dé kéo va thi cic d6i tugng ti do. Khi ta nhap
chon mét ddi tugng trong cong cu Di chuyén, ta ¢6 thé xod ddi tugng bing niit Delete
hoic di chuyén déi tugng biing cdc phim mii tén.

Pidm méi: Nhdy chudt én vimg Lam viéc d8 v& mot diém mdi.

Puimg thing (biét hai diém thudc duing thing): Nhdy chudt vao biéu tigng, sau
d6 nhdy chudt 1én vi trf diém thd nhat (6 viing 1am viéc) rdi di chuyén con trd va nhdy
chuét lén vi tri diém thir hai.

Elip (biét hai tiéu diém va mét diém thuc elip dé): Nhay chudt vao bidu tugng,

sau d6 nhdy chudt 1én vi tri hai diém phan biét & ving lam viéc dé vé hai tiéu diém, rdi

di chuyén con trd d&n vi trf mot diém thudc elip va nhdy chudt.
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Hypebol (biét hai tiéu diém va mot diém thude hypebol dé): Cach lam tuong ti
nhu d3i v6i elip.

Parabol (biét tiéu diém va duong chuén): V& dudng chudn. Nhdy chudt vao bidu
tugng, sau do nhdy chudt 1én vi tri mot diém & ving lam viéc dé vé tiéu diém, roi di
chuyén con tré dén vi tri dudng chuan va nhay chudt.

b) Thuc hanh vé ba duong conic

CACH 1. Dung biéu tugng dé v& elip (hypebol, parabol):

Nhdy chudt vao biéu tugng X&) va thyic hién cdc bude nhu mb ti & trén.

CACH 2. Ding 1énh v& ba dudng conic khi biét tiéu diém va diém thudc dudng conic
(hogc dudng chudn):

— Dé vé elip (hypebol) c6 toa do hai tiéu diém (~c ; 0), (c ; 0) va di qua diém M(m ; n) ta
nhép [énh:

+ Ddi véi elip: Elip((—,0),(c,0),(m,n)) rdi bim enter.

+ Dai véi hypebol: Hypebon((—¢,0),(c,0),(m,n)) rdi bam enter.
— D€ vé& parabol biét toa d¢ tieu diém (c ; 0) va dudng chuin x — a = 0, ta nhap 1énh:

Parabon((c,0),x — a=0) rdi bam enter.

Chii y: Khi nhap 1énh, toa d6 clia diém dugc ngin cich bsi dau «,”.

CACH 3. Ding 1énh vé ba dudng conic khi biét phuong trinh chinh tic:
— Trong truong hop céc s6 a, b, p ¢6 gia tri cu thé:
2 A
+ Ddi véi elip: x—z + y—z =1, ta nhip phuong trinh vao 6 Nhap lénh:
nhu sau: a’ b

XA2 /a2 + yA2 /b2 = 1 (hoic sii dung ban phim &o ¢ cong thiic todn dé nhap) rdi
bam enter.

o X2y
+D61vai hypebol: g 1, tanhap phuong trinh vao & Nhap Iénh:
nhu sau: a’ b
xA2 [ at2 —yA2 / b2 = 1 (hoic st dung ban phim 4o ¢6 cong thic todn d& nhap) rdi
bam enter.

+ D3i v6i parabol: yz = 2px, ta nhdp phuong trinh vao 6 Nhap lénh:
nhu sau:
yA2=2*p*x (hoic st dung ban phim 40 c6 cong thic todn d€ nhap) rdi bam enter.
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— Trong trudng hop céc s6 a, b, p la cac tham s6 co thé thay déi gia tri
+ Tao thanh trugt a: Nhdy vao , sau d6 nhdy chudt 1én vung lam viéc, khi d6 trén
viing 1am viéc xuat hién bang cho phép thiét 1ap thong tin cho thanh trugt: tén thanh
trugt (a), gid tri dang sd, gid tri cyc tiéu, gid tri cyc dai.
+ Tao thanh trugt b va p: Lam tuong tu nhu trén.
+ Nhap phuong trinh chinh tic clia cdc dudng conic vao 6 Nhap lénh:
il nguyén céc tham s8), sau d6 bim enter.
+ Dich chuyén trén thanh trugt dé thay ddi gid tri a, b, p ta dugc cdc hinh dudng conic
tuong Gng.

Vidu2 | V& hinh trong mdi trudng hop:

a) V& elip biét hai tiéu diém Fl(f 31:.0); F2(3 ; 0) va diém c6 toa d6 (0 ; 4) thudc elip;
W)

b) V& hypebol biét phuong trinh chinh téc ’1‘7’ a % =1
¢) V& parabol tai cdc gid trip=2,p=3.
Huéng dan %V
a) Nhp 1énh: Elip((-3.0),(3,0).(0.4)) vao 6 nhgp lenh 2 V& hinh trong mdi trudng
1di bim enter. lisjiH
a) V& hypebol biét hai tiéu
diém F,(=5: 0. Ey(5 : 0) va
x"2/ 16 —y"2/25 =1 (hoic st dung ban phim 4o c6 diém (3 ; 0) thudc hypebol;

2 2
b) Nhap phuong trinh * — % =1 vao 6 nhép lénh:

cong thiic todn dé nhap) va bim enter. b) V& parabol biét phucng trinh
¢) Tao thanh truigt p, sau d6 nhap phucng trinh parabol: chinh tic: y* = 5x;

y”2=2px. Dich chuyén thanh trugt p vao céc gid tri c¢) VE elip tai cic gid tri a = 3,
2; 3 d& nhan hinh dudng parabol tuong ting & Hinh 4a b=1vaa=6,b=35.
va Hinh 4b.

€2 GeoGebra Classic - 0o X €2 GeoGebra Classic - o X
R A D 5c Q= [k]AAMB H5e Q=
=3 =S
p=2 5 b=3| ,
e e
1 1
f L
L 3 2 o T _r 4 3 2 oo Tz s _7%
< Q = Q
2 -2
a) b)
Hinh 4
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3. V& biéu db va tinh c4c s§ dic trung do xu thé trung tdm, do mifc d9 phan tdn
cho mAu s liéu khéng ghép nhém
a) Gidi thiéu céng cu co bdan

E:F Hién thi Spreadsheet: Tao bang d nhap dit ligu (Nhdy chudt vdo biu tugng |5
1oi chon @ @€ xuat hién cong cu can ding).

: Phan tich thong keé.

b) Thuc hanh
Vidu3 | Nhiét d6 (don vi: °C) & Thanh phd H5 Chi Minh ngay 03/6/2021 sau tam lin
do la:

27 26 28 32 34 35 30 28
V& biéu dd cot md ta tAn s6 va tim s3 trung binh cong, trung vi, t¢ phan vi, phuong sai, do
léch chudn ctia mau 8 liéu trén.

Butde 1. Nhdy chudt vao Buide 3. Chon bang dit ligu: Nhdy chudt chon cot A.
E:F Hién thi Spreadsheet Chon rdi nhan vao &‘ Phantich 1bién . Khi d6
dé hién thi bang. man hinh xut hién biéu dd nhu Hinh 6.
Butde 2. Nhap di liéu vao cot A cia Biéu ab hinh cot BRI
bang nhu Hinh 5. ]
&l e2 X
A B 15
1 27
2 26 1
3 28
4 32
5 34 os
6 35
7 30 [ -
3 28 ]
Hinh 5

Bude 4. Nhdy chudt vao
nhan dugc bang nhu Hinh 7.
Tit d6 ta doc dugc cdc két qua:

S trung binh cong (Trung binh) 1 30.
Do léch chudn (o) Ia 3,1225.

Tit phan vi I: Q, = 27.5; Q, = 29;
Q,=33.

Hinh 7
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| BANG GIAI THICH THUATNGU

B

bién &

chinh hgp chap k cta
n phan tit
(keN,0<k<n)

hodn vi ctia n phan tit

khéng gian mAu clia
phép thit

cong thic nhi thic
Newton

phép thit ngiu nhién
phuong trinh

duong tron

phuong trinh chinh tic

cua elip

phuong trinh chinh tic
ctia hypebol

phuong trinh chinh tic
cuia parabol

phuong trinh téng quat
ciia dudong thing

L B
sai s0 tuyét doi ciia so
gén diing

sai s0 tuong d6i cia s6
gén ding

50 do hinh cay

toa do ciia vecto i

6 hop chap k cha n
phén tit (k € N, 0 <k <n)

mot tip con ciia khong gian miu

mdi két qué clia viéc 14y k phan tif ti n phan ti clia mot tip hop
va sdp xép chiing theo mét th tu nao d6

mbi két qué ctia sy sip x&p n phin tif ctia mot tap hgp
tap hop tit ca cdc két qua c6 thé ¢6 ciia phép thii d6
cong thic khai trién tong qudt ctia biéu thic (a + b)"

mdt thi nghiém ma ta khong dodn trude duge két qua nhung xdc
dinh dugc tap hop tit ca cdc két qua ¢6 thé c6 ctia thi nghiém d6

phuong trinh ¢6 dang (x — a)* + (y — b)* = R*(R > 0)

phuong trinh ¢6 dang

phuong trinh ¢6 dang X—Z— =1(a>0,b>0)
a

phuong trinh ¢6 dang y* = 2px (p > 0)

phuong trinh ¢6 dang ax + by + ¢ = 0 (a> + b* = 0)

gid tri tuyét d6i clia hiéu giita s6 ding @ va s& gin ding a:

1i 6 gAﬂa sai s& tuyét doi va gid tri tuyét doi clia s6 gan ding a:
a

o

lal

0 dd bit ddu tai mot niit duy nhat v6i cdc nhanh toa ra céc niit

b sung

toa do ciia diém M sao cho OM =ii v6i O la gc toa do

mdi tap con gdm k phin tit 14y tf n phan ti clia mot tip hop

c}% sach tai hoc10.vn
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88

94

97

100
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bién c6 chic chin

biéhn c& doi

bién ¢6 khong

bién ¢6 ngiu nhién

biéu thic toa do ciia phép cong hai
vecto

biéu thiic toa do clia phép nhan mot
6 v6i mot vecto

biéu thiic toa do clia phép trit hai vectd
biéu thiic toa d¢ ciia tich v huéng
6 chinh xac ciia mot s6 gén dung
6 léch chuan

duong chuan ciia parabol

duong elip

dwong hypebol

duong parabol

gia tri bt thuong

goc giita hai duong thing

két qua thuan loi

khoang bién thién

khoang c;ﬁch tir mot diém dén mot
duong thang

khoang trai giita

khoang tw phan vi

khong gian mau

mo hinh toan hoc

mét

nguyén I xac suat bé

p]\?m mém toan hoc GeoGebra

phuong sai

Poc sach tai hoc10.vn

BANG TRACUUTUNGU

phuong trinh duong thang di qua
hai diém
phuong trinh dudng tron

phuong trinh tiép tuyén ciia dudng
tron

phudng trinh tham s6 cta dudng
thing

quy téc cong

quy tic nhan

sai 56 ciia 50 gan ding

s6 cac chinh hop

$6 cac hoan vi

6 cac t6 hop

6 gan ding,

s6 quy tron

6 trung binh cong

toa d6 ctia mot diém

toa d6 cia vecto

toa d6 trong tam tam giac

toa do trung diém doan l]\ﬁng
trung vi

i phéan vi

vecto chi phuong ciia duong thing
vecto don vi

vecto phap tuyén ciia duong thing
vi m tuong d6i ciia hai duong
thang

X4c Suat

x4c sudt ciia bién ¢6

78

90

74

81
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NHA XUAT BAN BAI HOC SU PHAM
Dia chi: Tang 6, Toa nha s6 128 dudng Xuan Thuy, quan Cau Gidy, TP. Ha Noi
Pién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trdch nhiém xudt bén:
Giam déc: NGUYEN BA CUONG
Chiu trdach nhiém néi dung:
Téng bién tap: DO VIET HUNG

Chiju trdch nhiém té chirc ban thdo va ban quyén néi dung:
CONG TY CG PHAN DAU TU XUAT BAN - THIET BI GIAO DUC VIET NAM
Ch tich H6i déng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VO BA KHANH

Bién tap:
TATHI ANH — NGUYEN THI NGAN — DAO ANHTIEN
Thiét ké sach:
NGUYEN THI PHUONG YEN
Trinh bay bia:
PHAN THI LUONG
Stra ban in:
LE TRUNG DUNG - VU MANH HUY

TOAN 10 - TAP HAI

Dia chi: ...
S8 xac nhan dang ki xuat ban:
Quyét dinh xuét ban s6: ... /...

gay .
In xong va nép luu chiéu
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7
04n 10 1a cubn sach gido khoa danh cho hoc sinh

I&p 10, thudc bd sach gido khoa “Canh Diéu”, thyc hién
theo “Chuong trinh Gido duc phé théng 2018

Séach gbm hai tap va chuyén dé hoc tap dwgc bién soan
dap (ng yéu cau phat trién pham chét va nang Iwc clia hoc
sinh. Cac hoat déng hoc tap dwoc td chirc theo tién trinh
tlr d& dén kho, hwéng dén viéc kham pha, phat hién, thuc
hanh, van dung giai quyét van dé trong thuc tién, phi hop
v&i trinh @& nhan thire clia hoc sinh. Sach dwoc trinh bay
hép dan, khoi goi su t6 mo, kich thich hirng thu, tao dung
niém tin trong hoc tap mén Toan & hoc sinh.

Séch la san phdm tam huyét cla tap thé tac gid — nhiing
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phd théng.

1. Quét méa QR hoac dung trinh duyét web

ey dé truy cap website bd sach Canh Diéu:

) www.hoc10.com
SU DUNG 2.Vao muc Hueng déxn (www.hoc10.
TEM CHONG GIA com/huong-dan) dé kiém tra sach gia

va xem hwéng dan kich hoat stv dung
hoc liéu dién tcr.

Poc sach tai hoc10.vn
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