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Loi noi

Sach Bai tap Toan 10 (gom 2 tap) dugc bién soan twong thich voi sach
giao khoa Toan 10 (Tong Chi bién kiém Chii bién — GS. TSKH D6 Puic Thai).
Noi dung hai cuén sach hwong dén tao co hdi hinh thanh va phat trién ning
Iue toan hoc, phat huy himg thi hoe tap, tinh chu dong va tiem nang cua moi
hoc sinh; bao dam tinh tich hop, phan hoa trong day hoc bo mon Toan.

Néi dung méi bai trong sach dugc thé hién qua cac phan: A. Kién thirc can
nhd — B. Vi du—C. Bai tap.

Cac bai tap co ban gém nhitng bai tap gitp hoc sinh cting ¢6, két ndi cac
kién thire cot 101, trong tam duoc hoe trong moi chu dé. Ngoai ra, co nhimg
bai tap ning cao (duroc danh dau *) ¢ mic d6 van dung phat trién va gan voi
mét so tng dung ctia toan hoc trong doi song. Qua do tao co hoi dé hoc sinh
nang cao dan ning lue tu duy, van dung giai quyét van dé va hinh thanh niém
yéu thich mén Toan. Nhiimg bai tap do ciing cung cap tu liéu dé cac thay ¢
giao day hoc phan hod, boi dudng hoc sinh khé, giéi.

Cac tac gia hi vong sach ¢6 thé givip hoe sinh hoc t6t mén Toan theo dinh
huong phat trién nang e, dong thoi ho tro tai liéu cho cac thay o giao, cha
me hoc sinh nhiam tham gia vao viée nang cao kha ning tir hoc, tu thuc hanh
giai quyét van dé ¢ 1dp, & nha cho hoc sinh.

Miic dii di co nhidu ¢6 gang trong khi bién soan, song cuén sach kho tranh
khéi so suat, rat mong nhan duoc sw gop v cia dong dao ban doc dé cudn
sach duoc hoan thién hon trong cac 14n tai ban sau.

Moi y kién dong gop xin gii vé: Cong ty C6 phan Pau tr Xuat ban — Thiét
bi Giao duc Viét Nam, tang 5, toa nha hon hop AZ Lam Vién, 107 A duong
Nguyén Phong Sac, phuong Dich Vong Hau, quan Cau Giay, TP. Ha Noi.

Xin chdan thanh cam on.
Cac tac gia
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@18 MENH DE TOAN HQC.
|| TAP HOP

_—

§1 ' MENH BE TOAN HOC

A. KIEN THUC CAN NHO

— M6i ménh dé toan hoc phai hoac ding hoac sai. Mot ménh dé toan hoc khong thé
vira dung, vira sai.

— Cho ménh d2 P. Ménh d& “Khéng phai P” dugc goi 1a ménh dé phit dinh cia
ménh dé P va ki hiéu la P. Ménh dé P dimg khi P sai. Ménh @ P sai khi P dung.

— Ménh dé P = Q chi sai khi P dimg va Q sai; ding trong cac truong hop con lai.

— Ménh dé 0 = P duoc goi la ménh dé dao ciaménh dé P = Q.

— Néu ¢4 hai ménh d& P = Q va O = P déu ding, ta néi P va O la hai ménh dé
twong duong, ki hisu P < Q.

— Cho ménh d chita bién “P(x), x € X7’
+ MGi phat biéu “Vx € X, P(x)” va “Ix € X, P(x)” 1amét ménh dé.
+Phi dinh ctia mdi ménh dé trén lan hwot 1a ménh d&& “Ix € X, P(x)” va

“Vx € X, P(x)”.

B.ViDU
Vén @é 1. Xac dinh ménh dé phi dinh va xét tinh ding sai cia mot ménh dé

Vidy I | Néuménh dé phn dinh ciia mdi ménh dé sau va xét tinh dung sai ctiia mdi
ménh dé phu dinh do:

a) A: % la mot phan sé”; b) B: “Phuong trinh x*+ 3x + 2 = 0 ¢6 nghiém™;
) C: “22+ 23=22+3" d) D: “S6 2 025 chia hét cho 15”.
Giai

b2 4 6ng 13 phin 67, Ménh & 4 ding

a) Ménh @& phu dinh ctia ménh dé 4 1a 4: « -

vi 1,2 khong 1a s6 nguyén.



b) Ménh @ phu dinh ciia ménh & B la B: “Phwong trinh x> + 3x + 2 = 0 khéng
co nghiém”. Ménh dé B sai vi phuong trinh x* + 3x + 2 = 0 ¢6 hai nghiém la
r=—1.%=—2

¢) Ménh dé phii dinh ctia ménh dé C la C: “2> + 2° # 2> Ménh dé C ding vi
22+ 20 =12 22 =32,

d) Ménh dé phui dinh ctia ménh dé D 1a D: “S6 2 025 khong chia hét cho 15”. Ménh
dé D sai vi 2 025 chia hét cho 15.

Vian dé 2. Xac dinh ménh dé kéo theo
Vidu?2, Chonla s0 tu nhuen. Xet cac menh de:
P: “nla mot $O tu nhuen chia hét cho 167,
O: “n la mot s6 tir nhién chia hét cho 8™,
a) Phat biéu ménh dé P = Q. Nhan xét tinh ding sai ciia ménh de do.

b) Phat biéu ménh dé dao cua ménh de P = O. Nhan xet tinh dung sai cua menh
dé do.

Giai
a) Menh deP = Q “Néu s0 tw nhién 2 chia hét cho 16 thi n chia hét cho 8. Payla
ménh dé dung vi 8 la wde cua 16.

b) Ménh dé dao cia ménh dé P = 0 1a ménh dé Q = P: “Néu s6 tu nhién n chia
hét cho 8 thi » chia heét cho 16”. Day la ménh dé sai vi vOi n = 8, n chia hét
cho 8 nhung khong chia het cho 16.

Vian dé 3. Xac dinh ménh dé pha dinh ctia ménh dé chita ki hiéu “v”, “3”

Vi du 3 | Lap ménh d& phu dinh cia mdi ménh dé sau va xét tinh ding sai ctia moi
ménh dé phu dinh do:

a)Vxe Rox#2x—2; bvxe R x*<2x—1;
1 .
cdxeRx+t—22; ddxeR x—x+1<0.
X
Giai

a) Phu dinh cua ménh dée“Vre R x¥*#2x—2"laménh dé “Ix e R, x*=2x 2"
Ménh dé phu dinh sai vi phuong trinh x*= 2x — 2 v6 nghiém nén khéng co gia tri
nao cua x thoa man x* = 2x — 2.

b) Phu dinh ctia ménh dé “Vx € R, x> <2x—1”laménh d¢ “Ix € R, x*> > 2x - 1"
Ménh dé phii dinh ding vivoix=2,taco: 2°>2 .2 — 1.



S ; n 2 1 o A 1
¢) Phu dinh ctia ménh dé “dx e R, x+ —>2"]laménh dée “vVxe B, x+ —<2 ™.
% X

. . ; . ; 1
Meénh de phu dinh sai vi vol x = 2, ta co: 2+5>2.
d) Pmdinhciaménhdé “Ix € B, x> —x+ 1 <0”laménh @ “vx e R, x¥* —x+ 120",
2
A - . ’ 3 o l 3‘
Ménh dé phu dinh ding vix-—x+ 1 = [X_E) + Z >0, Vx e R

Chai y: Cachlam & Vi du 31an luot cho chiing ta phwong phap chimg minh tinh ding
sal cua mot méenh dé co ki hiéu “v”, co ki huéu “3”.

C.BAITAP
1. Cho ménh dé 4: “Nghiém ctia phuong trinh x*— 5 = 01a s6 hitu ti”. Ménh dé
phu dinh ctia ménh deé trén la:
A. “Nghiém ctia phwrong trinh x* — 5 = 0 khong 1a s6 hiru ti”,
B. “Nghiém ctia phurong trinh x* — 5 = 0 khong 1a s6 vo ti”.
C. “Phurong trinh x* — 5 = 0 vd nghiém”.
D. “Nghiém ctia phwong trinh x* — 5 = 0 khéng 1a s6 nguyén™.
2. Cho so ty nhién . Xét ménh de “Néu so tw nhién » chia het cho 4 thi » chia hét
cho 2”. Ménh de dao cua menh de do la:
A. “Néu s6 tir nhién n chia hét cho 2 thi 7 khong chia hét cho 47,
B. “Néu s6 tu nhién » chia hét cho 4 thi » khong chia hét cho 27
C. “Néu 50 tw nhién  chia hét cho 2 thi » chia hét cho 4”.
D. “Néu s6 tw nhién n khong chia hét cho 2 thi » khong chia hét cho 47,
3. Cho tir giac 4BCD. Xét ménh dé “Néu ti giac 4BCD 1a hinh chit nhat thi tir giac
ABCD co hai duong cheéo bang nhau™. Ménh dé dao cua meénh de do la:
A. “Néu tir giac 4BCD 1a hinh chit nhat thi tit giac ABCD khéng ¢6 hai diong
chéo bing nhau”.
B. “Néu tir giac ABCD khoéng c6 hai duong chéo bang nhau thi tir giac ABCD
khong 1a hinh chir nhat™.
C. “Néu tir giac ABCD c6 hai dwong chéo bang nhau thi tir giac 4BCD khéng la
hinh chit nhat”.
D. “Néu tit giac ABCD c6 hai duong chéo biang nhau thi tir giac ABCD 1a hinh
chir nhat™.



4. Phu dinh cia ménh @& “3x € R, x> —x+ 1 < 0” la ménh dé:
A“VyeRx—x+1>0" B.“Vxe R, x¥—x+1<0"
C.“Yxe Rx¥—x+1>0" D.“Ixe R, x*—x+1>0".

5. Phudinh ciaménh dé “Ix € Q, x = Lot ménh dé:

X
ASTVEQ eI B.“Vx e Q,x="
X X
C.Vx¢g Qx+ l”. D.“Vxe Q,x# l”.
x %
6. Phu dinh cia ménh @& “vx € R, x> = 07 la ménh dé:
A “Ix e R, x* >0, B.“Gx e Rx*>0".
C.“xe R, <0” D.“Ire R, x*<0”.
7. Phu dinh ctia ménh dé “vx € R, [x|=x"1a ménh dé:
A.“Vxe R, |xd<x. B.“Ix e R, |x|<x”.
C.“Ix e R, Ixl<x™. D.“Ix € R, |x|>x”.
8. Cho x, yla hai s6 thue ciing khac — 1. Két luan nao sau diy la ding?
Ax+tytrayr-\l. B.x+y+xy=—1.
C.x+y#-2. Dixy#=1.

9. Cho a, b 1a hai s6 thue thod mén a+ b < 2. Két luan nao sau day 1a ding?
A. Cahai sb a, b ddunho hon 1.
B. Co6 it nhat mot trong hai s6a, bnhohon 1.
C. C6 it nhat mét trong ha soa, blénhon 1.
D. Ca hai s6 a, b khong vuot qua 1.
10. Trong cac phat biéu sau, phat biéu nao 1a ménh dé toan hoc?
a) SO 77 la s6 vo ti;
b) Binh phurong ctia moi s6 thue déu 1a s6 duong,
c) Ton tai s6 thue ¥ ma x 16n hon s6 nghich dao cua no;

d) Fansipan 14 ngon mii cao nhat Viét Nam.



11.

12.

13.

14.

16.

Néu ménh dé phni dinh ctia moi ménh dé sau va xét tinh ding sai ciia mdi ménh

de phu dinh do:

a) A: “Truc dbi ximg ctia do thi ham s6 y =— x> 1a truc tung™;

b) B: “Phuong trinh 3x* + 1 =0 ¢o nghiém™;

¢) C: “Hai duong thing y=2x+ 1 va y=—2x + 1 khong song song voi nhau™;

d) D: “S6 2 024 khong chia hét cho 47,

Cho ménh dé kéo theo ¢6 dang P => O: “Vi 120 chia hét cho 6 nén 120 chia hét

cho 9”.

a) Ménh dé trén ding hay sai?

b) Phat biéu ménh dé dao ctia ménh dé trén va xét tinh ding sai ctia ménh
de dao do.

Cho ménh dé kéo theo ¢6 dang P => Q: “Neu ti gidc ABCD la hinh binh hanh thi

tir giac ABCD c6 hai duong chéo cat nhau tai trung diém mai duong”.

a) Ménh dé trén ding hay sai?

b) Phét biéu ménh dé dao cua meénh dé trén va xét tinh dung sai ciia ménh
de dao do.

Cho tam giac ABC vdi duong trung tuyén AM. Xét cac ménh dé:

P: “Tam giac ABC vuong tai A,

0: “Pé dai duong trung tuyén 4AM bang mia d6 dai canh BC”.

a) Phat biéu ménh dé P = Q. @ => P va xac dinh tinh ding sai ctia moi ménh
de do.

b) Néu ca hai ménh dé trong v a) la ding, hiy phat biéu ménh dé twong duong.

. Dung ki hiéu v hoiac 3 dé viét cac meénh dé sau:

a) C6 mot s6 nguyén khong chia hét cho chinh né;

b) C6 mét s6 thie ma binh phuong ciia no cong véi 1 bing 0;
¢) Moi s6 nguyén dwong déu 16n hon nghich dao ctia no;

d) Moi s6 thwe déu 1on hon s6 d6i cia no.

Lap ménh d& pht dinh ctia mdi ménh dé sau va xét tinh dimg sai ctia moi ménh dé
phu dinh do.

a) Vn € N, n(n+ 1) chia hét cho 2, b)Vxe R, x >x,

¢)Ix e R, |x|>x; dDIxre Qx*-x-1=0.




17. Cho phuong trinh ax” + bx + ¢ = 0.
a) Xét 1116111} dé “Néu a + bte=0 thi phwong trinh ax® + bx + ¢ = 0 c6 mot
nghiém bang 1. Ménh dé nay ding hay sa1?
b) Phat biéu ménh dé dao ctia ménh dé trén. Ménh dé dao dung hay sai?
¢) Néu diéu kién can va du dé phuong trinh ax* + bx + ¢ = 0 c6 m6t nghiém béng 1.

§2 TAP HOP. CAC PHEP TOAN TREN TAP HOP

A. KIEN THUC CAN NHO

1. Tap hop

— Mot tap hop co thé khong cé phan tit nao, ciing c6 thé ¢6 mot phan tit, o nhiéu
phan tit, co vo so phan fir.

—Tap rong va nhitng tip hop chi clita mot s6 lwong phan tir nhat dinh goi la
tap hop hitu han.

— Nhimg tap hop chita vo s6 phan tix goi la 1dp hop vé han.

2. Tap con va tip hop bing nhau

— Néu moi phan tir cia tap hop 4 du la phan tir ctia tap hop B thi ta noi 4 la mot
tap con cua tap hop B va viet 4 < B. Ta con doc la 4 chira trong B.

—Khi 4 c B vaB c A thi tanoi hai tap hop 4 va B bang nhau va viét a4 = B.

~NéudcBvaBc CthidcC.

3. Mot so phép toan trén tip hop

—Tap hop gom tat ca cac phan tir vira thude tap hop 4, vira thude tap hop B duoc
goi la giao cua hai tap hop 4 va B, ki hiéu AN B.

—Tap hop gom cac phan tir thude tap hop A4 hodc thude tap hop B dwoc goi 1a hop
cua hai tap hop 4 va B, ki hiéu AU B .

— Cho tap hgp A 1a tap con cua tap hop B. Tap hop nhiimg phan tit ctia B ma khong
phai 1a phan tit ctia 4 dugc goi 1a phdan bit ciia A trong B, ki hidu Cz4.

—Tap hop gom céac phan tir thuoe 4 nlumg khong thude B duge goi la hiéu cia 4
va B, ki higu 4\B .

4. Mot so tap con thwong dung cia tip hop so thuc

Cho a va b 1a hai s6 thuc véi a < b.

Poan [a:b] = {xeR|a<x<b}. Nuakhoing [a:b)={xeR |a<x<b}:
10



Khoang (a:b) ={-"ER ‘a<x<b}; Nira khoang (rz;b] = {.TEIEE |a<x£b};
Khoang (a ; +») = {-’CE]R ‘13‘0}; Nita khoang [a ; +%) = {xER |xza};
Khoang (- » ;b) = {xe R |x<b}; Nitakhoang (—»;b] = {xeR |x<b},

Tap sé-thuc]R:(— o ; + ),

B.VIiDUY

Van de 1. Xac dinh giao, hop, hiéu ciia hai tip hop
Phirong phap: Cho A4, B la hai tap con cua tap so thue.

Pé tim 4 ~ B, ta lam nhu sau:

+ Biéu dién A4, B trén truc so; gach bo phan khong thuoc 4, B.
+ Phan khong b1 gachla 4 n B.

Pé tim 4 U B, ta lam nhu sau:

+ Biéu dién 4, B trén truc s6; t6 dam phan thude 4, B.

+ Phan t6 ddm 1a4 U B.

Pé tim A4 \ B, ta lam nhu sau:

+ Biéu dién 4, B trén truc s6; to dam phan thudc A4, gach bé phan thudc B.
+ Phan t6 dam ma khong bi gach1a 4\ B.

Vidu 1 | Xac dinh cac tap hop sau:

&) [~ 2 sT) bY G 5o B0y SIS0 o
¢) R\(- »;3) D3 2001 ; 3).
Giai

a) Biéu dién [-3 ;5] va (2 ; 7) trén cung
mot truc s6 bang cach gach bé phan

— . saassadi sty L 1 D bk i s
] -~ - ) r -~ ARl A T i o
khong thudéc mor tap hop do. Phan g > 5 4

khong bi gach la (2 ; 5] nén ta co:
[-3:5]n(2;,7)=(2;5]

b) Biéu dién (- = ; 0] va (- 1 ; 2) trén
cung mot truc so bang cach to dam
moi tap hop do. Phan t6 damla (- « ; 2) -
nén ta co:
(—oo;0]u(-1:2)=( ;2)

\

|
—
(=T =
[ B

11



c) Biéu dién R va (- 03 3) trén cung mot
truc s6 bang cach té dam R va gach

e =
Y

b6 (— o0 ; 3). Phan t6 dam ma kKhong b s —

gachla[3;+ o) nén ta co: 3
R\(— »;3)=[3; +»).
d) Biéu dlen( 3:2)vall ;3) trén cung
mot truc so bang cach to ddm (-3 ; 2) , .
va gach bo [1 ; 3). Phan t6 dam ma 7 1[""’*35

khong b1 gach la (—3:1)nénta co:
30D\ D=0=3:)D.
Vin dé 2. fI’ng dung
Vidu 2 | Goi A4 1a tap nghiém cuia da thirc P(x). Viét tap hop cac s6 thuce x sao cho
xac dinh.

biéu thitc
P(x)
Giai

Piéu kién dé biéu thirc xac dinhla P(x)#0.

P(x)

xac dinh la tap cac so thue x ma x

Vay tap hop D cac s6 thue x dé biéu thic
khong thugc A nén D=R\ 4. P(x)

Vidy 3 | Lop 10B co 28 hoe sinh tham gia cau lac bo thé thao va 19 hoc sinh tham
gia cau lac bo am nhac. Biét ri‘mg co 10 hoc sinh tham gia ca hai cau lac bo tren.

a) Co bao nhieu hoc sinh tham gia cau lac bo thé thao va khong tham gia cau lac bo
am nhac?

b) C6 bao nhiéu hoc sinh tham gia it nhat mét trong hai céu lac bo trén?

c) Biét lop 10B co 40 hoc sinh. Co bao nhiéu hoc sinh khong tham gia cau lac bo
thé thao? C6 bao nhiéu hoc sinh khong tham gia ca hai cau lac bo?

Gidi 4 ]

Ki hiéu A4 la tap hop hoc sinh tham gia cau lac bo

thé thao, B la tap hop hoc sinh tham gia cau lac
bo dm nhac, E la tap hop hoc sinh cua lop 10B. o
Ta co the bleu dién ba tap hop trén bang biéu do

Ven (Hinh 1).

Khi do, A~ B la Fép ho‘p hoc sinh tham g_ia c:'El hai \
cau lac bo trén. SO phan tit ctia 4 la 28, s0 phan tir E
ctia B 1a 19, s6 phan tit ctia tap hop A~ B 1a 10. Hinh 1

12



a) Tap hop cac hoc sinh tham gia cau lac b the thao va khong tham gia cau lac bo
am nhac la tap hop 4 \ B. S6 phan tit ctia 4 \ B chinh 1a s6 phan ti ctia 4 trr di s6
phan tit cia A~ B. Vay s6 hoc sinh tham gia cau lac bd thé thao va khong tham
gia cau lac bo am nhac la: 28 — 10 = 18 (hoc sinh).

b) Tap hop cac hoc sinh tham gia it nhat mot trong hai cau lac bo trén chinh la tap hop
AU B . Do khi @m s6 hoc sinh tham gla cau lac bo thé thao la 28, s6 hoc sinh
tham gia cau lac bo am nhac 1a 19 thi s6 hoc sinh tham gia ca hai cau lac bo la
10 duoc tinh hai 1an. Vay 0 hoc sinh tham gia it nhat mot trong hai cau lac bo
trén la:

28 + 19 — 10 = 37 (hoc sinh).

¢) SO phan tit cua E 1a 40. Tap hop cac hoc sinh khong tham gia cau lac bé thé thao

la phan bu cua 4 trong E. Vay s6 hoc sinh khong tham gia cau lac bo thé thao la:

40 — 28 =12 (hoc sinh).

Tap hop cac hoc sinh khong tham gia ¢a hai cau lac bo 1a phan bui ctia AU B trong E.
Vay s0 hoc sinh khong tham gia ca hai cau lac bo la: 40 — 37 = 3 (hoc sinh).

Vi dyu 4 | Mot nhém co 12 hoe sinh chuan bi cho héi dién van nghé. Trong danh sach
dang ki tham gia tiét muc mua va tiét muc hat ciia nhom do, ¢6 5 hoc sinh tham gia tiét
muc mua, 3 hoc sinh tham gia ca hai tiet muc. Hoi co bao nhiéu hoc sinh trong nhom
tham gia tiét muc hat? Biét rang c6 4 hoc sinh ctia nhém khéng tham gia tiét muc nao.

Giai

1 A B
Ki luéu 4 1a tap hop hoc sinh tham gia tiet muc mua, \

B 1 tap hop hoc sinh tham gia tiét muc hat, E 14 tap
hop nhom hoc sinh. Ta c6 thé bidu dién ba tap hop do
bang biéu do Ven (Hinh 2). Kn do, 4 m B la tap hop
hoc sinh tham gla ca hal tiét muc. S6 phan tir cua tap
hop A 1a 5, s6 phan it ctia tap hop4 ~ B 1a 3, s6 phan

tit ctia tip hop £ 1a 12. \
S6 hoc sinh tham gia it nhat mot trong hai tiét muc la: Hindh 2
12 — 4 =8 (hoc sinh).
) hoc sinh tham gia tiét muc hat ma khong tham gia tiét muc mua la
8 — 5 =3 (hoc sinh).
S6 hoc sinh tham gia tiét muc hat 1a: 3 + 3= 6 (hoc sinh).

13



C. BAITAP

18.

Cho tap hop A= {x € N|x <4} . 41atap hop nao sau day?
A. {0;1;2;3;4}. B. (0 ;4]. . {0:4). D. {1:2:3; 4).

19. Cho hai taphopA4={0.1.2.3:4},B={3,4,5.6}. Taphop AUB b:éng:

20.

21.

23.

A {012 34 5 6} B. {3 4}. G {01 2} D585
ChohaitaphopA4={0;1;2;3;4},B={3;4,5,6}. Taphop A\B bi'mg:

A {0;1:2:3 456). B.{34). C.{0.1:2).  D.{56).

Cho hai taphopA=(-3.3], B=(-2;+»).Taphop AnB bang:

A {-1,0,1,2,3}. B-2:3Lg & (-2;3] D. (- 3, +=).
22. Chotdphop A={x € R|x>2,x= 5} .4 la tip hop nao sau day?

A (2;+0)\{5}. B. [2:5). o295 D. [2; +)\{5}.

ChohaitiphgpA={xc R|-22x<5},B={xec Z|x—x—6=0).

Tap hop 4 \ B bang:

A (-2;3). B.(~2:30a83:5]. €. [3:5] D. [- 2;5]\{3}.

24,

25,

26.

27.
28.

29.

14

Cho tap hop A=~ 13+ ). Tap hop CpA bang:
A (-1;4>). B. (—or.:-‘,—l). . (—m;—l], D. R\{- 1}.

Goi A4 la tap nghiém cua da thntc P(x), B la tap ngluém cia da thire O(x), C la tap
nghiem cua da thire P(x) . O(x). C la tap hop nao sau day?

A. AUB. B. AnB. C. A\B. D. B\ A

Go1 A la tap nghiém cua da thirc P(x), B la tap nghiém cua da thue O(x), D la tap
nghiém cua da thire P*(x) + O7(x). D la tap hop nao sau day?
A. AUB. B. ANnB. C. A\B. D. B\4

Cho tap hop X = {a; b; ¢, d}. Viét tat ca cac tap con cd ba phan tir ctia tap hop X
Cho ba tap hop: 4 1a tap hop cac tam giac; B la tap hop cac tam giac can; C la
tap hop cac tam giac déu. Ding ki hiéu c d& mo ta quan hé ctia hai trong cac
tap hop trén.

Dung ki hiéu — d& mé ta quan hé ctia hai tap hop khac nhau trong cac tap hop sau:
[-1;3];(-1;3);[-1;3),(-1;3], {-1;3).



30.

31.

32.

33.

34.

3s

36.

7.

Chobataphopsaw A={xeN|x:2},B={xeN[x:3},C={xeN|x:6}.
a) Dung ki hiéu c d& mo ta quan hé ctia hai trong cac tap hop trén.
b) Xac dinh cac taphop AN B, AUC, BN C.

Xac dinh cac tap hop sau:

a) [- 2;3]n(0:5); b) (-3;1n(1;+»); ¢ (- o;0)u(-2;2];
d) (- @3 0)00;+); e) R\[L; +); g) [3:5]\(4:6).
Cho 4 1a mot tap hop. Xac dinh cac tap hop sau:

a) AnA; Db)AND; ¢) Aud; d)AuD; e) A\4A;, g) A\Q.

Cho tap hop 4. Co nhan xét gi vé tap hop B néu:
a) AnB=A; b) AnB=B; ¢c) AuB=A,;
d) AUB=B,; e) A\B=D; g) A\@=B"?

Trong dot van nghé chao mimg ngay 20/11, 16p 10A dang ki tham gia hai tiét
muc, do la hat top ca va mua. Goi A4 la tap hop cac hoc sinh tham gia hat tép ca,
B la tap hop cac hoc sinh tham gia mma. £ la tap hop cac hoc sinh ctia lop. M6 ta
cac tap hop sau day:
a)AN B, bbAuB, c¢)A\B; dE\A4, g) E\(4 U B).
Lop 10A co 27 hoc sinh tham gia it nhat mot trong hai cau lac bo bong da va co
vua, trong do co 19 hoe sinh tham gia cau lac bo bong da, 15 hoc sinh tham gia
cau lac bo ¢o vua.
a) Co bao nhiéu hoc sinh tham gia cau lac bo bong da ma khong tham gia cau lac
bo co vua?
b) Co bao nhiéu hoc sinh tham gia ca hai cau lac bo?
¢) Biét trong 16p ¢ 8 hoc sinh khong tham gia cau lac bé nao trong hai cau lac bo
trén. Lop 10A co bao nhieu hoc sinh?

Tim D =E N G, biét E va G lan luot la tap nghiém ctia hai bat phwong trinh trong
moi truong hop sau
a)5x—2>0va3x+72>0;
b)2x+3>0vaSx—9<0;
€)9-3x>0val2-3x<0.
Cho cac taphop: A=[-1;7, B=@m—1;m+ 5) vi m 1a mot tham so the.
Tim m d&:
a)BcA, b)ANB=0.

15



38.

39.

41.

42.

43.

47.

16

ChoA=[m,m+2]vaB=[n;n+1]vdim, nlacac tham so thuc. Tim dieu kién
cua cac so m va n dé tap hop AN B chira ding mét phan i,

Cho 4=(- o ;m+1), B=[3; +) véimla mot tham so thuc. Tim m d&;
a) AuUB=R; b) AN B clnta ding S s6 nguyén.
Biéu dién tap hop A = {x € R | x> > 9} thanh hop cac mra khoang.

BAI TAP CUOI CHUONG |
Phat biéu nao sau diy khéng 1a mot ménh dé toan hoc?
A. 62 025 chia hét cho 5.
B. Néu hinh thang ABCD néi tiép duong tron thi hinh thang d6 can.
C. Néu ban Minh chim chi thi ban Minh s& thanh cong.
D. Cac s6 nguyén t6 déu la s6 18,
Phi dinh ctia ménh @: “Vn € N, n° + n 1a so chan” la;
A.“Vn e N,n*+nkhéng lasé chin”.  B.“Jn € N, n° + n khong la s6 18”.

C.“Ine N, n"+nlasolé” D. “In € N, n° + nla so chin”.

Cho tﬁphopAz{xeRl— 35x<2}.Alé tap hop nao sau day?
A.(-3:2). B.{-3:-2;-1;0,1}. C.{-3;2}. D.[-3:2).

Chohai tiphopA={xe R | x+3<4+2x},B={xeR| 5x-3<4x-1}.
Tat ca cac s6 nguyén thuoe ca hai tap hop 4 va B la:
A.0val. B.—1;0;1va2. C.1va2. D. 1.
. Chohai taphop E=(2;4], F=(4;5). E U F bang:
AL B =5), B. Q. e.[2:5) D. {3; 4).
Cho hai tap hopA =[-4:3), B=(-2 ;+ ). A\ B bang;
A-4;-2). B.4-3,-72). A.[3;+ ). D.[-4 ;7]
Neéu ménh dé phu dinh ctia m6i ménh dé sau va xét tinh ding sai ctia méi ménh

dé do6 va ménh dé phu dinh cuia no:
a) A: “Phuong trinh x* —x + 1 = 0 ¢6 nghiém thue™,
b) B: “Hinh binh hanh ¢ tim dbi ximg ™,



48.

49.

50.

51.

53.

4.

55.

56.

Cho hinh thang ABCD. Xét ménh dé dang P = O nhu sau:

“Néu hinh thang ABCD can thi hinh thang ABCD ¢4 hai canh bén bing nhau”.
Phat biéu va xét tinh ding sai ménh dé dao ctia ménh dé trén.

Cho tr gitac ABCD. Xet cac ménh de:

P: “Tar giac ABCD 1a hinh binh hanh™, O: “T giac ABCD ¢6 céac canh doi bang nhau”.

Hay phat biéu hai ménh d& P = Q va O = P, sau d6 xac dinh tinh ding sai ctia
mdi ménh dé do. Néu ca hai ménh d2 P = O va QO = P déu ding, hay phat biéu
menh de tuong duong.

Lap ménh dé phu dinh cua moi ménh deé sau va xét tinh dung sai cia moi ménh
de phni dinh do:

a) A: “VYneN’, w}-L i b)B. 2R c Z 2x+3=07
n

)C:“Ix e Q, 4 —1=07; d) D: “Yne N, n*+ 1 khong chia hét cho 3.
Dimng ki hiéu dé viét méi tap hop sau va bidu dién méi tap hop dé trén truc so:
A)d={xecR|-7<x<-4). bB={reR|-3<x<l);
c)C={xeR| x<0}; dDD={xeR| x >-1}.

. Chocactaphop: 4=[-1,2),B=(;1].

Xac dinh ANB; AUB; A\B; B\A; R\B; CpA.
Gao1 A la tap nghiém cua da thae P(x), B la tap ngluém cua da thic O(x), C la

1o . So sanh tap hop 4 \ B va tap hop C.
O(x

tap nghiém cua phan thire

Cho hai tiphop A =[—1: 4], B=[m+ 1 ;m+ 3] v6im la tham so. Tim tat ca cac
giatriciam dé B\A=0.

Trong dot thi giai chay ngan cap truong, 16p 10B ¢6 15 hoc sinh déng ki thi
ndi dung chay 100 m, 10 hoc sinh dang ki thi néi dung chay 200 m. Biét 1dp 10B
c0 40 hoc sinh va co 19 hoc sinh khong dang ki th1 ng1 dung nao. Hoi lop 10B co
bao nhiéu ban dang ki thi ca hai no1 dung?

Trong ki thi chon hoc sinh g161 cac mon vin hoa, 1op 10A co 7 hoc sinh dang ki
thi moén Toan, 5 hoc sinh dang ki thi mén Vit i, 6 hoc sinh dang ki thi mon Hoa hoc;
trong do co 3 hoc sinh dang ki thi ca Toan va Vat li, 4 hoc sinh déng ki thi ca Toan
va Hoa hoc, 2 hoc sinh dang ki thi ca Vat i va Hoa hoc, 1 hoc sinh dang ki thi ca
ba moén. Hoi 16p 10A ¢6 tat ca bao nhiéu hoc sinh ding ki thi hoc sinh gié1 cac mon
Toan, Vat 11, Hoa hoc?

17



’ LO1 GIAI - HUONG DAN - DAP SO

§1 MENH BE TOAN HOC

1.LA. 2.C. 3.D. 4A. 5.D. 6D. 7.C. 8.A. 9.B.

10.

11.

12.

13.

14.

15.

16.

18

a) La mot ménh dé toan hoc. b) La mot ménh dé toan hoc.
¢) La mot ménh dé toan hoc. d) Khéng 1a ménh dé toan hoc.
a) A: “Truc d61 ximg cua do thi ham s6 y = — x* khong la truc tung”. Ménh dé

phu dinh sai1.
b) B : “Phwong trinh 3x* + 1 =0 v6 nghidm”. Ménh dé phu dinh ding.

c) E “Hai duong thang y = 2x+ 1 va y=— 2x + 1 song song voi nhau”. Ménh
de phu dinh sai.

d) D: “S6 2 024 chia hét cho 4”. Ménh dé phii dinh ding.

a) Ménh dé sai.

b) Ménh dé dao: “Vi 120 chia hét cho 9 nén 120 chia hét cho 6”. Ménh dé nay dung.

a) Ménh dé dung.

b) Ménh dé dao: “Néu i giac ABCD c¢6 hai durang chéo cét nhau tai trung diém
moi duong thi tir giac ABCD 1a hinh binh hanh”. Ménh dé nay ding.

a) Ménh de P =0 “Néu tam giac ABC vuong tai A thi d6 dai dudng trung
tuyen AM bang mra do dai canh BC™. Ménh de nay diung.
Ménh d& Q = P: “Néu tam giac ABC co6 do dai duong trung tuyen AM bing
mira do dai canh BC thi tam giac ABC vuong tai 4”. Ménh dé nay dung.

b) Ménh de tuong dum}gP = Q “Tam giac ABC vuong tai 4 khi va chi khi do
dai duong trung tuyen AM bang mra do dai canh BC™.

a) “In e Z , nkhong chia hét cho chinhné”.  b)“IxeR,x*+1=0".
c) “VHENt,H>-}—”. d) “VxeR, x>- x".
n
a) Ménh dé phu dinh: “3n e N, n(n+ 1) khong chia hét cho 2”. Ménh dé nay sai.

b) Ménh dé phu dinh: “Ix € R, x* < x”. Ménh dé nay ding.
¢) Ménh dé pha dinh: “Vxe R, .ri < x”. Ménh dé nay sai.
d) Ménh dé pha dinh: “Vx € Q, x*—x— 1 # 0”. Ménh dé nay ding.




7.

a) Ménh dé nay ding.

b) Ménh dé dao: “Néu phuong trinh ax® + bx + ¢ = 0 ¢6 mot nghiém bang 1
thi @+ b+ c¢=0". Ménh dé dao nay ding.

¢) Pieu kién can va du dé phwong trinh ax” + bx + ¢ = 0 ¢6 mot nghiém bang 1
laga+b+c=0.

§2 TAP HOP. CAC PHEP TOAN TREN TAP HOP

18.A. 19.A. 20.C. 21.C. 22.D. 23.B. 24.B. 25.A. 26.B.

27.
28.
29.

30.

31.

32.

33.

34.

Cac tap con co ba phan tit cia X 1a: {a; b; ¢}, {a; b, d}, {b; ¢; d}, {c, d; a}.
CcbcA
(—1;3)C(—1;3];(—E;3)c[—l;3);(—1;3)c[—1;3];
[-1:3)c[-1;3]; (-1; 3] c[- 8 {- 158} <[-1;3].

a) CcB: CcA. b) ANB=C, AuC =4, BNnC=C.
a)[—2;3]m(0;5)=(0;3]. b) (-3;:1n(1;+=)=Q.

c) (- 2;0)u(-2:2]5(—=; 2}k [d (- 03 0)U[0;+x)=R.

e) R\[1;+0)=(-03l). g) [3:5]\(4:6)=[3:4].

a) AnA=A. b) AN =03. g) Avgd=A.

d) Auwd=A. e) A\A=0. g) A\D@=A4.

a) BDA. b)BcA. c¢c)BcA. dBDA. e BDA. g B=A.

a) A ~ B la tap hop cac hoc sinh tham gia ca hai tiét muc 1a hat top ca va mua.

b).4 U B la tap hop cac hoc sinh tham gia it nhat mét trong hai tiét muc 1a hat top
ca hodc mua.

¢) 4\ B la tap hop cac hoc sinh tham gia hat top ca nhung khong tham gia mua.
d) £ \ 4 1a tap hop cac hoc sinh ctia 16p 10A khong tham gia hat top ca.

g) E\ (4 U B) 1a tap hop céac hoc sinh ctia 16p 10A khong tham gia tiét muc nao
trong hai tiét muc hat t6p ca va mua.

19



35.

36.

37.

38.
39.

41.
47.

20

Goi A4 la tap hop cac hoc sinh tham gia cau lac bo bong da, B la

tap hop cac hoc sinh tham gia caulac bo co vua (Hink 3). Kli

do, 4 v B la tap hop cac hoc sinh tham gia it 11}1§t mot trong

ha c.fiu lac bo bong da va co vua. Ta co sO phan fir cua 4 la

19, s0 phan tir ctia B 1a 15, s0 phan tir cia4 W B la 27. Hinh 3

a) Tap hop cac hoc sinh tham gia cau lac bo bong da ma khong tham gia cau lac
b0 c0 vua chinh la 4 \ B va cting la tap hop (4 U B) \ B.
S6 phan tit cua tap hop (4 U B) \ B chinh 14 s6 phan tt cua 4 U B trr di s6 phan
tir cua B.
Viy 50 hoc sinh tham gia cau lac bo bong da ma khong tham gia cau lac bo co
vua la: 27 — 15 =12 (hoc sinh).

b) Tap hop cac hoc sinh tham gia ca hai ¢au lac bé chinh la tap hop A4 m B.
S6 phan tit ctia 4 M B bang s6 phan tir ciia tap hop A4 trir di s6 phan ti cia tap
hop cac hoc sinh chi tham gia ¢au lac bo bong da ma khong tham gia cau lac
bo co vua.
SO hoc sinh tham gia ca hai cau lae bo la: 19 — 12 =7 (hoc sinh).

¢) S6 hoc sinh ctia 1op 10A 14 : 27 + 8 = 35 (hoe sinh).

a) D= E;+oe_ b)D:[j;EJ_ )D=0.
5 2 -5
a) Bc A néu—1<m-1lvam+5<7 Suyra0<m<2.

b) ANB=0 néum — 1 >7hoacm+5<—-1.Suyram >8 hoacm <-6.
Tap hop A B chita diing mét phan ti néu n + 1 =m hodc n=m + 2.
a) AUB=R néum+1>3.Suyram>2.

b) A~ B chira ding 5songuyénnéu7<m+1<8. Suyra6<m<7.

. A=(= o ;- 3]U[3; +»).

BAI TAP CUOI CHUONG |

C. 42.C. 43.D. 44.A. 45.A. 46.D.

a) A: “Phuong trinh x*— x + 1 = 0 khéng ¢6 nghiém thue”. Ménh dé 4 sai,
A ding.

b) B : “Hinh binh hanh khéng c6 tim d6i xting ”. Ménh dé B ding, B sai.



48.

49.

S1.

53.
54.

35,

Ménh dé dao Q = P: “Néu hinh thang 4BCD ¢6 hai canh bén bang nhau
thi hinh thang ABCD can”. Ménh dé dao sai.

Ménh d& P = Q: “Néu t giac ABCD la hinh binh hanh thi ttt giac ABCD ¢6 cac
canh d6i bang nhau”. Ménh d P = Q la dimg.

Ménh dé O = P: “Néu tit giac ABCD c6 cac canh doi bang nhau thi tir giac
ABCD la hinh binh hanh”. Ménh dé Q = P la ding.

Ménh dé P < O: “Tit gidc ABCD la hinh binh hanh khi va chi khi tit giac 4BCD
¢oO cac canh déi bﬁ'mg nhau”.

.a) A:“IneN,n< b3 ” Meénh dé nay ding,

Fl
b) B: “Vx€ Z, 2x+3# 0”. Ménh dé nay ding.

¢) C: “Vx € Q, 4x*— 1 #0”. Ménh dé nay sai.
d) D: “3ne N, n*+ 1 chia hét cho 3”. Ménh @ nay sai.
a)(=7.-4). b)[-3:1] ©¢=»:0l. d(1;+x).

. AnB=[-1;1]; AuB=(- = ;2);A\B=(152); B\A=(- 0 ;-1);

R\B=(1;+«); Cgd=(-=;=1)U[2;+=).

A\B=C.
B\A=OnéuBcAnéntaco:m+1>-1vam+3<4 Suyra—2<m<]I.
4 hoc sinh.

. Goi T la tap hop cac hoc sinh ding ki thi mon Toan, L la H

tap hop cac hoc sinh dang ki thi mon Vit li, A 1a tap hop
cac hoc simh dang ki th1 mon Hoa hoc. Biéu dién ca ba tap
hop bang biéu do Ven (Hinh 4).
Dura vao biéu d6 Ven, ta ¢6 s6 hoc sinh chi dang ki thi mén
Toanla: 7-3-4+1=1. Hinh 4
Séhocshﬁlclﬁdéngldﬂlimén\fﬁtlilé: 5-3-2+1=1.
S6 hoc sinh dang ki th1 mon Toan va Vat li ma khong dang ki thi mon Hoa hoc
la:3-1=2.
Vay tong s6 hoc sinh 10p 10A ding ki thi ba mén trén la:

1+1+2+6=10 (hoc sinh).
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BAT PHUGNG TRINH VA

HE BAT PHUONG TRINH
BAC NHAT HAI AN

J—

§1  BAT PHUONG TRINH BAC NHAT HAI AN

A. KIEN THUC CAN NHO
— Bt phirong trinh bédc nhit hai dn x, y 1a bat phuong trinh c6 mot trong cac dang sau:
ax+by<ec,ax+by>ec,axtby<c,ax+by=c,

trong dd a, b, ¢ 1a nhitng s6 thue cho trude voi a, b khong dong thoi bang 0; x, v
14 cac an.

— Trong mat ghﬁng toa do Oxy, duong thzzmg d. ax + by = c chia mat phang thanh hai
nira mat phang. Mot trong hai mra mét phang (khong ké d) 1a mién r;aghiém cua bat
phwong trinh ax + by < ¢, nira mat phang con lai (khong ke d) la mien nghiém cua
bat phwong trinh ax + by > ¢.

— Céc budc bidu din mién nghiém ctia bat phuong trinh ax + by < ¢ trong mat
phang toa do Oxy:

Buéc 1. V& duong thang d: ax + by = ¢. Duong thang d chia mat phang toa do
thanh hai ma mat phang.
Buée 2: Lay mot diém M (x, s v,) khong nam trén d (ta thuong lay goc toa d6 O
néu ¢ # 0). Tinh ax + by, va so sanh voi c.
Biroe 3: Ket luan
* Néu ax,+ by, < c thi mra mat phéng (khong ké d) chnra diém M 1a mién
nghiém cua bat phwong trinh ax + by < c.
» Néu ax, + by, > c thi mra mat phang (khong ke o) khong chira diem M
la mién nghiém cua bat plnrong trinh ax + by < c.

B. ViDUy
Van dé 1. Biéu dién mién nghiém ctia mét bat phuong trinh bic nhat hai n

Vi dyu 1 | Biéu dién mién nghiém cua bat phwong trinh: x + 2y < 3.
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Giai

« V& duong thing d x + 2y = 3.

e Lay diém O(0 ;0). Taco: 0+0=0 < 3.
Vay mién IlgMéln ctia bat phurong trinh x + 2y < 3 1a =
nita mat phang chira diem O(0 ; 0) khong ké dwong O 1 ' 3 ¥
thing d (nira mat phang khong bi gach) (Hinh I). T

Vian dé 2. Xic dinh bat phwong trinh bic nhat hai 4n twong ing mién nghiém
cho truoc

Phirong phap:

Buwde 1: Xac dinh phuong trinh duong thing chia mat phang thanh hai phan co
dang ax + by =c.

Burde 2: Lay mot diém M (x, s v,) thuoe mwn nghiém cia bat phwong trinh, thay
toa do cua didm M vao ax + by 161 so sanh voi ¢ @ xac dinh bat phuong
trinh can tim.

Vi dy 2 | Nira mat phang khong bi gach (khong ké d) & Hinh 2 1a mién nghlem cua

bat phwong trinh nao?
Giai
Nhan thay, duong thing d cé hé s6 goc khac 0.
Goi phuong trinh duong thang d ¢6 dang: y =ax + b.
Do duong thiang d di qua diem (2 ; 0) va (0 ;- 2) nén

, {Za +b=0 {a =1 :
ta co: & =

b=-2 b=-12. Hinh 2

Vay dwong thang d c6 phuong trinh y =x — 2 hay x —y = 2.

Lay diém M(3 ; — 1) thuéc mién nghiém ctia bat phwong trinh. Ta co:
3-(-1)=4>12

Vay mita mit phing khong bi gach (khong k& d) & Hinh 2 1a mién nghiém cta bat
phurong trinh
x—y>2.

Vin dé 3. ffng dung
Vi du 3 | Mot gian hang tnmg bay ban va ghe rong 60 m”. Dién tich dé ké mot chiéc
ghé 1 0,5 m*, mdt chiée banla 1,2 m*. Goi x 1a s6 chiée ghé, y 14 s6 chiéc ban durgc ké.
a) Viét bat phwong trinh bac nhat hai an x, y cho phan mit san dé ké ban va ghé, biét
dién tich mét san danh cho luu thong t61 thiéu la 12 m>.
b) Chi ra ba nghiém ctia bat phuong trinh trén.
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Giai

a) Dién tich d& k& x chiéc ghé, y chiéc ban la: 0,5x + 1,2y (m?).

Dién tich t&i da dé ké ban va ghé la: 60 — 12 = 48 (m?).

Ta c6 bat phwong trinh: 0,5x + 1,2y < 48.

b) Ba nghiém c6 thé chi ra duoc ctia bat phwong trinh trén la:
(20 ; 30), (30 ; 20), (50 ; 15).

C. BAITAP
1. Cip s6 nao sau day la nghiém ctia bat phuong trinh — 3x + 5y < 62
A.(2:8). B.(-10:;-3). C-(35.3) D.(0:2).

2. Mién nghiém cta bat phwong trinh 2x — 3y > 5 la mra mat phang (khong ké
duong thang d 2x — 3y = 5) khong chita diem co toa do nao sau day?
A.(0:0). B.(350) Cill :—-2). D.(-3;-4).

3. Mién nghiém cua bat phuong trinh x — 2y < 4 dugc xac dinh boi mién nao
(mia mat phang khong bi gach va khong ké d) sau day?

A. YA : : B. VA

“y
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Nira mét phing khong bi gach (khoéng ké d) & Hinh 3 1a mién nghiém cua bat
phurong trinh nao sau day?

. — A\
A . 3x+y<3 B.x+3y>3. ————— \5
C.x+3y<3 D.3x+y >3 —

Hinh 3
Ntra méat phang khong bi gach (ké ca d) & Hinh 41a mién nghiém cuia bat phuong
trinh nao sau day?

A 2x—-y<0. B.2x-y>0. VA df—
C.x-2y>0. D.x=—2y<0. 51
e
: —>
= 2
Hinh 4

Cép s0 nao sau day la nghiém cua bat phwong trinh — 5x + 2y > 10?

a)(=2;1); b) . 5); c)(0; 5).
Biéu dién mién nghiém ctia moi bat phuong trinh sau:
a) 3x + S5y < 15; b)x-2y = 6;
c)y>—x+3; dyy<4-2x.
Nira mit phing khéng bi gach (khéng ké d) & mdi Hinh Sa, 5b, 5S¢ 1a mién nghiém
cua bat phuong trinh nao?
VA YA df— VA

=
W=

U AN

a b) 57,
Hinh 5
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9, Ha Chau, Lién va Ngan cung di mua tra sita. Ca bonban co tat ca 185 nghin dong.
Bon ban mua 4 coc tra stta véi gia tién 35 nghin dong mét coc. Cac ban goi thém
tran chau cho vao tra stra. Mot phan tran chau den co gia 5 nghin dong, mét phan
tran chau t[ang co gia 10 nghin dong. Goi x, v lan luot 1a s6 phan tran chau den,
tran chau trang ma bon ban dinh mua thém.

a) Viét bat phuong trinh bac nhat hai an x, y dé thé hién s6 tién cac ban co da kha
nang chi tra cho phan tran chau den, trang.

b) Chi ra mét nghiém nguyén ctia bat phwong trinh do.

§2 HE BAT PHUONG TRINH BAC NHAT HAI AN

A. KIEN THUC CAN NHO

— He bdt phirong trinh bdc nhat hai dn x, v la mot hq: gom hai hay nhiéu bat phwong
trinh bac nhat hai an x, y. M6i nghiém chung cua cac bat phuong trinh trong hé
duoc goi la mot nghiém cua he bat phuong trinh do.

— Mién nghiém ctia hé bat phuong trinh 14 giao cac mién nghiém ctia cac bat phuong
trinh trong he.
— Pé biéu difn mién nghiém ctia hé bat phuong trinh bic nhat hai an, ta 1am nhu sau:

+ Trong cung mat phang toa do, bicu dién mién n%hlcm cia moi bat phwong trinh
trong hé bang cach gach bo phan khong thuoe mién nghiém ctia no.

+ Phan khong bi gach 14 mién nghiém can tim.

— Dé tim gia tri lon nhat, gia tr nho nhat cta bieu thire dang F = ax + by, trong do
x, y la nghiém cua mét hé bat phirong trinh bac nhat hai 4n x, y ma mién nghiém
ctia hé d6 1a mot mién da giac, ta lam nhu sau:

Burée 1: Xac dinh mién nghiém cua hé bat phwong trinh (la mot mién da giac).
Birde 2: Xac dinh toa do cac dinh cua da giac.

Budc 3: Tinh gia tri ctia bieu thitc F = ax + by tai cap 56 (x; ») la toa do cac dinh
cua da g1ac 101 so sanh cac gia tr1 do. T do, két luan duoc gia tri 1on nhat
hay gi4 tri nho nhat can tim.

B.ViDU
Vin dé 1. Biéu dién mién nghiém cia mot hé bit phwong trinh bic nhit hai 4n
x+2y<—-4

Vi du 1 | Biéu dién mién nghiém cta hé bat phuong trinh: { :
y=x+5.
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Giai

V& cac duong thang:
d:x+2y=—4
d,:x—y=-35.

Gach di cac phi"m khong thude mién nghiém cua
moi bat phurong trinh.

Mién nghiém cta hé bat phwong trinh 1a phan

i y 14 1 o
khong b gach ke ca tia Ad, voi A[— 3 . 5} Hinh 6
(Hinh 6).
Vian dé 2. Tim gia_tri I6m nhat (gia tri nho nhat) cia mét biéu thirc hai an véi
cac dieu kién cua an Ia mot he bat phwong trinh bac nhat hai an

Vi du 2

a) Biéu dién mién nghiém cia hé bat phwong trinh:
x+2y<10
—2x+ y<0
- 2x+y2-12

y=— 2.

@

b) Tim x, ¥ 14 nghiém cta hé bat phwong trinh (I) sao cho F = 2x + 3y dat gia tri lon
nhat, gia tr1 nho nhat.

Giai
a) V& cac duong thing:
d:x+2y=10; d,:—2x+y=0;

dy:—2x+y=-12; d,;:y=-2.

Gach di cac phan khong thudc mién nghiém
ctia mdi bat phwong trinh.

Mién nghiém cua hé bat phwong trinh la

mién tit gide ABCD véi A2 ; 4), B(? : gj

C(5 ;- 2), D(- 1;—2) (Hinh 7).

Hinh 7

<!



b) Thay x, v lan luot 1a toa d6 cac diém 4, B, C, D vao biéu thic F:

34 8
A2 . 4) B ?35 C(5:.-2) D(-1,-2)
92
F=2x+3y 16 ? 4 —8

Vay bidu thitc F dat gié tri 1on nhat bing 22 tai x= 22, y = dat gia tri nho nhit
bﬁng—Btaix:-l,_pz_g_ 5 5 5’

Vin dé 3. fJ'ng dung

Vi du 3 /| Mot phan xudng san xuat hai kiéu mii. Thoi gian dé lam ra mot chiée mi
kiéu thw nhat nhiéu gap hai 1an thoi gian lam ra mot chiéc mii kidu thi hai. Néu chi
san xuat toan kiéu mi thi hai thi trong 1 gio phan xuong lam dwoc 60 chiec. Phan
xuong lam viéc 8 tiéng moi ngay va thi treong tiéu thu toi da trong mot ngay la
200 chiéc mii kidu thi nhat va 240 chiée mii kiéu thit hai. Tién 13i khi ban mét chiéc
mii kiéu thit nhat la 24 nghin dong, mét chiéc mi kiéu th hat 1a 15 nghin dong.
Tinh s6 luong mii kiéu thit nhat va kiéu thir hai trong mot ngay ma phan xuéng can
san xuat dé tién 14 thu dwoc 1a cao nhat.

Giai

Goi s6 lu'cmg mii kidu thir nhét va kidu thit hai ma phan xuéng can san xuét trong
mot ngay lan luotla x, v (e, v >0, x, v € 7).

Theoi gian dé lam ra mot chiéc mii kiéu tha hai la: 61_0 (g10).

1
Thoi gian d2 1am ra mét chiée mii kiéu thi nhat 1a: 2 . 0 30 (g10).

Thoi gian dé lam ra x chiéc mii kiéu thit nhat va v chiéc mii kiéu thi hai la:
1 1 2x+ y
— . X+— . y=
30 60 - 60
Theo gia thiét, x va y phai thoa min cac diéu kién: 0 < x < 200, 0 < y < 240;
2x+y

(g10).

<8 hay 2x+ y <480

Tong s6 tien i thu dugce khi ban x chiéc mii kigu thir nhat va y chiéc mii kiéu th
hai la: 7= 24x + 15y (nghin dong).
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Bai toan dwa vé: Tim cac so nguyén x, v 1a nghiém cua hé bat phwong trinh:
0<x<200
0<y<240 (I) saocho T =24x+ 15y dat gia tri 16n nhat.
2x+ y < 480

Trude hét, ta xac dinh mién nghiém ctia hé bat
phurong trinh (II).

Mién nghiém cua hé bat phuong trinh (1) la
mien ngil giac O4BCD vo1 O(0 ; 0), A(0 ; 240), ||\
B(120 ; 240), C(200 ; 80). D(200 ; 0) (Hinh 8). |||\ |

Ta c6 biéu thitc 7= 24x + 15y ¢6 gia tri 16n nhat
tal mot trong cac dinh cua ngti giac OABCD.

Tinh gia trj cua biéu thitc 7 = 24x + 15y tai cap
56 (x ; v) la toa do cac dinh ctia ngii giac OABCD
roi so sanh cac gia tri do. Ta dugc 7T dat gia tr1 lon
nhat bang 6 480 khi x = 120, y = 240 tmg voi toa
do dinh B. Hinh §

Vay de thu duoc tién 14 la cao nhat thi trong mot ngay, phan xuong can san xuat
120 chiéc mii kiéu thir nhat va 240 chiéc mi kiéu thir hai. Khi do tién lai thu duoc
la 6 480 nghin dong hay 6 480 000 dong.

C.BAITAP
x—2y<0
10. Cip s6 nao sau ddy 1a nghidm ctia hé bat phuong trinh{ x+3 y>—2
—-x+ y<3?
A.(1;0). B.(-1,0). €23 D.(0;-1).
- A s ~ A 4 = : e ) : X+ y52
11. Cap so0 nao sau day khong la nghiém cua hé bat plarong trinh
2x-3y>-27
A. (0 0). B.(1:1). Gl 1, D.=1:=1)
2x=5y>1
12. Mién nghiém ctia hé bat phwong trinh {2x+ y>— 5 la phan mat phing chia
diem co toa do: x+ y<—1
A.(0:0). B.(1;0). C.(0;2). D.(0;-2).



13. Mién da giac ABCD & Hinh 91a mién nghiém ctia hé bat phuong trinh:

(x+y<4 (x—y<4

x+y2-1 x—y2-1
'A<x—y£2 B'<Jr+y£2

| x=wz=, | ZF - 2.

(x+y<l (x—y<l

x+y=2—4 x-yz-4
C'<x—y£2 D"x+_v£2

| Xy, (x+y=>- 2.

14. Gia tri nho nhat ctia biéu thitc F = — x + y trén mién nghiém cua hé bat phirong

-2x+ y<2
tinh {- x+2y >4 la:
x+ y<5
A. 0. B.1. C. 24 D. 3.
15. Biéu dién mién nghiém ctia hé bat phuong trinh:
x+ y<5 —3x+2y<6
x—2y<3 i >
b)sx—-2y<2 ) x=2yz-2
x+ y=z-3;
X =—1; 2x+ y<A4.

16. Viét hé bat phurong trinh bac nhat hai 4n ¢6 mién nghiém la mién da giac khong
bi gach & moi Hinh 10a, 10b.

b) 7 i WY

fﬂrf?’ﬁ ,

JJ,ﬂfO;"'

fj:"’r’l-':}f

,tfi

WA
Hinh 10 x+ y<5
- A R - - - - i \ 3I+2y£12
17. a) Biéu dién mién nghiém cta hé bat phurong trinh: - (I11)

=
30 » 240



18.

19.

20.

21.

22.

23.

b) Tim x, v la nghiém ciia hé bat phuong trinh (II1) sao cho F = 3x + 7y dat gia tri
16n nhat, gia tri nho nhat.

Anh Trung ¢6 ké hoach dau fir 400 triéu dong vao hai khoan X va Y. Pé dat
duge lo1 nhuan thi khoan X pha dau tu it nhat 100 frieu dfﬁng va sO tién dau
tu cho khoan Y khéng nho hon s6 tién cho khoan X. Viét hé bat phwong trinh
bac nhat hai an dé mo ta hai khoan dau tw d6 va biéu dién mién nghidm cua
hé bat phwong trinh vira tim duoc.

Mot phan xudng may 4o vest va quan au d& chuan bi cho dip cudi nim.
Biét may 1 4o vest hét 2 mvai va can 20 gio; 1 quan auhét 1,5 m vai va can 5 gio.
Xi nghigp duoc giao sir dung khong qua 900 m vai vé s6 gitr cong khong vurot
qua 6 000 gi0. Theo khao sat thi tmcmg s6 lwong quan ban ra khong nho hon
50 luong ao va khong vurot qua 2 lan s6 lwong ao. Khi xuat ra thi truong, 1 chiéc 40
lai 350 nghin dong 1 chiéc quan lai 100 nghin dong Phan xuong can may bao
nhiéu ao vest va quan au dé thu dwoc tien lai cao nhat (biét thi truong tiéu thu luén
don nhan san pham cua xi nghiép)?

- -~ "
BAI TAP CUOI CHUONG I
Cap s6 nao sau diy khéng la nghidém ctia bat phwong trinh x — 2y > 59
A(3:=1). B.(—1:4). Co(2:=3). D.(l ;=2).

A i ~ 3 . il -3 3 \ = 2 d 4
Céap s0 nao sau day khong la nghi¢m cia he bat phuong trinh {?x T s
2x+ y>61

A =10, B.(7:1). Cl5 ;1. D. {6 :~12).

Phan khong bi gach (ké ca d) & Hinh 11 1a mién nghiém
cua bat phuong trinh:

A.2x—3y<—12. B.2x—3y>—12.
C.3x-2y<12. D.3x—2y>12. .

Phan khong bi gach (ké ca tia 4B, AC) & Hinh 12 1a mién Hinh 11
nghiem cua he bat phwrong trinh: VA

B
+2y22 +2y<2 \1
A x+2y B x+2y \
y2-1. y2-1. : et
9 =
2x+y<2 2x+y>12 c 7
B i D.
y>=1, y>—1.

“y

Hinh 12
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24. Gia tri nho nhat ctia biéu thirc F = — 2x + y trén mién nghiém ctia hé bat phwong
x= ypr=1
trinh {x+ y<4 la
X—5p<—2
A.-5. B.-7. C:1 D. 4.
25. Biéu dién mién nghiém ctia cac bat phuong trinh sau:
a)3x>12; b)2y<-5; c)2x—-y=>1; d)3x-2y<5.
26. Biéu dién mién nghiém cua cac hé bat phuong trinh sau:
il < ¥ ,::
x-3y<0 3x i_v_; x+§}_22
x+2y> +2y>-—
Q) {x+2y>-3 b) L D
x+ y<6 x—2y<2
X+ y<2;
X >z x—=2y=>-2.
3x% ¥ys9
. A .= < iy - - - - + 6 i
27. a) Bieu dien mién nghiem cua hé bat phurong trinh: x40y {3)0 (I
X Z
0<y<4

28.

29.

32

b) Tim x, v la nghiém ctia hé bat phuong trinh (I) sao cho F = 3x + 4y dat gia tri
1ém nhat,

Mot tran bong da duge tO chiic tai mot san van dong co surc chnra 40 000 nguot,
ban t6 chitc phat hanh hai loai vé la 400 000 dong va 200 000 dong. Do diéu kién
san daunén so luong vé co gia 400 000 khong 16n hon so huong vé co gia 200 000 dong.
Pé an toan phong dich, lién doan bong da yéu cau so lugng vé phat hanh khéng
duoc qua 30% siic chira cuia san. Dé t chite duoc tran dau thi s6 tién thu duoc
qua ban vé khong duge it hon 3 ti dong. Goi x, y 1an ot 14 s6 vé gia 400 000 dong
va 200 000 dE‘mg duoc ban ra.

a) Viét hé bat phuong trinh bac nhat hai an x, y dé biéu dién s6 vé mai loai dwoc
ban ra dam bao muc dich ciia ban to chite.

b) Chi ra hai nghiém ctia hé bat phwong trinh d6.

Mot xudng san xuat ban va ghé. Mot chiéc ban can 1,5 gio 1ap rap va 1 gio hoan

thién; mot chiéc ghé can 1 gi¢ lap rap va 2 gio hoan thién. Bo phan lap rép c6

3 nhan cong, bo phan hoan thién co 4 nhan cong. Biet thi truwong luon tieu thu het

san pham cua xuwong va lugng ghé tidu thu khong vuot qua 3,5 lan 56 ban.



a) Viét hé bat phuong trinh mo ta s6 lwong ban va ghé ma trong mét ngay phan
xuong co thé san xuat, biét mot nhan cong lam viéc khong qua 8 tieng méi ngay.

b) Biéu dién mién nghiém cuia hé bat phwrong trinh do.

¢) Biét mot chiéce ban 14 600 nghin dong, mot chiée ghe 1a1 450 nghin {iong Hoi

trong mot ngay, xuong can san xuat bao nhidu chiéc ban, bao nhiéu chiéc ghé

dé thu duoc tién 141 cao nhat?
¥y

30. Hinh 13m0 ta so d0 mét san khau gin voi hé 24l

truc toa d§ Oxy (don vi trén cac truc toa do \ dlkhinh phong T Ghéngdi / q, /
124

1a 1 mét). Phan thinh phong g101 han boi hai
dumlg thang d,, d,lavi tri ngoi cia khan gia
co thé nhm thay dan hop xuéng. Goi (x ; y) 1
toa d6 ngoi cua khan gia & thinh phong. Viét
hé bat phuong trinh bac nhat hai an x, y ma
khan gia c6 thé nhin thay dan hop xuong.

Man kes ~
Sin khau

Hinh 13

’ L1 GIAl - HUGNG DAN - DAP SO

§1 BAT PHUONG TRINH BAC NHAT HAI AN

1.C. 2.A. 3.B. 4.D. 5.A.
6. (—2:1)

7. a)\;’i_ :

L=y

"0

8. ay>2. b)x<1. c)x+2y>-12
9. a)5x+10y<45hayx+2y<09. b) (4 ;2).
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§2 HE BAT PHUONG TRINH BAC NHAT HAI AN

10.B. 11.C. 12.D. 13.A. 14.B.
15. O méi y, mién nghiém 1a phan khéng bi gach.

16.

i i 8

18.

19.
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a) Mién‘nghiém cia hé bat phuong trinh (IID)
la mien tir giac ABCD va1 A(1 ; 0), B(1 ; 4),
C(2;3), D(4 ; 0) (Hinh 14).

b) F dat gia tri 1on nhat bing 31 tai x = 1, y = 4,
F dat gia tri nho nhit bang 3 taix=1, y=0.

X—y

e
y
y

Goi x, v lan luot la s6 tien anh Trung dau tu cho
hai khoan X va Y (don vi: triéu dong).
x+y <400
Ta co hé bat phwong trinh; {x 2100
e
Mién nghiém cua hé la mién tam giac ABC véi
A(100 ; 100), B(100 ;, 300), C(200 ; 200) (Hinh 15).

~100

oo —— '.40&3?5

Hinh 15

Goi x, y lan luot 1a 56 4o vest va quan du phan xuéng can may (x = 0, y = 0,
x, v € Z). Tien lai thu duge T = 350x + 100y (nghin dong).

2x+1,5y <900
20x+5y <6 000
Ta c6 hé bat phwong frinh: { x < y < 2x

x>0

v 20.




20. B. 21.A. 22.A. 23.B. 24.A.

25.
26.
27.

28.

29.

30.

Mlen nghiém cia hé bat phuong trinh trén la
mien hr giac OABC vai O(0 ; 0), A(180 ; 360),
B(225 ;,300), C(240 ; 240) (Hinh 16).

Ta dugc T dat gia tri 1on nhat khi x = 225, y = 300
ung voi toa do dinh B.

Vay d thu duuc tién 14 cao nhat tln phan xuéng
can may 225 chiéc 4o vest va 300 quan au.

BAI TAP CUOI CHUONG i

Hoc sinh tur lam.
Hoc sinh tu lam.

a) Mién nghiém la ngii giac OABCD (Hinh 17).
b) F dat gia tri 1on nhat bang 24 tai x =4, y = 3.

;\

4 &:‘"\&\\x

[ x+y<12 000 SORNNGY
2x+y 215000 Hinh 17
a) { x-y<0 b) (5 000 ; 6 000), (3 000 ; 9 000).
% >0
yz0.

a) Goi x, y lan luot 1a 50 ban, so ghe
ma xuong san xuat trong mot ngay
(x=0,y=0.x,y e Z). Tacohe:
(1,5x+ y<24
x+2y<32
$3,5x— y=20
x >0
! y20.
b) Mién nghiém ctia hé 1a tir giac OABC (Hinh 18).
c) be ﬂlq duqf: tien lai cao nhat thi mét ngay, xudng sé‘m xuat 8 chiéc ban va
12 chiéc ghe. K do tién 1a1 mo1 ngay la 10 200 000 dong.
2x—y<24
2x+y>—24
10<y<22.




@112 HAM SO VA DO THI
111

S_—

§1 HAM SO VA PO THI

A. KIEN THUC CAN NHO
1. Pinh nghia

Néu voi moi gm tr1 cua x thugc tap hOpD (D c R, D khac @) co mot va chi mot gia
tri tuong umg cia y thudce tap hop so thue R thi ta c6 mot ham sé.

2. Tap xac dinh

Tép xdc dinh cia ham s6 y = £ (x) 1a tap hop tit ca cac so thue x sao cho biéu thirc
f(x) conghia.

3. Tap gia tri

Tdp gid tri cia ham s6 vy = £(x) la tap hop tat ca cac gia tri y tuong tmg voi bién s6
x thay ddi trong tap xac dinh D.

4. Do thi va su bién thién

Do thi ctia ham s6 y = f (x) xac dinh trén tap hop D la tap hop tat ca cac diém
M(x . f(x)) trong mat phang toa do Oxy va1 moi x thuoe D.

Dinhnghia | Béngbiénthién | DS thi minh hoa
Ham s6 £ (x) Vx,, x, €(a; b), 1
dong bien ) x |a b
trén (a ; b) X <X f&| —
= f(x) < f(x,). o a b
Ham s0/(¥) | vx. x, €(a;b), |
nghich bien ) b
trén (a ; b) % S =<
’ @] T
=% Flx) = (2 o a E; 3
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B. ViDy
Vin dé 1. Xiic dinh ham so
Phirong phap: Van dung dinh nghia
Vi du I | Theo Quyét dinh sb 648/QD-BCT ngay 20/3/2019 ciia Bé Cong Thuong,
gia ban 1¢é dién sinh hoat tirngay 20/3/2019 sé dao dong trong khoang tir 1 678 dong

dén 2 927 d{fmg mgj kWh tuy bac thang. Dud1 day la bang gia ban le dién sinh hoat
(chura bao gom thue VAT):

Miic sit dung dién trong thing (KWh) DPon gia (dl‘?ingikWh)
—Bac 1: Cho kWh tir 0 — 50 1678
—Bac 2: Cho kWh tir 51 — 100 1734
—Bac 3: Cho kWh tir 101 — 200 2014
—Bac 4: Cho kWh tir 201 — 300 2 536
—Bac 5: Cho kWh tir 301 — 400 2834
—Bac 6: Cho kWh tir 401 — 500 2 927

a) SO tién phai tra y {déng) (chira bao gém thué VAT) co phéu' 14 ham s6 cua s6 dién
tieu thu x (kWh) khong? Giai thich. Néu ding, hiy xac dinh nhimg cong thirc
tinh ham so y theo bién x.

b) Mirc su dung dién trong thang co phai la ham s0 ctia don gia tién dién (chua bao
gom thue VAT) khong? Giai thich.

¢) Tinh s6 tién ma gia dinh ban Dwong phai tra khi tiéu thu hét 350 kWh trong mot
thang. Biét thué VAT la 10%.

Giai

a) Vi méi so dién tiéu thu x (kWh) chi ¢6 mét gia tn twong umg cua sO tien Phﬂl tra
y (dong) nén so tién phai tra y (dong) (chwa bao gom thué VAT) 1a ham s6 ciia s6
dlen fieu thu x (kWh).

+Néu 0 <x <50 thi y=1 678x.
+Néu 51 <x<100thi y=1678 .50+ 1 734(x — 50) = 1 734x — 2 800.
+Néu 101 < x <200 thi
y=1678.50+1734.50+2014(x — 100) =2 014x — 30 800.
+Néu 201 < x <300 thi
y=1678.50+1734.50+2014.100+ 2 536(x —200) = 2 536x — 135 200.
+Néu 301 < x <400 thi
y=1678.50+1734.50+2014.100+2536. 100+ 2 834(x — 300)
=2 834x — 224 600.
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+ Néu 401 < x < 500 thi
y=1678.50+1734.50+2014.100+ 2 536.100+ 2834 . 100 +2 927(x —400)
=2 927x—261 800.

Suy ra ta co:
1678x nfu 0<x<50
1 734x—2 800 néu 51<x<100

2 014x-30 800 néu 101 < x €200
2536x-135200  néu201 <x <300
2 834x-224600  néu 301 <x <400
2927x-261800  néu401 <x < 500.

b) Mirc st dung dién trong thang khong phai la ham s6 cua don gia tien dién (chua
bao gom thue VAT) vi co hai gja tr1 cuia mrc sir dung dién trong thang la 48 kWh,
49 kWh tuong tmg voi don gia tién dién (chua bao gom thué VAT) 1a 1 678 dong.

c) S6 1:1611 ma gia dinh ban Duong phai tra khi tiéu thu hét 350 kWh (bao gom ca
thué VAT) la: (2 834 . 350 — 224 600) . 110% = 844 030 (dong).

Vin dé 2. Tim tap xac dinh ctia ham $0

Phirong phap: Van dung mét s6 dieu kién xac dinh ctia biéu thic:

fEx; xac dinh khi g(x)#0; /f(x) xacdinhkhi f(x)=0;
g(x

JF@) £ \[g(x), f(x) . Jg(x) xac dinhkhi f(x)20 va g(x)=0;

S xac dinh klu g(x)# 0 va gt )
2(x) g(‘c)

Vidu2 | Cho ham s6 H(x) 2{0 n:‘:ux =
1 neux > 0.
a) Tim tap xac dinh cua ham $O trén.
b) Tinh gia trj ciia ham s6 khi x=—1;x=0; x=2 021.
Giai
a) Biéu thitc ham s6 ¢6 nghia khi x < 0 va x > 0 nén tap xac dinh cua ham s6 la R.
b)H(-1)=0,H(0)=1,H2021)=1.

Chai y: Ham 5O H(r) (ham Heaviside, con goi 1a ham bude don v1 do Oliver Heaviside
phat trién va st dung ham so nay nhar mot cong cu trong viéc phan tich cac thong
tin lién lac dién bao, ki hieu ham nay la 1) la ham so dwgc ung dung trong tin hoc.
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Vi dy 3 | Tim tap xac dinh D cta cac ham so6 sau day:

3x+1
2) ‘v:2f+5: b) y=.- 1-2x; c) y=+/6-2x+3x-2.
X

Giai
3x+1
2x-5

b)Him]sé y =4/ 1-2x xac dinhkhi — 1—2120':::».':5_71. VﬁyD:[— 00 ; _Tl}

: . . 5 . 5
a) Ham so v = xac dinhklu 2x—-5#£0 < x# > Vay D = R\{E}

x<3

¢)Hams6 v = /6 - 2x ++/3x—2 xac dinh khi

{6—2120
2

VayD=|—:3]|.

o [3 ]

=
Jx~22>0 :rzg.

Vin dé 3. Do thi ciia ham s6

Phirong phap: Van dung: Diém M(a ; b) thuoc do6 thi ham s6 y= f(x) khi va chi

khi b = f(a).

Vi du 4 | Quan sat do thi ham s6 v = f(x) & Hinh 1.

a) Chi ra toa do giao diém cua do tha vor truc hoanh va
fruc tung.

b) Piém co toa d6 (— 1 ; 4) va (2 ; 3) ¢d thude do thi ham s6
hay khong?

Giai

a) Giao diém ctia do thi ham s0 véi truc hoanh 1a diém c6 Hinh I
toa do (—2;0)va (1 ;0), giao diém cua do thi ham so vdi truc tung la diém co
toa do (0 ; 2).

b) Biem cd toa d6 (— 1 ; 4) thude do thi ham s6 va diém co toa do (2 ; 3) khong thuoe
do tha ham so.

¥

Vidu 5/ Chohamso y= f(x)=2x-1.

a) Diém nao trong cac diém sau thuoe do thi ham so trén:

A(-1;0); B(1;0);C(5;3)?
b) Tim diém thude d6 thi ham s6 trén ¢6 hoanh d6 bang 2 022,
¢) Tim diém thuoc do tha ham s0 trén ¢co tung do bé'mg 2,
d) Do thi ham sO trén co cit truc tung, truc hoanh khong? Néu co, hdy xac dinh toa

do giao diem.
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Giai
a) A(- 1 ; 0) khong thudc do thi ham s6 vi véi x = — 1 thi gia tri ciia y=+/2x-1
khong ton tai.

B(1 ; 0) khéng thudc do thi ham s6 vi voix=1thi y=,2 1-1=120.
C(5 ; 3) thude dd thi ham s vi voix =5 thi y=42.5-1=3.

b) Vi x=2022 thi y=,/2.2022-1=/4043.
Vay diém co toa do (2 022 ; \(m ) thudc do thi ham so.

» : ; o (Y . -
c) Vo1 y=2 thita co: 2x — 1 =4 hay x=—. Vay diem co toa do [E : 2) thuge do
thi ham s6. R 2
d) Vi x = 0 thi ham s6 khéng xac dinh nén dé thi ham s6 khéng cat truc tung.

- " - ]- - . - A o ~ . ¥ - "
Voiy=0thitaco:2x—1=0 hay x= 7" Vay giao diém cua do thi ham so voi

truc hoanh c¢o toa do la [% 3 0].

_ M Oneux <0
Vidu 6 | Cho ham so H(x) :{l i 0.
a) Piém nao trong cac diém sau thude do th1 ham s0 trén:
A(0;0),B(—1;0),C(2021;0),D(2022;1).
b) Chi ra hai diém thude d6 thi ham s6 trén c6 tung do bang 1.
¢) Chi ra diém thudc do thi ¢é hoanh d bing — 2 022.
Giai
a) Cac diem B(—1;0); D(2 022 ; 1) thudc do thi ham so.
b)Voaiy=1thitachonx=2>0vax=3>0.
Khi d6 ta co hai diém co toa dola (2 ; 1) va (3 ; 1) thudc do thi ham so.
c)Vorx=-2022 <0 thi y=0. Kln d6 ta co diém co toa do (— 2 022 ; 0) thudc
do tha ham so.
Vin dé 4. Su bién thién ham s6
Phirong phap: Stt dung khai niém va bang bién thién mé ta s déng bién va nghich
bién cua ham so.

Vidu 7 | Cho bang bién thidn ciia ham s6 y = £(x) nhu sau:

O 5

40



a) Tim khoang dong bién, nghich bién ctia ham s6 y = £ ().
b) Sosanh f(—2 021) vaf(— 1), f(1) va f(\ﬁ).
Giai
a) Ham s6 y = f(x) dong bién trén khoang (0 ; 2).
Ham s0 y = f (x) nghich bién trén cac khoang (— « ; 0) va (2; + «).
b) Vi ham s6 v = £ (x) nghich bién trén khoang (— = ; 0) nén voi —2 021 <—1 ta co:
f(=2021) >£(-1).
Vi ham s6 y = 7(x) déng bién trén khoang (0 ; 2), nénvéi 1 <~f3taco: £(1) < £(+/3).

Vi du 8 | Quan sat d6 thi ham s6 y = £ (x) & Hinh 2.
a) Chi ra khoang dong bién, khoang nghich bién ctia Y
ham so da cho.
b) So sanh (- 0,5) va f(— 0,25).
Giai
a) Ham so dong bién trén cac khoang (— = ; — 2) va
(0 ; + o0).
Ham s6 nghich bién trén khoang (-2 ; 0).
b) Vi ham so6 nghich bién trén khoang (- 2 ; 0) nén
vol— 0,5 <-0,25 ta co: f(—0,5) > f(-0,25).

Vin dé 5. iI'ng dung

[B]

=y

Vidu 9 | Hinh 3 cho biét bang gia cude cua mot hang taxi (da bao gom thué VAT).

(QEANG DUONG 0<x<0,7 0.7<x<30 x>30
x (km)
GIA CUGC 10 500 déng 14 800 déng/1 km | 12 200 déng/1 km
Hinh 3

a) Néu goi y (dﬁng) la s6 tién phai tra thi y co phai 1a ham s6 cia quing dwong x (km)
khong? Néu phai, hdy xac dinh cong thire tinh y.
b) Quing duong x (km) co phai la ham s6 cua so tién phai tra y (dong) khong?
Giai thich.
¢) Tinh s6 tién phai tra khi di taxi hing trén voi quing duong 15 km; 40 km.
Giai
a) Voi mdi x (km) quéang duong di taxi chi co mot gia tri trong tmg ctia s6 tién phai
tra v (dong) nen y la ham so cua x.
10 500 nfu 0<x<0,7
vy=<10 500+14 800(x—0,7) néu 0,7 <x <30
10 500+14 800(30—-0,7)+12 200(x—30) néu x> 30
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10 500 néu0<x<0,7

hay y=414800x+ 140 néu0,7<x<30

12 200x + 78 140 néu x> 30.

b) S6 chi quang duong x khong phai la ham s0 cua soO tién phai tra y vi co 2 gia tni

ctia 56 chi quang dwong 1a 0,3 km va 0,4 km déu trong tmg vai so tién 10 500 dong.

¢) Vi x =15 thi y =14 800 . 15 + 140 = 222 140. S6 tién phai tra khi di taxi véi
quing duong 15 km 1a 222 140 dong.

Vi x =40 thi y =12 200 . 40 + 78 140 = 566 140. So6 tién phai tra khi di taxi véi
quing duong 40 km la 566 140 dong.

C.BAITAP

:
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Trong cac cong thirc sau, ¢ong thirc nao khong biéu dién y 1a ham s6 cia x?

5 1 T
A x+2y=3. B. y=+vx —2x. C.y=—. D.x+y =4

x

Cho d6 thi ham s6 y = £ (x) & Hinh 4. Phat biéu nao
sau day la dung?
A. Do thi ham s6 cat truc hoanh tai diém c6 hoanh d6
bang 1.
B. D6 thi ham sb cat truc tung tai diém co tung do
bang — 1.
C. Ham s6 dong bién trén khoang (- 1 ; + o),

=y

|3 o

nghich bién trén khoang (— = ; — 1).
D. Ham s6 dong bién trén R.

Tim tap xac dinh ciia m6i ham s0 sau: Hinh 4
Dy=—Ftde=l, Byt O y=a
: : 3x+1
1 2x+3 x-1 néux>0
d)yy= -N3-x; &) y=—a——; y= ,
). 2x-1 ). ¥ +3x-4 8. {5x+1 neux <—1.

—x+1 néux<0
Cho ham so: f(x)=40 néux =0
1 néux > 0.
a) Tim tap xac dinh ctia ham $O trén.
b) Tinh gia fr1 ciia ham sokhix=—2:x=0,x=2021.



Quan sat d6 thi ham s6 y =7 (x) 0 Hinh 5. VA

a) Trong cac diem pé toa do (1 3 23000223,
diém nao thudc do thi ham so, diem nao khong
thuoc do thi ham $6? 1

b) Xac dinh £(0); £(3).

= >
¢) Tim diém thude do thi ham s6 ¢6 tung do bang 1. o 1}: 5 '
Cho bang bién thién ham s6 y = £(x) nhu sau:

- < | I 1 3 B0

y [T

\?//’76\_00

a) Tim khoang dong bién, khoang nghich bién ctia ham s6 y = £(x).
b) So sanh f(—2 021) vaf(= 1); £(/3) vaf(2).

: =2 g oA ox N :
Cho ham s6 y = —. Clnimg t6 ham s6 da cho dong bién tren cac khoang (-« ; 0)
X

va (0 ; + =0).

Mot nhan vien ban hang s€ nhan dirge mot mre Iwong co ban la 5 trieu déng mol
thang va mot khoan hoa hong 1a 5% néu tong doanh so trén 10 triéu dong trong
thang. Ngoai ra, néu doanh so ban hang hang thang la 20 triéu dong hoac nhiéu
hon thi nhan vién ban hang nhan duoc thém tién thuong la 500 nghin dong.

a) Hay biéu dién thu nhdp hang thang ctia nhan vién d6 bang mot ham s6 theo
doanh so ban hang.

b) Néu doanh so trong 1 thang ctia nhan vién d6 la 30 triéu dong thi nhan vién do
s€ nhan dugc bao nhiéu tién lwong?

go HAM S6 BAC HAI. DO THI HAM SO BAC HAI
~ VA UNG DUNG

A. KIEN THUC CAN NHO

1. Ham s6 bac hai

Ham 56 béc hai la ham 50 duoc cho béng biéu thite ¢o dang y = ax’+ bx + ¢, trong
do a. b, ¢ la nhitng hang s0 va a khac 0. Tap xac dinh cua ham so la R.
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2. Do thi ham s6 bac hai

D6 thi ham s6 bée hai vy = ax” + bx + ¢ (a # 0) la mot duong parabol cé dinh la diém

. " b L T Ty :
vol toa d6 | — — ; — — | va truc doi xuing la duong thang x:—i.
2a da 2a

Nhdn xét: Cho ham s f(x) = ax*+ bx + ¢ (a # 0), ta co: — 43 = f{;—b)
44 il

B.ViDU

Vin dé 1. Xac dinh cong thitc ham s6 bic hai
Phirong phap: St dung kién thire dd néu va diém M (x, ; v,) thudc do thi ham so
y=ax*+ bx + ¢néu y, = ax; +bx, +c.

Vidu 1/ Mot cong ty san xuat mét san pham ban cho cac dai li ban 1é trén toan
quoc. Bo phén tai chinh ctia cong ty dura ra ham gia ban p(x) = 948 — 40x (trong d6
p(x) (triéu dong) la gia ban l1é méi san pham ma tai gia ban nay x san pham dugc ban).
Tim ham doanh thu.

Giai
Ham doanh thu R(x) = xp(x) = — 40x- + 948x.
Vidu 2 | Xac dinh parabol co dinh X(1 ; 2) va di qua diem M(0 ; 3).
Giai
Goi ham s6 bac hai cé parabol thoad mén dé bai 1a y = ax” + bx + ¢ (a # 0).
Parabol di qua M(0 ; 3) nén ta c¢o: 0°a+ 0b+ ¢ =3. Do do, c =3.

e 1 b=—2a a=1
Parabol co dinh I(1 ; 2) nén ta co: T < o
a+b=-1
a+b+3=2
Vay parabol can timla y =x* — 2x + 3.
Chui y: Gia thiét parabol co dinh (1 ; 2) trong bai tap cé thé thay bang mét s6 cach
phat biéu sau day:
+ Parabol co truc doi ximg x = 1 va di qua diém (1 ; 2).
+ Parabol co truc doi xuimg x = 1 va tung do ctia diém thap nhat bang 2.
+ Parabol di qua diém /(1 ; 2) va tung d6 ctia diém thap nhat bing 2.
+ Parabol ¢6 truc doi ximg x = 1 va ¢6 tung d6 dinh 1a 2.

44



Van dé 2. Su bién thién ciia ham s6 bac hai

Phirong phdp: Ap dung bang bién thién ctia ham so6 bac hai y = ax* + bx + ¢:

a>0 a<(
b b

x |- - — + @ ¥ |- e + o
2a 2a

+ o0 + o0 _i
y K\\“h*__jg_,////' v ///’/’ 4a \h“xxt
4a — o0

— o
Vidu 3 | Cho ham s6 y =f(x) = 2x> + 4x — 2.
a) Lap bang bién thién ciia ham s6 y = £(x).
b) Xac dinh khoang dong bién va khoang nghich bién cia ham s6 trén.
a)Tacd:a=2>{},b:4,—i:—l.V€1y + ® +

2a y \ i /

ta 6 bang bién thién ctia ham s6 y =£(x)
o Hinh 6. Hinh 6

b) Ham s déng bién trénkhoang (- 1 ; + %) vanghich bién trénkhoang (- » ; - 1).

Vin dé 3. D6 thi ham s6 bic hai (parabol)

Phirong phdp: D& v& d6 thi ham s6 y = ax™ -+ bx + ¢ (a = 0), can xac dinh toa do
= b ﬂ i - ’ ' A A - 2 - + A
dinh: (— —a —); vé truc do1 ximg x = — i', xac dinh mot so diem dac biet,

2a 4a 2a
ching han: giao diém véi truc tung (co toa do (0 ; ¢)) va truc hoanh (néu co),

diém doi ximg voi diém o toa d6 (0 ; ¢) qua truc doi ximg x = - =
a

Chii y: Néu a > 0 thi parabol co6 bé 16m quay lén trén, néu a < 0 thi parabol ¢
be 16m quay xuong duoi.

Vi dy 4 | Lap bang bién thién va v& d6 thi ham s6 y=x" —4x + 5.

Giai 5 - 5 e

Tacé:a=1>0,b=—4,—7)—=2. + ® + o0
: ~a 2

Vay ta co bang bien thién cua ham so Y \ 1 /

y=x'—4x+5&Hinh 7. =
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—Toa do dinh /(2 ; 1).

—Fic déi xiung x = 2.

— Giao diém ctia parabol vai truc tung 1a 4(0 ; 3).

— Piém doi ximg voi diém 4 qua true doi ximg x =2
laB(4;5).

— Piém co toa do (1 ; 2) va (3 ; 2) thude parabol.

D0 thi ham s6 y = x*— 4x + 5 dwoc vE & Hinh 8.

Vidu 5 | Cho ham s6 y = ax”+ bx + ¢ ¢6 do thi &
Hinh 9. Xac dinh dau cua a. b va c.
Giai
Parabol huwéng bé 16m 1én trénnén a >0 .

Parabol cit truc tung tai diém (0 ; ¢) nam phia trén
truc hoanh nén ¢ > 0.

Pinh nam bén phai truc tung nén hoanh do dinh

dwong hay :2_b>(}.Doa>0nénb<{}_
a

Vaya>0,b<0vac>0.

Vin dé 4. Ung dung

Vidu 6 / Tai mot buoi khai treong, ngudi ta lam
mot cong chao co dwong vién trong ctia mat cat 1a
duong pa:abal Nguoi ta do khoang cach giira hai
chan cong 1a 4,5 m. Tir mot diém trén than cong
ngudi ta do duoc khoang cach toi mat dat (diém H)
la 1.8 m va khoang cach tir diem H toi chﬁn cong
gan nhat la 1 m. Hay tinh chiéu cao cua cong chao
do (tinh theo duong vién trong) theo don vi mét va
lam tron két qua dén hang phan muoi.

Giai

Chon hé truc toa do sao chp gé}c toa do O _tn'mg mot
chan ctia cong, truc hoanh nam trén dwong noi hai chan
cong (don vi trén cac truc tinh theo mét) (Hinh 10).
Goi ham s6 bac hai ¢ do thi chira duong vién trong
ctia cong chao trénla y = ax>+ bx + c.

Tir gia thiét bai toan ta c6 do thi ham s6 di qua cac
diem O(0 ; 0), 4(4,5 ; 0), B(1 ; 1.8).
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Thay toa d6 cac diém trén vao ham so, ta duoc ¢ = 0 va hé phuong trinh:

- 18
4,5°a+4,5p=0 |?~ 35 18 . 81
= ok 2, ol
{12a+1b:1,8 b:ﬂ, Suy ra ta co ham so: y= 35 x +35x.
35 ]

R R, L R R e TG T ... —18 (9) 81 9
Tur do, dinh cua do thi ham s6 trén co tung do la T +§ . Zm 2.6
Viay chiéu cao ciia cong 1a khoang 2,6 m. N
C. BAITAP
9. Trong cac ham so6 sau, ham s6 nao khéng la ham so bac hai?

Ay=—x+4x+2. B. y=x(2x + 5x—1).
C.y=-3x(6x—-8). By — x + 6x.
10. Cho ham s6 f(x) = 2x* + 8x + 8. Phat biéu nao sau day la dtng?

11.

12.

13.

14.

A. Ham b déng bién trénkhoang (- 4 ; + =), nghichbiéntrénkhoang (- « ; — 4).
B. Ham s6 dong bién trénkhoang (— 2 ; + =), nghichbién trénkhoang (— = ; — 2).
C. Ham s dong bién trénkhoang (— o ; — 2), nghichbiéntrénkhoang (- 2 ; + «).
D. Hamso démg biéntrénkhoéng (. — 4), nghichbiénh‘énkhoéng (—4;+ o).
Xac dinh a, b, c lan luot la-hé s6 cua x°, hé so0 cua x va hé 50 tw do cua cac
ham s0 bac hai sau:

a)f(x)=x-x-9, b)f(x)=x-7. ¢) f(x)=—2x"+ 8x.

B6 ban Lan g 10 tridu dong vao mot ngan hang vai 14i suat x%/thang. Biét
rang néu khong mt tién ra khéi ngan hang thi ¢t san moi thang, so tién 14i s&
dugc nhip véi von ban dau dé tinh 14 cho thang tiép theo. Tinh s6 tién ca von
va la1 ma bo ban Lan co duge sau klu g tiet kiem 2 thang?
Xac dinh parabol y = ax” — bx + 1 frong mo1 trirong hop sau:
a) Bi qua hai diem M(1 ; —2) va N(- 2 ; 19).

b) Codinhla I(-2 ; 37).

¢) C6 truc doi xumg la x=— 1 va tung d6 ctia dinh bang 5. /

VA

V& d6 thi ctia mdi ham so sau:
1 [
a)y=23r—4x+2; b y=—2"-2x—1. /O ' \ X
. Cho ham s6 y = ax® + bx + ¢ ¢o do thi & Hinh 11.

Xac dinh dau a, b. c. Hinh 11
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16. Néu khoang dong bién, khoang nghich bién ciia méi ham s6 sau:

a) y=4x"+6x-5, b)y=—3x"+10x-4.

17. Xac dinh ham s6 bac hai biét hé s6 tw do ¢ = 2 va bang bién thién tuong mg trong
moi trueong hop sau:
a) b)

+ x |- 2 + o0
+ o 3

y m\_z/ 8 . .

18. Xac dinh ham s6 bac hai biét do thi twong vmg trong méi Hinh 12a, 12b:

VA

X

|
--_.‘__..'.ii
I
p—
Q
=y

Hinh 12

19. Trong mot cong trinh, ngurol ta xay dung mot
cong ra vao hinh parabol (minh hoa & Hinh 13)
sao cho khoang cach giita hai chan cong BC la
9 m. Tir mot diém M trén than cong nguoi ta do

dwuge khoang cach toi mat dat 1a MK = 1,6 m
va khoang cach tir K téi chan cong gan nhat la _| F
BK = 0,5 m. Tinh chiéu cao ctia cong theo don vi

mét (lam tron két qua dén hang phan muoi). Hinh 13

§3 DAU CUA TAM THUC BAC HAI

A. KIEN THUC CAN NHO

Pinh li vé diu caa tam thirc bac hai:

Cho tam thnic bac hai £(x) = ax* + bx + ¢ (a = 0), A =b* - 4ac.
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+ Néu A < 0 thi £(x) cing dau v6i hé s6 @ véi moi x € R.
+ Néu A =0 thi £(x) cting dau véi hé s6 @ véi moi x € R\{j}_

2a
+Néu A > 0 thi £(x) ¢o hai nghiém x;, x, (% <x,). Khi do:
F(x) cing dau voi hé s6 @ voi moi x thude cac khoang (— o ; x;) va (x, ; + ).
7 () trai dau vai hé s6 a véi moi x thude khoang (x, ; x,).
Nhdn xét: Trong dinh li, co the thay biét thuwe A = b* - dac bé‘mg biét thare thu gon
A'=(b") —ac voi b=2b".

B.ViDU

Van deé 1. Xét diu tam thirc bac hai

Phirong phap: St dung dinh li vé dau cuia tam thite bac hai
Vi du I | Lap bang xét dau ctia moi tam thie bac hai sau;

Af@=x>-—x-2; b f(x)=—3x +x—4; O) f(x)=4x>+12x + 9.
Giai
a) f(x) =x>—x—2 cohainghiémla x,=- L x, =2 vacohésda=1>0.

Ta c6 bang xét dau cua £ (x) nhu sau:

x |-» R 2 + 0
/@ <l Tl ot

b) f(x) =—3x*+x—4 vonghiém va cohé sé a=—3 < 0.

Ta ¢6 bang xét dau ctia £ (x) nhur sau:

S — oo + o
f(x) -
¢) f(x) = 4x* + 12x + 9 co nghidm kép x, = —— vacohésda=4>0.

Ta ¢o bang xét dau ctia £ (x) nhu sau:

-3
2
0

f(x) -
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Vi du 2 | Tim nghiém va lap bang xét dau ciia tam thitc bac hai £(x) tmg véi do thi

ham s6 v = f(x) dugc cho & mdi Hinh 14a, 14b, 14c.

VA Vi \i_v
1 1 " |

]
f t : > + o 1 3
-2 of 1 «x il

-

c)

dau cua £(x) 1a;

a b)
Hinh 14
a) T do thi Hinh 14a ta ¢ nghidm cnia tam thirc bac hai £ (x) 1a x = — 2. Bang xét
dau cua f(x) la:
R — -2 + o
J () i+ 0 +
b) Ttr d6 thi Hinh 14b ta c6 tam thirc bac hai £(x) vo nghidm. Bang xét
X | -m» +®
f(x) -

¢) Tir d6 thi Hinh 14c ta co tam thirc bac hai £(x) c6 hai nghiém 1a x, =1 va x, =3,

Bang xét dau cia £ (x) 1a:

X — o0 1 3 + @0

&) + 0 - 0 o+

Vidu 3 | Tim m @ tam thic £ (x) = x°— 2x + m — 12 nhan gia tri duong véi moi

xe R
Giai
Xét tam thirc bac hai £(x) =x* —2x+m — 12 co hé sba=1>0.

f(x)>0voimoixe Rkli A'<0=1-(m-12) <0< m>13.

Vay vol m > 13 thi tam thare £(x) nhan gia tr1 duong voi moi x € R.
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Vidu 4] Vi gia tri nao ctia tham sé m thi ham sé v=vx>—4x+3m—2 ¢6 tap
xac dinh la R?
Giai

Xét tam thire f(x) =x" —4x+3m—2cohé sd6a=1>0.

Ham s6 y=x> —4x+3m—2 c6 tap xac dinh 12 R khi tam thirc £ (x) nhan gia tri
khong am vol moi x € R.

Taco f(x)Z0voimoixe RkhA'S04-Bm-2)<0=m=2.

Vay vi m > 2 thi ham s6 y = Vx? — 4x+3m — 2 ¢6 tap xac dinh 1a R.

Vén dé 2. lTng dung

Vidu 5 | Mot cong ty du lich théng bao gia tién cho chuyén di tham quan ciia mot
nhom khach du lich nhu sau:

20 khach dau tién c6 gia la 30 USD/nguoi. Néu co nhiéu hon 20 nguoi ding ki thi
cu co thém 1 nguon, gia ve sé giam 1 USD/nguoi cho toan bo hanh khach.

a) Goi x 1a s6 luong khach tir nguoi thir 21 tré 1én ctia nhém. Biéu thi doanh thu
theo x.

b) S6 nguai tir nguoi thir 21 trd 1én ciia nhom khach du lich trong khoang bao nhiéu
tha cong ty co la1? Biet rang chi phi cua chuyen di la 400 USD.

Giai

a) Neu ¢ thém x nguai thi so khach1a 20 +x. Vi e c6 them 1 nguoi, gia vé s giam
1 USD/nguor cho toan bo hanh khach, khi do gia veé cua mo1 ngwoi la 30 —x.
Theo do, doanh thula (20 + x)(30 —x) = —x~+ 10x + 600.

b) Loi nhuan cong ty la (20 + x)(30 —x) — 400 = —x~+ 10x + 200.
Xét tam thitc £(x) =— x>+ 10x+ 200, ta thay f(x) cd hai nghiémla x, = - 10, x, = 20.

Ap dung dinh Ii vé dau cta tam thire bac hai, ta co bang xet dau sau:

B — o -10 20 4+ o

™l - o + o -

Cong ty lai khi f(x) >0, firc la— 10 <x < 20. Vix >0 nénta co: 0 <x < 20.
Vay s6 khach tir nguoi thir 21 trd 18n ¢6 it hon 20 nguoi thi cong ty co 14i.
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C. BAITAP

20.

21.

22.

23.

24,

26.

27.

52

Trong cac phat biéu sau, phat biéu nao sai?
A.x’—x—-2>0khivachikhi xe(- o ;- Du(2;+ »).
B.x’—x—2<0khivachikhi xe[-1;2].
C.x*—x—2<0khivachikhi xe(-1;2).
D.x>*-x-2>0khivachikhi xe(— ® ;- 1)u(2;+ «).
Cho ham s6 y = £(x) c¢o d6 thi & Hinh 15. vA
Trong cac phat biéu sau, phat biéu nao sai?
A.f(x)<0klivachikln xe(1;3).

B.f(x) <0khivachikli xe (- o ;1JU]3 ; + ). LT
C.f(x)>0khivachikln xe(l; 3). ol 7 ‘ : >
D. f(x) > 0 khi va chi khi x€[1; 3].

Cho tam thite béc hai £ (x) = ax°+ bx + ¢ (a # 0).

Trong cac phat biéu sau, phat biéu nao ding? PR

Afx)<Ovoimoixklnvachikhia<0vaA<0.

B.f(x) <0voimoi x khivachi khia<0vaA<D0.

C.f(x)<0voimoi xkhivachikhia>0vaA<0.
D.f(x)<0voimoixklivachiklhne>0vaA<0.

Lap bang xeét dau méi tam tharc bac hai sau:

A f(x)=3x"-Tx+4;, b fE)=25x+10x+1, c)f(x)=3x"-2x+8;
DfE=—2x"+x+3; e)f(x)=-3x"+6x-3; gf(x)=—5%"+2x-4.
Tim m dé tam thitc £ (x) = — x* — 2x + m — 12 khong duwong véi moi x € R.

. V6i gi4 tri nao ciia tham s6 m thi ham s y = V2x° — Sx+3m—2 ¢6 tap xac dinh

la R?
1

\/x: —Adx+6m-1

Tim tat ca cac gia tr1 cua m dé ham so y= co tapxac dinhla R.
B6 phan nghién ctru thi trwong clia mét xi nghiép xac dinh tong chi phi dé san
xuat Q san pham la O° + 2000 + 180 000 (nghin dong). Gia sit gia mdi san pham
ban ra thy truong la 1 300 nghin dong.



a) Xac dinh loi nhuan xi nghiép thu dirge sau khi ban hét O san pham do, biét
rang 1oi nhuan 1a hiéu cia doanh thu tnir di tong chi phi dé san xuat.

b) Xi nghiép can san xuat bao nhidu san pham dé khong bi 16? Biét rang cac
san phﬁm duroc san xuat ra déu ban heét.

S4 BAT PHUONG TRINH BAC HAI MOT AN

A. KIEN THUC CAN NHG

1. Bat phuong trinh bic hai mét an

Bat phuong trinh bac hai 4n x 1a bat phwong trinh ¢6 mot trong cac dang sau;
ax-+bx+c<0,ax+bx+c¢<0ax +bx+c>0,ax +bx+¢>0,

trong do a, b, ¢ la cac s6 thue da cho, a # 0.
2. Giai bat phueng trinh bic hai mét an
Giai bat phuong trinh bac hai (mot an) ¢6 dang £(x) > 0 (f(x) = ax* + bx + ¢):
Cach 1. St dung dinh 1i vé diu cia tam thire bac hai
Birée 1: Xac dinh dau cia hé s6 a va tim nghiém cia £ (x) (néu co).

Burée 2: St dung dinh li vé dau ciia tam thire bac hai @ tim tap hop nhiing gia tri
cua x sao cho f(x) mang dau ““+”.

Cach 2. Stt dung do thi

Dua vao parabol y = ax” + bx + ¢, ta tim tap hop nhiing gia tr1 cua x ung voi phan
parabol do nam phia trén truc hoanh.

Chut y: Cac bat phuong trinh bac hai co dang f(x) <0, f(x) > 0, f(x) < 0 dugc gra1
bang cach twong tir.

B. ViDU

Vin dé 1. Giai bat phwong trinh béc hai mét an

Phirong phap: St dung dinh 1i vé diu cia tam thire bac hai hodc do thi.
Vidu 1 | Giai cac bat phuong trinh bac hai sau:

a) 2’ —Tx+5>0; b)-x*-3x+10>0;

c) 9’ —6x+1<0; d)-x*+2x-4<0.



Giai
a) Tam thirc 2x> — 7x + 5 ¢6 hai nghiém x, =1, x, =§ vacohdsoa=2>0.
Su dung dinh li vé dau cua tam thie bac hai, ta thﬁy tap hop nhiimg gia tr1 cua x sao

cho tam thire 2x* — 7x + 5 mang dau “+”la (- « ;U 2 s+ o],
Vay tap nghiém ctia bat phwong trinh 2x* — 7x+ 5>01a (-~ =@ ; DU(E >+ 00] :

b) Tam thitc — x* — 3x + 10 ¢6 hai nghiém x, =— 5, x, =2 va co hé sda=—1<0.
Stt dung dinh 1i vé déu ctia tam thitc bac hai, ta thay tap hop nhimg gia tri ciia x sao
cho tam thitc — x> — 3x + 10 mang dau “+”1a (- 5 ; 2).

Vay tap nghiém cua bat phuong trinh — x> —3x+ 10>01a(-5;2).

¢) Tam thitc 9x” — 6x + 1 co nghiém kép x = % vacohésoa=9>0.
Stt dung dinh li vé dau cua tam tlhnre bac hai, ta thﬁy tap hop nhimg gia tr1 cua x sao
cho tam thirc 9x° — 6x + 1 mang dau “~"1a @.

N ¥ : - mE
Vay tap nghiém cua bat phuong trinh 9x —6x+ 1 <01a {5} :

d) Tam thitc —x* + 2x — 4 vo nghiém va cohé s a=—1 < 0.
Stt dung dinh li vé diu cua tam tht'tf: bac hai, ta théy tap hop nhiing gia tr1 cua x sao
cho tam thirc — x* + 2x — 4 mang dau “-"la R.
Vay tap nghiém ctia bat phuong trinh — x>+ 2x —4 < 01a R.

Vi du 2 | Quan sat d6 thi 6 mo1 Hinh 16a, 16b, 16¢, 16d va giai cac bat phuong
trinh bac hai sau:
a)x-+2x—8<0; b)—x+4x+12>0;

¢)2x +x+1<0; d)x—6x+9<0.

\ |

“y

al b) c) d
Hinh 16



Giai

a) Quan sat do thi & Hinh 16a, ta thay: x° + 2x — 8 < 0 biéu dién phan parabol
y=x"+ 2x — 8 nam phia dudi truc hoanh, twong img vai — 4 < x < 2. Vay tap
nghiém cua bat phuong trinh x° + 2x — 8 < 0 la khoang (— 4 ; 2).

b) Quan sat d0 thi & Hinh 16b, ta thay: — x* + 4x + 12 > 0 biéu dién phan parabol
y=—x"+ 4x + 12 nam phia trén truc hoanh, twong ung vdi — 2 < x < 6. Vay tap
nghiém cia bat phuong trinh —x* + 4x + 12 > 0 1a khoang (-2 ; 6).

¢) Quan sat do thi & Hinh 16¢, ta thay khong ¢ phan do thi nao ciia parabol y=2x"+x+ 1
nam phia dudi truc hoanh. Vay tap nghiém ctia bat phuong trinh 2x* +x+ 1 <0
la @.

d) Quan sat d6 thi 6 Hinh 16d, ta thay parabol y = x> — 6x + 9 luén uz"un, phia trén
truc hoanh vo1 moi x khac 3, ta1 x = 3 thi y = 0. Vay tap nghiém cua bat phurong
trinh x° — 6x + 9 <01a {3}.

Vin dé 2. i]’ng dung
Vi dy 3 | Bac Nam muon uon tam t6n phang co dang hinh chit nhat véi bé ngang

40 cm thanh mot ranh dan nudc bang cach chia tam ton do thanh ba phan roi
gap hai ben lai theo mot goc vuong sao cho do cao

hai thanh rinh bang nhau (Hinh 17). Pé dam bao ki 3 ] / _
thuat, dién tich mét cat ngang cua ranh dan nuoc vy y A
phai 1on hon hoac bang 150 cm-. Bac Nam can A x[/_

40 cm

lam ranh dan nude ¢ d6 cao it nhat 1a bao nhidu

xang-ti-mét d& dam bao ki thuat? Hinh 17

Giai

Khi chia tam ton do thanh ba phan 161 gap hai bén lai theo mot goc vudng nhuw
Hinh 17 thi mat cét ngang la hinh chir nhét ¢o hai kich thuoc x (cm) va 40 — 2x (cm).
Khi d6 dién tich mat cat ngang la (40 — 2x)x (cm”).

Ta thay: Dién tich mit cit ngang cua ranh dan nude 16n hon hodc bing 150 cm® khi
va chi khi (40 — 2x)x > 150 < — 2x* + 40x — 150 > 0.

Tam thire £(x) =— 2x” + 40x — 150 ¢6 hai nghidm x, =5, x, =15 vahé s6 a=—2 < 0.
Stt dung dinh li vé dau cua tam thnrc bac hai, ta thay tap hop nhimg gia tn cua x sao
cho tam thitc £(x) mang dau “+” 1a khoang (5 ; 15). Do do tap nghiém cua bat phuong
trinh — 2x~ + 40x — 150 > 0 la doan [5 ; 15].

Vay ranh dan nude phai ¢6 do cao it nhat 1a 5 cm.

Vi du 4 Téng chi phi 7 (don vi tinh: nghin dong) dé san xuat O san pham duoc
cho béi biéu thire 7= Q0 + 200 + 4 000, gia ban cua 1 san pham la 150 nghin dong.
S6 san pham can duge san xuat trong khoang nao dé dam bao khéng bi 16 (gia thiét
cac san pham duoc ban hét)?
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Giai

Doanh thu khi ban Q san pham la 1500.

Loi nhuan khi ban O san pham 1500 — (Q*+ 200 + 4 000) =— 0> + 1300 — 4 000.
Pé khong bi 16 thi — ©0° + 1300 — 4 000 > 0.

Tam thitc £ (0) = — O + 1300 — 4 000 ¢6 hai nghiém O, = 50, O, =80 va hé s6
a=—1<0. St dung dinh li vé dau ctia tam thitc bac hai, ta thay tap hop nhiimg
gia tri ctia O sao cho tam thnkc £(Q) mang dau “+” 1a khoang (50 ; 80). Do do tap
nghiém cua bat phuong trinh — 0* + 1300 — 4 000 > 0 1a doan [50 ; 80].

Vay s0 san pham can duoc san xuat trong doan [50 ; 80] dé dam bao khong bi 16.

C. BAI TAP

28. Trong cac bat phiong trinh sau, bat phiong trinh nao khéng la bat phwong trinh
bac hai mét an?

A —242+3x<0. B. 051> -B(y-2) <0.
C.x—2w—3>0. D. \2x*-3>0.

29. Tap nghiém ciia bat phwong trinh —x* + 3x + 18 > 0 la;
A.[-3.6]. B.(—3:6).
C.(—0;=3)u(6;+ x). D. (= ;- 3]u[6;+ ).

30. Dua vao d6 thi ham so bae hai y = £ (x) trong moi Hinh 18a, 18b, 18c, hiy viét
tap nghiém cac bat phwong trinh sau: £(x) >0, F(x)<0; f(x)>0; f(x)<0.

Hinh 18
31. Giai cac bat phuong trinh bac hai sau:
a) 3x*—8x+5>0; b) - 2x* —x+3<0;
c)25x —10x+1<0; d)—4dx+5x+9>0.
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32.

33.
34.

Tim giao cac tap nghiém cua hai bat phwong trinh — 3x* + 7x + 10 > 0 va
—2x>—9x + 11 >0.

Tim m dé phuong trinh — x>+ (m + 2)x + 2m — 10 = 0 ¢6 nghiém.

Xét hé toa do Oth trong mat phing, trong d6 truc Ot bidu thi thoi gian ¢ (tinh bang
giay) va truc Oh biéu thi d6 cao / (tinh bang mét). Mot qua bong duoc da 18n tir
diém 4(0 ; 0,3) va chuyén dong theo quy dao la mét cung parabol. Qua bong dat
do cao 8 m sau 1 giay va dat do cao 6 m sau 2 giay. Trong khoang thor gian nao
(tinh bang gidy) thi qua béng & do cao 16n hon 5 m va nhé hon 7 m (lam tron ket
qua dén hang phan nghin)?

. Mot tinh hudng trong huin luyén phao binh dugc mo ta nhw sau Trong mét

phang toa do Oxy (don vi trén hai truc tinh theo mét), mot vién dan duoc ban tir
o e 9 3 .
vi tr1 O(0 ; 0) theo qu¥ dao la duwong parabol y=— X+ x. Tim
030 aw b7 ’ 1 000 000 100
khoang cach theo truc hoanh cua vién dan so voi vi tri ban khi vién dan dang o do

cao 1on hon 15 m (lam tron két qua dén hang phan tram theo don vi mét).

HAI DANG PHUONG TRINH

S5 QUY VE PHUONG TRINH BAC HAI

A. KIEN THUC CAN NHO
1. Giai phuong trinh cé dang /£ (x) = \/g(x) ()

(f(x)=ax" +bx+c va g(x)=mx"+nx+ p véi a# m, a hoic m c6 thé bang 0)

Cac buoc giai:
Buée 1: Binh phwong hai vé cua (I) dan dén phuong trinh £(x) = g(x) roi tim

nghiém cua phwong trinh nay

Birde 2: Thay timg nghiém cua phuong trinh 7 (x) = g(x) vao bat phwong trinh

£(x) =0 (hoic g(x)=0). Nghidm nao thoa mén bat phwrong trinh do thi
giir la1, nghigm nao khong thoa mén thi loa1 di.

Birée 3: Trén co so nhitng nghiém giit lai & Burde 2, ta két luan nghiém cua phrong

trinh (I).

Chui ¥ Trong hai bat phwong trinh £(x) =0, g(x) = 0, ta thuong chon bat phuong
trinh ¢ dang don gian hon dé thuc hién Burge 2.
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2. Giai phwong trinh cé dang \/f(x) = g(x) (II)
(f(x)=ax" +bx+c va g(x)=dx+e voi a# d", ahoic d co thé bing 0)
Cac buac giarn:
Burge I: Giai bat phuong trinh g(x) > 0 dé tim tap nghiém ctia bat phwong trinh dé.
Burée 2: Binh phuong hai vé ciia (II) din dén phuong trinh £(x) = [ g(x)]” 16i tim
nghiém cua phuong trinh do.
Burée 3: Trong nhimmg nghiém cta phurong trinh f(x) = [g(.1r)]2 , ta chi gitr lai
nhimg nghiém thudc tip nghiém cua bat phuong trinh g(x) =0. Tap
nghiém giit lai do chinh la tap nghiém cta phwong trinh (1I).

B. ViDU
Vin dé 1. Giai phuong trinh ¢é dang (1)
Vi du 1] Giai phuong trinh V¥ +x—1=/3x% = 2x (1)
Giai
Binh phuong hai vé cta (1) ta duge x* +x— 1 =3x"—2x (2)

Taco: ()< 2x*—3x+1=0.

1

E :

Thay lan luot hai gia tri trén vao bat phrong trinh 3x* — 2x > 0, ta thay chi co x =1
thoa mén bat phuong trinh.

Do do, phwong trinh (2) €6 hai nghiemlax=1vax=

Vay nghiém cua phuong trinh (1) lax=1.
Van dé 2. Giai phuong trinh cé dang (I1)

Vi du 2 | Giai phuong trinh ¥3x” —2x+16 =2x—1 (3)
Giai

T — . ; 1

Truoc het ta giai bat phuong trinh 2x — 1 >0(4). Taco. ()< 2x > 1 < x = 5
Binh phwong hai vé ciia (3) ta duge 3x° — 2x + 16 = (2x — 1)° (5).
Tacod: (5) = 3x -2x+16=4r -4x+ 1 x -2x-15=0.
Do do, phuong trinh (5) co hai nghiemlax=—-3vax=>5.

o ey ‘ o 1
Trong hai gia tr1 trén, chi co gia tr1 x = 5 la thoa man xz?

Vay phuong trinh (3) co nghiémlax=5.
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Van dé 3. Ung dung

Vidu 3 | Hai 6 t6 xuat phat tai cting mot thoi diém tir
hai vi tri 4 va O vl van toc trung binh lan Iugt 1a 50 kim/h
V?l 40 lqn/h trén ha;' con dllf'(')ng v12161‘¥g goc vol nhau .\."‘ﬁi A IO
giao ta1 O. Huong di cua hai xe the lnén ¢ Hinh 19. Biet
AO = 8 km. Go1 x (gi0) la tho1 gian hai xe bat dau chay
cho to1 khi cach nhau 5 km (tinh theo duong chim bay)
trude khi 6 t6 di tir4 dén vi tri O. Tim x. Hinh 19
Giai. (Hinh 20)

Quéng dwong 6 to xuat phat tir 4, O di dugc sau x gio lan

luot 1a 50x (km) va 40x (km). &D
Sau.x gio, 0 t0 xuat phat tirvi tri 4 dén C cach Omodtkhoang -
OC =8 — 50x (km). A c o
Sau.x gi, 6 t6 xuat phat tir vi tri O den.D cach O mét khoang .
OD = 40x (km). Hinh 20

Dé 8 —50x> 0 thi 0 < x < 0,16. Do tam giac OCD la tam giac vudng nén ta co:

CD =OC? + OD* = /(8- 50x)* + (40%)*.

Ta co phuong trinh: \/ (8—50x)* + (40x)? = 5. Binh phuwrong hai vé ta co:
(8— 50x)" + (40x)* = 25
& 2 500x" —800x+ 64 +1 600x" = 25
< 4100x” -800x+39=0.
Phuong trinh co hai ngluem lax=0,1 va x= 2 D61 chitu vai didukién 0 < x < 0,16,
ta nhan ca hai gia tri trén ciia x. 410
Vay thoi gian hai xe bat dau chay cho téi khi cach nhau 5 km (tinh theo dirong chim bay)
trude ki 6 t6 di tir4 dén vi tri O 13 % girva 0,1 gid,

C.BAITAP
36. Trong cac phat bieu sau, phat bieu nao ding?

A. Tap nghiém cua phuong trinh J f(x) = \/ g(x) la tap nghiém cua phuong
tinh f(x) = g(x).

B. Tap nghiém cua phuong trinh \/f (x) = \/ g(x) la tap nghiém cua phuong
trinh [ £()]" = [2(x)]"
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37,

38.

39.

41.

42.

C. Moi nghiém cua phuong trinh f(x) = g(x) déu la nghiém cta phuong trinh
V) =g

D. Tap nghiém ctia phwrong trinh J f(x)= \/ 2(x) 1atap hop cac nghiém cua phuong
trinh £(x)= g(x) thoa mén bét phirong trinh £(x) = 0 (hodc g(x) = 0).

Trong cac phat biéu sau, phat biéu nao ding?

A. Tap nghiém cta phuong trinh /7 (x) = g(x) la tap nghiém ctia phuong trinh
f(x) =g

B. Tap nghiém ctia phuong trinh (£ (x) = g(x) la tap hop cac nghidm cia
phuong trinh £ (x) = [g(x)]" thoa man bét phuong trinh g(x)=0.

C. Mo1 nghiém cua phuong trinh f(x) = [g(x)]* déula nghiém cua phurong trinh
Jf(@) =g().

D. Tap nghi#m cua phuong trinh m = g(x) la tap hop cac nghiém cua
phuong trinh f(x) =[g(x)]" thoa man bat phuong trinh f(x) > 0.

Giai thich vi sao chi can kiém tra ngliem cua phuong trinh f(x) = g(x) thoa
man mat trong hai bat phwong trinh £ (x) > 0 hodc g(x) = 0 ma khéng can kiém
tra thoa man dong thoi hai bat phuong trinh d6 dé két ludn nghiém cua phuong
trinh |/ f(x) = {/g(x) .

Giai thich vi sao chi can kiém tra nghiém ctia phuong trinh f(x)=[g (-‘f)]z thoa
man bat phuong trinh g(x) > 0 ma khong can kiém tra thoa mén bat phurong trinh
f(x) =0 dé két luan nghiém ctia phwong trinh m = g(x).

Giai cac phuong trinh sau:

a) - Ax+d=- ¥ +1; b) V33>~ 6x+1=/x> - 3;
c) v2x-1=3x-4; d) «,f— 2 +x+7=x-3.

Giai cac phwong trinh sau:

a) vVi—-2x+x=2;

D
b) y- 2¢* + Tx+1+3x="7.
Dé leo 1én mét birc tuomg, bac Diing ding
mot chiec thang cao hon bue twong do 2 m.
Ban dau, bac Diing dat chiéc thang ma dau G

trén cua chiéc thang do vira cham dung vao




43.

44.

45.

46.

mep tren ctia buc tuong (Hinh 21a). Sau do, bac Diing dich chuyén chan thang
vao gan chan burc tuong thém 1 m thi bac Diing nhan thay thang tao voi mat dat
mot goc 45° (Hinh 21b). Burc tuong cao bao nhiéu met?

Mot nguoi di bo xuat phat tir B trén mét bo song (coi la duong thang) vai van
toc 6 kim/h dé gap mot nguoi cheo thuyén xuat phat cung luc tir vi tri 4 voi van
toc 3km/h. Néu ngudi chéo thuyén di chuyén theo dwong vudng goc vol bo thi
phai di mot khoang cach AH = 300 m va gap nguoi di bo ta1 dia diém cach B mot
khoang BH = 1 400 m. Tuy nhién, néu di chuyén theo cach do thi hai nguoi khong
to1 cting le. Pé hai nguoi dén ciing lue thi mdi nguoi cing di chuyén vé vi tri C
(Hinh 22).

a) Tinh khoang cach CB.
b) Tinh thoi gian tir khi hai nguoi xuat phat cho dén khi gép nhau ciing hic.
A

300 m l\ i
T /e B
-+ - mmm === >
1 400 m \/
Hinh 22 Hinh 23

Nguoi ta muon thiét ké mot vuon hoa hinh chit nhat no1 ﬁép trong mot miéng
dat hinh tron co dwong kinh bang 50 m (Hinh 23). Xac dinh kich thiroc viron hoa
hinh chit nhat dé tong quiang duong di xung quanh vion hoa do 1a 140 m.

BAI TAP CUOI CHUONG I

Trong cac ham s6 sau, ham s6 nao khéng 1a ham so bac hai?
Ay=—5c+6x. B.y=3-2x" C.y=—x(5x-7). D.y=0x"+6x-5.

Tap nghiém ctia bat phiong trinh — 5x° + 6x + 11 < 0 1a:

i B 11

A.[—l,?}_ B[ 13 Sj
(—oo;-1) [—11'+m] (—m‘—l]u{£‘+m}
€. ; o 5" ; D. - 5 .

61



47.

49.

51.

52.

; 1 nfux<0
Cho ham s0 si(x) = . Y
2 neux=0.

a) Piém nao sau day thuoc do thi cua ham sO trén:
A0 ;0),B1;1),C(2021;1),D(2022;2)?

b) Chi ra hai diém thudc do thi ctia ham s6 trén ¢6 tung do bang 2.

¢) Chi ra diém thudc do thi ctia ham s6 trén co hoanh do bang — 2 022.

Cho ham s6 y =f£(x) ¢6 d6 thi & Hinh 24. VA

a) Chi ra khoang dong bién va khoang nghich bién 7
cia ham s6 y =£(x). T

b) Néu tung d6 giao diém cua do thi ham s v = £ (x) 7] 1\2/ 3 “:‘

vl truc Oy.

Mot nguoi vay 100 triéu dong tai mét ngan hang dé -24
mua nha vai 1ai suat #%/mam trong thor han 2 nam.
Héi s6 tién ngudi nay phai tra cho ngan hang la bao Hind 24
nhieu trieu ﬂﬁng sau 2 nam?

. V& do thi cia moi ham so sau:

a)y=2x—8x+1; b) y=—x>+4x-3,
Giai cac bat phuong trinh béc hai sau:

a) 4v- —9x + 5 <0, b) -3 —x+4>0;
c) 36x° —12x + 1 > 0; d)—7x* +5x+2<0.
Giai cac phuong trinh sau:

a) V8—x+x=— 4, b) V3x° - 5x+2+3x=4.

53. Hinh 25 cho biét bang gia cudc ctia mot hing taxi (da bao gom thué VAT):
BANG GI4A cUuOC
QUANX%G?I?EING 0<x<03| 03<x<2 2<x<10 10 <x <25 x>28

GIA CUGC |5 000 dong | 20 600 dong/km |16 000 dong/km |17 600 dong/km |15 100 dong/km

62

Hinh 25
a) SO tién phai tra y (dong) ¢ phai 1a ham so cia quang duong x (km) khi di taxi
hay khong? Giai thich. Neu dung, hay xac dinh nhitng cong thire tinh y theo x
biéu thi cho bang trén.



th
h

56.

. Bac Nam dy dinh lam mot khung anh hinh chir nhat

b) Quéng duong x (km) c6 phai la ham s6 ctia s6 tién phai tra y (dong) khéng?
Giai thich

¢) Tinh s6 tién ban Quén phai tra khi di taxi hang trén véi quang duong 20 km.

Quan sat chiéc cau Cong Vang (Golden Gate bridge) & Hinh 26. Do cao h (feet)

tinh tr mat cau dén cac diém trén day treo & phan giita hai tru cau duge xac dinh

B (;OO x” —%\H— 500, trong do x (feet) la khoang cach fir

tru cau bén trai dén diém trong tmg trén day treo.

bai cong thire A(x) =

a) Xac dinh do cao cua tru cau so vol mat cau theo don vi feet,

b) Xac dinh khoang cach giita hai tru cau theo don vi feet, biét rang hai tru cau
nay co do cao bang nhau

Hinh 26

sao cho phan trong ctia khung 1a hinh chir nhat co kich
thwoe 6 em x 11 cm, do rc"mg vién xung quanh la x cm
(Hinh 27). Dién tich cua vién khung anh khong vuot
qua 38 cm”. Hinh 27
Hoéi d6 rong vien khung anh 16n nhat 1a bao nhiéu xang-ti-mét?

Hai dia diém 4 va B cach nhau boi mc")t con song (coi

hai bo séng song song). Nguoi ta muon xay mét chiéc Cau
caubacmlonggocvolbdsmu;decoﬂledltlIAdénB 6=
Véi cac so lidu (tinh theo don vi ki-l6-mét) cho trén X Séng
Hinh 28, tim x (km) d xac dinh vi tri dat chan cau sao 2
cho khoang cach tir B dén chan cau phia B gap d6i khoang A
cach tir4 dén chan cau phia.A. Hinh 28

’ L3I GIAI - HUGNG DAN - PAP O

§1 HAM SO VA PO THI

1.D. 2.D.



3. )R b (—w;ﬂ. G)R\{_?]} d) (—m;3]\{%}.

&) R\{- 4,1}. g) (-0~ DU+ )
4. aR b)f(-2)=3,f/(0)=0,f2021)=1.
5. a) Hoc sinh tr lam. b)f(0)=1,f(3)=4.

¢) Biém co toa do (a; 1) voi ae[- 3 ;0]

6. a) Ham so dong bién trén khoang (1 ; 3), nghich bién trén cac khoang (- = : 1) va
(B:+ ).

b) — 2 021 va — 1 thude (- o ;1) ma ham sb nghich bién trén khoang (- = ; 1)
nenf(-2021) > (- 1).
3 va 2 thude (1 ; 3) ma ham so dong bién trén khoang (1 ; 3) nén f@3) < 2.
7. Xéthamsbd f(x)= i Lay ¥yXa e (— 0 50) val x; < x,.
X
-2 -2_2Ax-x)

l .x: .Yl ..r'!

Taco: f(x)—f(x,)=

0= f(x,) < f(x,).

Suy ra ham s6 f(x) = — dong bién trén khoang (- = : 0).
Twong tir ham 50 trén dong bién trén khoang (0 ; + ).

8. a) Goi x (triéu dong) la doanh s6 ban hang va V (111611 dong) 1a thu nhap twong ung
cua nhan vién do hang thang Ta ¢6 ham s6 biéu dién thu nhap hang thang cua
nhan vién do theo doanh s6 ban hang nhur sau (don vi: triéu dong):

5 néu0<x<10
y=45+0,05x néu 10 < x < 20
5,5+ 0,05x néux > 20.

b) Néu x =30 > 20 thi y=5,5+ 0,05 . 30 = 7. Vay nhan vién d6 s& dugc nhan
7 trigu dong.

§2 HAM SO BAC HAIL PO THI HAM SO BAC HAI VA UNG DUNG

9.B. 10.B.
1. A)a=1b=-1,c=-9. bla=1,b=0,c=-7. c)a=-2,b=8,¢=0.

12. S6 tién ca von va l4i sau 2 thang ma bo ban Lan c6 duoc la:
(10 + 10x%)x% + 10 + 10x% = 0,001x* + 0,2x + 10 (trié¢u dong).

64



13.
14.
15
16.

a)y=2x"—5x+1. b)y=—9x"—-36x+1. Q)y=—4xr"—8x+1.
Hoc sinh tur lam.
a<0,b>0,¢>0.
a) Ham so dong bién trén khoang [_—3 : +wj va nghich bién trén khoang
=% |

-, — |,

? 5

b) Ham s6 dong bién trén khoang (— ® 5] va nghich bién trén khoang

5)

17. a) y=4x"+ 8x + 2. b= > x*+6x+2.
18. a) y=x"-2x-3. b) y=—2x"—4x.
19. Lay hé truc toa d6 Oxy sao cho vi tri B trimg vai goc O, truc Ox nam trén duong
noi chan hai cong, C nam trén tia Ox (don vi trén cac truc tinh theo mét).
; ; g =, VA
Khi d6 cdng ra vao la mdt phin cia @6 thi ham s6 y = 8? ¥+ 28858 .
Pinh ctia d6 thi ham s6 trén ¢6 tung do 1a khoang 7.6.
Vay chiéu cao cua cong la khoang 7.6 m.
§3 DAU CUA TAM THUC BAC HAI
20.D. 21.A. 22.B.
23. a)
4
x |- 1 = + @
3
f(x) + 0 - 0 -
b)
x |- =2 + o
5
f(x) + 0 +
c)
x |- +
J(x) +




d)

X |- -1 % + ®
@ - 0+ 0 -
€)
X |- 1 + o0
S ) = 0 =
g)
X |—®™ + o
f®) =
24. m<11.

25. m = ﬂ .
24

5
26. m > —.
4]

27. a) Loi nhuan la:
F(0)=13000—(Q*+ 2000 + 180 000) =— Q>+ 1 1000 — 180 000 (nghin dong).
b) Xi nghiép khong bi 16 khi va chi khi £(Q) > 0.

Ta co bang xét dau sau;

X
O EEIED RV -

Theo do, £(0) >0 < O € [200 7 900]. Vay xi nghiép can san xuat s6 san pham
trong doan [200 ; 900] dé khong bi 16.

S4 BAT PHUONG TRINH BAC HAI MOT AN

28.C. 29.A.

30. Xét Hinh 18a: dua vao do thi y=f(x)ta co:
— Bat phuong trinh £(x) > 0 ¢6 tap nghiém la @.
— Bat phwong trinh £ (x) < 0 ¢ tap nghiém 1a R.
— Bat phwong trinh £(x) > 0 ¢6 tap nghiém 1a &.
— Bat phuong trinh £(x) < 0 ¢6 tap nghiém la R.
Xét Hinh 18b, 18¢ tuwong tu, hoc sinh fur lam.
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31.

32.

33.

35.

Tap nghiém ctia méi bat phuong trinh la:
a) (—w;l)u[§;+m]. b) [—m;‘T"’]uu;m}

|

Tap nghiém ctia hai bat phwong trinh —3x* + 7x+ 10 >0 va—2x*—9x + 11 >0

Lo

c) . d) [—1;

lan Iwotla [— | %} va [_T” : 1], Vay giao cac tap nghiém cua hai bat phurong
trinhtrénla [- 1;1).
Phuong trinh — x* + (m + 2)x + 2m — 10 = 0 ¢o nghiém khi va chi khi A = 0.
Taco: Az0& (m+2):—4 (=1 .(2m-10) = 0>m”+12m-36=0.
Giai bat phurong trinh m” + 12m — 36 > 0 ta ¢6 tap nghiém la:

(— 0 ; —6—-642]U[~ 64 642 ; + ).
Vay me (— o, —6-6J2]U[— 64642 ; + ) thi phurong trinh trén co nghidm.
P cao A phu thude vao thoi gian 7 theo cong thire ham s6 sau:
h(f) =—4.85¢ + 12,55t + 0,3 (m).
Qua bong ¢ d caolonhon 5 m vanho hon 7mnén 5 < A(f) < 7.
Giai bat phwong trinh — 4,85 + 12,557+ 0,3 > 5 ta ¢6 tap nghiém voi dau mat
xap xi la (0,454 ; 2,133).
Giai bat phuong trinh — 4,.85¢ + 12,55¢ + 0.3 < 7 ta ¢o tap nghiém voi dau mut
xapxila (— »;0,753) U(1,835 ; + ).
Lay giao cua hai tap nghiém trén, ta co # € (0,454 ; 0,753) U (1,835 ; 2,133).
Vay trong khoang thoi gian tir 0,454 s dén 0,753 s va tir 1,835 s dén 2,133 s thi
qua bong ¢ do cao lon hon 5 m va nho hon 7 m.

D0 cao vien dan lon hon 15 m nén
9 5. 3 5

= X+ x>15¢ - 3x7+10 000x-5 000 000 >0
1 000 000 100

5000-1 0004/10 5000+1 0004/10
— 3 <X < 3 .
Vay khoang cach theo truc hoanh cuia vién dan so vdi vi tri ban khi vién dan dang
¢ do cao lon hon 15 m la nam trong khoang

{5 0001000410 5 000+1 000\%}

3 ’ 5
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§5 HAIDANG PHUONG TRINH QUY VE PHUGNG TRINH BAC HAI

36.D. 37.B.
38. Hoc sinh tur lam.
39. Hoc sinh fw lam.

7
40. a)x=1. b)x=2. c) leg. d) xeQ.
41. a) x=—1. b) x:%,

42. Goi chiéu cao bire tuong la x (m) (x > 0). Khi dat chiéc thang ma dau trén cua
chiéc thang d6 cham ding vao mép trén ctia birc twong thi khoang cach chan

thang dén chan tuong la 1}(.r+ 2)? g (m).

Khi thang tao voi mat dat mot goc 45° thi khoang cach tir chan thang dén chan
tuong la x (m).

Theo d bai ta c6 phuong trinh: y/(x+2)% — % = x+1.

Giai phurong trinh trén ta ¢6: x = 3 (m) véi x > 0. Vay chiéu cao bire tuong 1a 3 m.

43. a) Dat CH=x (m) (x > 0). Ta c6: AC=~/300"+x>, CB=1 400- x.
V1 hai nguoir gap nhau eung luc tai C nén

N300+ %" 1400-x

3000 6 000
Giail phuong trinh trén ta co: x =400 (m) vol x > 0.
Vay khoang cach CB =1 400 — 400 = 1 000 (m).

& 24/300° +x* =1 400— x.

b) Thoi gian hai nguoi bét dau di chuyén cho dén khi téi C1a 10 phit.

44. Dit do dai mot canh ctia hinh chit nhat la x (m) (0 < x < 50). Vi d6 dai duong chéo
hinh chir nhat bang dwong kinh hinh tron nén do dai canh con lai ctia hinh chit

nhat do la 4\/2 500-x* (m).
Khi do, tong quing dwong di xung quanh viron hoa bang chu vi hinh chit nht la:

2(4/2 500 x* +x) =140 (m).

Gia1 phuong trinh tren ta co: x = 40 (m) hoac x = 30 (m). Néu x = 40 (m) tha do
dai canh con lai 1a 30 m va nguge lai. Vay kich thude vuon hoa la 30 x 40 m.



BAI TAP CUOI CHUONG Ill

45.D.

46. D.

47. a)B,D. b) E(1;2), G2, 2). c)K(-2022;1).

48. a) Ham s6 dong bién trén cac khoang (- «; 0) va (2 ; + «); ham s6 nghich bién

49.
50.

.a)[];%]. b)(%;l} c)]l{\{%}. d)[—oo;_?—zju(l;ﬂo).

52
53.
54.
SS.

trén khoang (0 ; 2).

b) 2.

T = (100r% + 100)0r% + 100¢% + 100 = 0,015> + 2r + 100 (triéu dong).
Hoc sinh tu lam.

7
a)x=-—38. b) x=—.
) x ) e
Hoc sinh tu lam.
a) 500 feet. b) 4 200 feet.

Pat do rong vien khung anh 1a x (cm) (x > 0). Ta co dién tich vien khung anh la:
(11 + 2x)(6 + 2x) — 66 = 4x> + 34x (cm”).

Theo dé bai ta co: 4x° + 34x < 38.

I . % . - 19 . A .
Giai bat phuong trinh trén ta co: x € [T : 1}. Suy ra d6 rong vien khung anh
1én nhat 1a 1 em.

Goi chan cau phia 4 la M, chan cau phia B 1la N. Dua vao Hinh 28, ap dung
dinh li Pythagore ta co:

AM =yx* +27 =x* +4, BN =4J(6-x)* + 4 =yx? —12x+52.

Theo dé bai, ta co: BN = 24M <> vx® —12x+52 = 24/x2 +4.
Giai phirong trinh trén ta co: x =2 (km) voi x > 0.

Vay voi x = 2 km thi khoang cach tir B d&&n chan cu phia B gip doi khoang cach
fir 4 dén chan cau phia 4.
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HE THUC LUONG
TRONG TAM GIAC. VECTO

DINH Li COSIN VA PINH Li SIN

S1  1RONG TAM GIAC.
GIA TRI LUGNG GIAC CUA MOT GOC
TU 0° DEN 180°

A. KIEN THUC CAN NHO
L. Gia tri luong giac ciia mét goc trong khoang tir 0° dén 180°
1. Dinh nghia

Véi mdi goc a (0° < a < 180°), ta xac dinh mdt y4
diem M(x, ; y,) trén mra duong tron don vi sao
cho xOM = a (Hinh I). Khi dé:

— sin cua goc a, ki hiéu la sina, duge xac dinh bai
sina =y, .

— cOsin cua goc a, ki higu la cos e, duge xac dinh Hinh I
bor cosa = x; .

—tang cuia goc a, ki higu la tana, duoc xac dinh bai tana = Yo (x,#0).
*o

n o r rqtn A . 5 i X,
— cotang cua goc a, ki hidu la cota, duge xéc dinh bdi cota =2 (y, #0).
Yo

2. Gia tri lwong giac cua hai goc phu nhau (0° < a <90°)

sin(90° —a) = cosa; cos(90° — a) = sina;

tan(90° — a) = cota (a # 0°); cot(90° — o) = tana (a # 90°).
3. Gia tri lwong giac cua hai goc bu nhau (0° < a < 180°)

sin(180° —a) = sina; cos(180° —a) = —cosa;

tan(180° — a) = —tana (a # 90°; cot(180° — a) = — cota (a # 0°, a # 180°).
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4. Mét s6 dang thirc lwong giac
Cho goc a (0° < a < 180°). Khu do:
_sina COS (v

tana = (e #90°); cotax = —
CoSs (v sin o

(a#0°% a=#180°);
sin“a + cos’a = 1; tana . cota =1 (a % 0°, a # 90°, a = 180°).

I1. Pinh li cosin

A

Cho tam giac ABC c¢o BC = a, C4A = b, AB = ¢ (Hinh 2).
Khi do:

2 ‘) < ¢ b
a =b"+ ¢ —2bccosA,

2 _ B 3
b-=c¢"+a —2cacosB, # - ”
c*=a"+b>—2abcosC. Hinh 2

III. Pinh li sin A

Cho tam giac ABC ¢6 BC = a, CA = b, AB = ¢ va ban kinh
duong tron ngoai tiep 1a R (Hinh 3). Kl do:

- a = — b = — o = ER 3
smA4d smB sinC
B.ViDU Hinh 3

Vin dé 1. Tinh cic gia tri lweng gidc
Vi du 1 | Tinh gia tri cac bieu thie sau:
a)A=s1n13° . cos131°+sm167° . cos49°;
b) B =cot35° . cot65° . cot125° . cot155°.
Giai
a) Ta co:
c0s131° =cos(180° — 49°) = — c0s49°, sin167° = sin(180° — 13°) = sin13°.
Do do, 4 =—-5s1n13°. c0s49°+sin13° . cos49° =0.
b) Ta co: cot125° =— cot(180° — 125°) =—cot55° = —tan(90° — 55°) = — tan35°,
cot155°=—cot(180° — 155°%) = —cot25° =—tan(90° — 25°) = — tan65°.
Do do, B =cot35° . cot65° . (—tan35°) . (—tan65°)
=(—tan35°. cot35° . (—tan35°. cot35%) =(-1). (- 1)=1.
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Vidu2 | Cho90°<a<180°% 0°< 3<90°va a — B=90°. Chung minh:
a) sina = cos 3, b)cosa=—singd; c)tana= —cotg.
Giai
a) sina = sin(90° + 8) =sin[180° — (90° + 3)] = sin(90° — 3) = cos 3.
b) cosa =co0s(90° + 3) =—cos[180° — (90° + B)] =—c0s(90° — ) =—sinG.
¢) tana = tan(90° + G) = —tan[180° — (90° + B)] = — tan(90° — B) = — cot 5.
Vidu 3 /| Cho A4, B, C la cac goc cua tam giac ABC. Ching minh:

a) sin4 = sin(B + C; b) cosA4 + cos(B+ C) =0,
¢)tan4d + tan(B + C) =0 (4 # 90°); d) cot4 + cot(B+ C)=0.
Giai

Taco:A+B+C=180°= B+ C=180°—A4. Do do:

a) sin(B+ ) =sin(180° —A4) =sin4.

b) cos(B + C) =cos(180°—A4) =—cosA = cos A + cos(B+ C)=0.
¢) tan(B + C) =tan(180° —4) = —tan4 = tan A4 + tan(B + C) = 0.
d) cot(B + C) = cot(180° —4) =—cot4d = cot4d + cot(B+ C) =0.

Van dé 2. lTng dung

Vi du 4 | Tir mdt tam bia hinh tron, ban An cit ra duoc mot hinh tam giac co cac
canh 4B =8 cm, BC =15 em va goc B = 60° (Hinh 4). Tinh d6 dai canh AC va ban
kinh R cua nueng bia.

Giai
Ap dung dinh i césin cho tam giac ABC ta co:
AC*=AB*+ BC*-24B . BC . cosB

> ) 60°
=8+15°-2.8.15.c0s60°=169. B 13 e

Suy ra AC = V169 =13 (cm).
Ap dung dinh li sin cho tam giac ABC ta co:

AC

: =2R. Hinh 4

sinB

AC 13 133

Suyra R=

2sinB _ 2sin60° 3
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Vidu 5/ Cho hinh binh hanh ABCD co AB = 6, AD = 8, BAD = 60° (Hinh 5).
Tinh do da1 cac duong chéo AC, BD.
Giai

. . B 8 c
Ta c6: ABC =180°— BAD = 180°— 60° = 120°.
Ap dung dinh li césin cho tam giac ABC ta co: 6 A
AC2=AB®+ BC®—24B . BC . cos ABC 6
A D
—6>+8°-2.6.8 . cos120°=148. .
Hinh 5

Suy ra AC = /148 = 24/37.

Ap dung dinh li cosin cho tam giac ABD ta co:
BD*=AB*>+ AD*~24B . AD . cosBAD =6°+8>—2 .6 .8 .¢c0s60° = 52.

Suyra BD = J5_2: ZJE.

Vidu6 Pé do khoang cach fix vi1 tr1 4 dén v1 tri
B & hai bén bo mot cai ao, ban An d doc bo ao tirvi
tri.4 dénvi tri C va tién hanh do cac goc BAC, BCA.
Biét AC = 25 m, BAC =59,95°, BCA=82,15°
(Hinh 6). Héi khoang cach tir vi tri 4 dén vi trd B
1a bao nhiéu mét (lam tron két qua dén hang don vi)?

o 59,95° 82,153
Giai

. y J A 25m C
Xet tam giac ABC, ta co:
s Hinh 6
ABC =180°-59,95°-82,15°= 37,9°.
- . : AB AC 2551n82,15°
Ap dung dinhli sintac6; ——=—"—"—"— Do d6 AB=————~ 40 (m).
e sinC  sinB sin37,9°

Vi du 7 | Hai tau danh ca cung xuat phat tir bén A4 va di thang déu vé hai viing bién
khac nhau, theo hai hudng tao véi nhau goc 75°. Tau thir nhat di vai toc do 8 hai li
mot gid va tau thir hai di véi toe d6 12 hai li
mot g10. Hoi sau 2,5 g1o thi khoang cach giira

hai tau 1a bao nhiéu hai li (lam tron ket qua e v
dén hang phan muoi)?

Gidi -

Gia sursau 2.5 gio tau thar nhat ¢ vi tri B va tau %

thw hai o v1 tii C (Hinh 7). Hinh 7
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Ta co:
AB =12,5.8=20 (hai li);

AC=25 .12 =30 (hai li).
Ap dung dinh li césin cho tam giac ABC ta cé:

BC>=AB>+ AC*>—24B . AC . cos BAC
—202+302—2 .20 .30 . cos75° ~ 989.42.

Suy ra BC ~ /989,42 ~ 31,5 (hai li). Vay khoang cach gitta hai tau sau 2.5 gio la
khoang 31,5 hai li.

Vidu 8 / Nguoi A dung ¢ dinh cua toa nha va quan
sat chiéc diéu, nhan thay goc nang (goc nghiéng gitta
phuong tir mat ciia nguoi A téi chiéc diéu va phurong
nam ngang) 1a a = 35° khoang cachtirdinh toa nha toi
matngudi4lal,5m. Cing liic d6 & duéi chan toanha,
nguoi B ciing quan sat chiéc diéu va thay goc ning
la 3= 75°% khoang cach tir mat dat dén mat nguoi B
cting la 1,5 m. Biét chiéu cao ctia toa nha la =20 m
(Hinh 8). Chiéc diéu bay cao bao nhidu mét so voi
mat dat (lam tron két qua dén hang don vi)?

Giai

Dit tén cac diém nhu Hinh 9.

Xeét tam giac MND, ta co: MN=h =20 m,
MND = 90°+a = 90°+ 35° = 125°,

h

NMD =90°— 3=90°—75°=15°,

MDN =180°-125°—15°= 40°, ' 3
Ap dung dinh Ii sin cho tam giac MND ta c6: ey
VD 2 o Hinh 9

sin N - sin M B s D .
MNsinN 20smn125°
sinD sin 40°

HD = MDsin75° ~ 25,5 . sin75° ~ 24,6 (m). Do d6, DE ~ 1,5 + 24,6 ~ 26 (m).

Suy ra MD = ~ 25,5 (m). Xet tam giac vuong MHD ta co:

Vay con diéu bay cao khoang 26 m so véi mat dat.
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C. BAITAP

1.

th

10.

11.

Cho 0° < a < 180°. Chon cau tra lo1 dung.

A.cosa <0. B. sina > 0. C.tana <0. D. cota > 0.

Cho 0° < a, 3< 180°va a+ 3= 180° Chon cau tra 101 sai.

A.sina +sin3=0. B.cosa +cos3=0.
C.tana +tang=0. D. cota + cot3=0.

Tinh gia tri ctia biéu thitc T = sin® 25° + sin”75° + sin” 115° + sin” 165°.

cosa + 3sina

Cho tana =— 2. Tinh gia tri biéu thitc P = — ,
sina + 3¢0s a

Cho tam giac ABC' co AB = 6, AC =8, A=100°. _Tinh dﬁ) dai canh BC va
ban kinh R cia duong tron ngoai tiep tamn giac (lam tron ket qua dén hang phan nuon).
Cho tam giac ABC ¢6 B =60°, C=105° va BC = 15. Tinh dd dai canh AC va
ban kinh R ciia duong tron ngoai tiép tam giac (lam tron két qua dén hang don vi).
Cho tam giac ABC ¢ AB =5, AC =7, BC =9. Tinh s6 do goc 4 va bfm kinh R
cua dwong tron ngoai tiep tam giac ABC (1am tron ket qua dén hang phan muo).
Cho hinh binh hanh 4BCD ¢6 AB = a, BC = b, B

AC =m, BD =n. Chiing minh: m> + n° =2(a> + b°).

Tt mot tam ton hinh tron €6 ban kinh R = 1 m,

ban T11 muon cat ra mot hinh tam giac ABC co cac

gocA=45° B=75". Hoi ban Tri phai cat mieng ton

theo hai day cung 4B, BC c¢6 d6 dai lan lugt biang bao

nhidu mét (lam tron két qua dén hang phan tram)? ‘ha 30

A 20m &

MOt ciy cao bi nghiéng so voi mat dat goc 78°. Tir
vi tri C cach goc cay 20 m, nguoi ta tién hanh do N
dac va thu duoc ket qua: ACB = 50° véi B la vi trd \
ngon cay (Hinh 10). Tinh khoang cach tir goc cay A
(diém A4) dén ngon cay (diém B) (lam tron ket qua
dén hang phan muoi theo don vi mét).

Hinh 10

—~—

3 km

Tau A4 cach cang C mot khoang 3 ki va léch
hwong bac mot goc 47,45°. Tau B cach cang C mot
khoang 5 km va 1¢ch huong bac mot goc 112,90° 5 km

(Hinh 11). Hoi khoang cach giita hai taula baonhiéu 'B
ki-16-mét (lam tron ket qua dén hang phan tram)? Hinh 11
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§2 GIAI TAM GIAC. TiNH DIEN TICH TAM GIAC

A. KIEN THUC CAN NHG

1. Giai tam giac khi biét:

— Do da1 hai canh va do lon goc xen giira hai canh do: Su dung dinh li cosin.

— Do da1 ba canh: Sir dung dinh li cosin.

— DPd dai mot canh va do 16n hai goc ké voi canh do: St dung dinh 1i sin.

2. Cong thirc tinh dién tich tam giac

Cho tam giac ABC co BC = a, CA = b, AB = ¢ (Hinh 12). Khi do dién tich S cua
tam giac ABC la:

A
S:lbcsmA:lcasmleabsinC
= 2 2 g b
B} . a+b+e
hoc = \/p(p—a)(p-b)(p-e¢) voi p=——.
E B a C

B.ViDU Hinh 12
Vin dé 1. Giai tam giac

Vidu 1 / Cho tam giac 4BC ¢6 AC =3, BC'=4, € 2135° (Hinh 13). Tinh d6 da
canh 4B va dién tich tam giac 4BC (lam tron két qua dén hang phan muoi).

Giai. Ap dung dinh li césin cho tam gidc ABC A
ta co:
5 i
AB*=AC*+ BC* -24C . BC . cosC 135
=32+42-2.3.4.cos135°=25+122. B 4 ¢

Hinh 13
Suyra AB=+/25+1242 ~6.5.

Dién tich tam giac ABC la:
1 . 1 X
S=_AC .BC .sinC=-—.3.4.8nl135x 4.2,

A
2 2
Vidu 2 | Cho tam giac ABC c6 B=45°,C = 60°va
canh BC = 30 (Hinh 14). Tinh do6 dai cac canh 4B, 45° 60°
8y
30

AC va ban kinh duong tron ngoai tiep tam giac (lam &
tron ket qua den hang phan muron). Hinh 14
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Giai. Xéttam giac ABC, ta co: A=180°—45°— 60°= 75°.Ap dung dinh li sin ta co:
AB  BC CA 2R

sinC  sinAd sinB

BCsinC _ 30 .sin60°

BCsinB 30 .smn45°

Suy ra: 4B = —; = —— ~ 26,9, AC = _ ~22.0.
sin.A sin 75° sin.4 sin 75°
g o ; 5 L - ; BC 30
Ban kinh duong tron ngoai tiep tam giac ABC la: R= ———= — #1355
2sinA4d 2smn75°

Vidu 3 | Cho tam giac ABC ¢6 AB =6, AC = 10, BC = 14. Tinh s6 do goc 4 va
do dai duwong cao AH cua tam giac ABC (Hinh 15).
Giai. Ap dung dinh li csin cho tam giac 4BC ta co:

A
AB* ¢ AC%—=BC® B0 =145 ] 6 10
cos A= = ==—,.
24B . AC 2.6.10 2
; -y . : B H ¢
Do do, 4=120°.Dién tich tam giac ABC la: » ,_
14
S:%AB.AC.sinA:%.6,10.si11120°:15\f§. .

28 20153 153
; .

Do dai duong cao 4H la: AH =
BC 4 7

Vi du 4 | Cho tam giac ABC. Tinh do dai canh BC va s6 do cac goc 4, C trong moi

Hinh 16, 17
A A
60°
B& c B c

Hinh 16 Hinh 17

Gidi. Pt BC = x (x > 0). Ap dung dinh li c6sin cho tam giac ABC ta co:
AC*=AB*+ BC*-24B .BC .cosB=>7"=8+x -2 .8 .x.cos60°
=x —8x+15=0=x=3hoacx=35. Vay BC = 3 hoac BC =5.
« Trwong hop 1: BC = 3 (Hinh 16).
BCsinB  3sin60° 343

BC AC :
—=—— Suyrasind= = :
sind sinB AC 7 14

Ap dung dinh 1i sin ta co:

Vi



Do do, A~ 21,8°va C ~ 180°— 60°—21,8° = 98, 2°.
e Truong hop 2: BC' =5 (Hinh 17).
BCsinB _ 5sin60° 53

; . . BC AC )
Ap dung dinh li sin ta co: = . Suyra sinAd= = .
¥ sind smnB 2 AC 7 14

Do do, A 38,2° va C ~180°-60°—38,2°=81,8°.

Vén dé 2. [Tng dung

Vi dy 5 | Tl mot phan ctia miéng ton hinh tron ngudi ta cat ra duoc mot hinh tam
giac ABC ¢ AB =6 cm, AC =8 cm, A=150° (Hinh 18). Tinh ban kinh cua miéng
ton ban dau (lam tron két qua dén hang phan muoi theo don vi xang-ti-met) va dién
tich tam giac ABC.

Giai. Ap dung dinh li cosin cho tam giac
ABC ta co:

BC® = AB*> + AC* — 24B . AC <tosA
—6°+8—-2.6.8.cos150°~ 183,14.

Suy ra BC ~ a./l 83.14 ~13.5 (cm). Hinh 18
Ap dung dinh 1i sin ta co BC;I =2R. Suy ra, ban kinh ctia miéng ton ban dau la:
S
R= ET’C ~ I,S’S =13,5 (cm).
2sind 2 .smn150°
1

Dién tich tam giac ABCla: S=—=A4B . AC . sinAz-;- 6.8 .5in150°=12 (cm?).

2
Vi du 6 | Dé tinh khoang cach giita hai dia diém .4 va B ma ta khong thé di trye
tiep tir4 dén B (hai dia diém nam ¢ hai bén bo mot ho nwde, mot dam lay, ...) nguoi
ta tién hanh nhir sau: Chon mét dia diém C sao cho ta do duge cac khoang cach AC,
CB va géc ACB. Sau khi do ta nhan duoc: 4C = 1 km, CB =800 m va ACB =105°
(Hinh 19). Tinh khoang cach 4B (lam tron két qua dén hang phan muoi theo don vi mét).
Giai
Ap dung dinh li césin cho tam giac ABC ta cé:
AB*=AC*+ CB*-2A4C .CB . cosC
=1 000°+ 800> —2 .1 000 . 800 . cos105°
~ 2054 110,472.

Suyra AB~ \[2 054110,472 ~1 433,2.
Vay khoang cach 4B 1a xap xi 1 433,2 m.
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Vidu 7 | Mot nguoi di doc bo bién tir vi tri 4 dén vi tri B va quan sat mot ngon
hai dang. Goc nghiéng cua phwong quan sat tir cac vi tri 4, B to1 ngon hai dang voi
duong di cua nguoi quan sat lan luot 1a 45° va 75°. Biet khoang cach giira hai vi tri
A, B la 30 m (Hinh 20). Ngon hai dang cach bo bien bao nhiéu mét (lam tron ket
qua den hang don v1)?

Giai. Go1 v1 tr1 ngon hai dang la diem C, H la
hinh chiéu cua C trén dwong thang 4B.

Tacéd: ACB =75°— 45°=30° (tinh chit géc ngoai
tam giac). Ap dung dinh li sin cho tam giac 4BC

., BC AB
ta co: — = — .
sin45°  sin30° 45° 75°
_ 30sin 45° 430w 8
Do dO, BC:W:30\‘2- Hinh 20

Xét tam giac vuong BCH, ta c6: CH = BCsin75%= 304/2 sin 75° % 41 (m).
Viay ngon hai ddng cach ba bién khoang 41 m.

C. BAITAP
12. Cho tam giac ABC c0 AB = 6,5 cm, AC = 8,5 cm, }i =125° Tinh (lam tron
ket qua den hang phan muoi theo don vi twong ung):
a) Do dai canh BC, b) 86 do cac goc B, C- ¢) Dién tich tam giac ABC.
13. Cho tam giac ABC' co BC =50 cm, B = 65° C =45° Tinh (lam tron két qua dén
hang phan muoi theo don v xang-ti-met):
a) Do dai cac canh 4B, AC,  b) Ban kinh duong tron ngoai tiép tam giac ABC.
14. Cho tam giac ABC ¢6 AB = 5, AC =8, BC = 9. Tinh (lam tron két qua dén hang
phan muon):
a) So do cac goc A, B, C, b) Dign tich tam giac ABC.

15. Cho tam giac ABC c¢6 B=60°, BC = 8,
AB + AC = 12. Tinh d6 dai cac canh 4B, AC.

16. Gia dinh ban An so hitu mot manh dat hinh 230 m
tam giac. Chiéu dai ctia hang rao MN'la 150 m,
chiéu dai cua hang rao MP 1a 230 m. Goc gitta &V
hai hang rao MN va MP 1a 110° (Hinh 21). e Y
Hinh 21
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17.

18.

15

20.

a) Dién tich manh dat ma gia dinh ban An s6 hitu 1a bao nhidu mét vuéng (lam
tron két qua dén hang phan muoi)?
b) Chiéu dai hang rao NP 1a bao nhiéu mét (lam tron két qua dén hang phan mudi)?
Hai nguoi 4 va B cung quan sat mot con tau dang neo dau ngoai khoi tai vi
tri C. Nguoi 4 dimg trén bo bién, nguoi B dimg
trén mot hon dao cach bo mot khoang 4B = 100 m.
Ha nguo‘i tlen hanh do dac va thu duge két qua:
CAB= 542, CBA = 74° (Hinh 22). Ho1 con tau cach

hon dao bao xa (lam tron ket qua dén hang phan
muol theo don vi met)?

Mot nguor di doc bo bién tir vi tri 4 dénvi tr1 B va

quan sat mot con tau C dang neo dau ngoai khoi. Nguoi do tien hanh do dac va thu
duge két qua: 4B=30m, CAB = 60°, CBA = 50° (Hinh 23). Tinh khoang cach tir
vi tri A dén con tau C (lam tron két qua dén hang phan muoi theo don vi mét).

Hinh 22

i
H
4 A0 SON - 762 m -
30m
Hinh 23 Hinh 24

Luc 6 gio sang, ban An di xe dap tir nha (diém 4) den truong (diém B) phai
leo 1én va xuong mot con doc (Hinh 24). Cho biet doan thing AB dai 762 m,
A=06% B=4°,

a) Tinh chiéu cao / ctia con doc theo don vi mét (Iam tron két qua dén hang don vi).

b) Hoi ban An dén truong lic may giri!‘? Bif:t rang toc d trung binh 1én doc la
4 km/h va toc do trung binh kli xuong doc 1a 19 kin/h.

Quan sat cay cau diy ving minh hoa & Hinh 25.

WV \\x
|

’/'_T’—

n;i)“& 150m

250m H

Hinh 25 3 Hinh 26

Ta1 tru cao nhﬁt, khoang cach tur dinh tru (v1 tri 4) to1 chan tru trén mat cau
(vi tri H) la 150 m, do da1 day vang dai nhat no1 tir dinh tru xuong mat cau
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(vi tri B) la 300 m, khoang cach tir chan day vang dai nhat téi chan try trén méat
cau la 250 m (Hinh 26). Tinh do doc cta cau qua tru néi trén (lam tron két qua
dén hang phan muoi theo don vi d0).

21. Mot nguol dimg 6 vi tri 4 trén noc mot ngoi nha cao
4 m dang quan sat mot cay cao cach ngoi nha 20 m va
do duoc BAC = 45° (Hinh 27). Tinh chiéu cao cta
cay do (lam tron két qua dén hang phan muoi theo
don vi met). H Som B

Hinh 27

§3 KHAI NIEM VECTO

A. KIEN THUC CAN NHG

— Vecto 1a mot doan thing co huong.

— Hai vecto duoc goi la ciing phirong néu gia cua chung song song hoac trung nhau.

— D dai vecto la khoang cach giita diém dau va diém cudi cia vecto. Do dai ciia
vecto @ ki hidula |al.

— Vecto bang nhau
+ Hai vecto @, b bang nhaunéu ching cing huéng va cing do dai, ki hidu 4 = b.
+ Néu /1a trung diém ctia doan thang 4B thi Al=1B
+ NéuABCD la hinh binh hanh thi 4B = DC.
+ Khi cho E.Iérc vecto @ va diém O, thi ta luén tim duoc mét diém A duy nhét

sao cho OA=a.

— Vecto-khong la vecto co diém dau va diém cudi trung nhau, ki hieu 6

Vecto-khéng ciing phuong, cing hudng véi moi vecto va ¢é dé dai bang 0.

B. ViDU
Van dé 1. Xac dinh vecto; xac dinh phuong, huéng ciia cic vecto
Vi du I | Cho tt giac ABCD. Viét cac vecto khac 0 thoa man:
a) Co6 diém dau 1a 4, diém cudi la mot trong cac dinh ctia tir giac trén.
b) C6 diém cudi 1a B, diém dau 12 mét trong cac dinh cia t giac trén,
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Giai
a) Cac vecto thoa man la: E E E

— o

b) Cac vecto thoa man la: 4B, CB, DB.

Vidu 2 | Cho ba diém 4, B, C thang hang, B nim giita 4 va C. Chi ra ba cip vecto
khac Ei o diém dau va didém cudi trong cac diém A4. B, C thoa man:
a) Cap vecto do cung huong.
b) Cap vecto do nguge huong.
Giai
a) Ba cap vecto cung huong la: AB va E AB va B_C' BA va CA.
b) Ba cép vecto ngugc hudng la: AB va CTB. AB va 54, BA va BC.
Vi du 3 | Cho hinh vuong ABCD canh a. Xac dinh vecto thoa man:
a) Co diém dau la A4, diém cudi la mét trong cac dinh ctia hinh vuéng trén va co do
daila a.
b) Co diém cudi la C, diém dau la mot trong cac dinh ctia hinh vuéng trén va co do
daila a.
Giai
a) Cac vecto thoa man la: A? 4D.

b) Cac vecto thoa man la: ﬁ DC.

Vi dy 4 | Trong mat phang cho tam giac ABC. Tap hop tat ca cac diém M thoa mén
AM cing phuong véi BC 1a hinh gi?

A. Puong thang A4B. B. Tia B4.
C.Tia 4B. D. Puong thang di qua A song song voi BC.
Giai

Vi AM cung phuong vol BC nén gla cua AM song song voi gia cua BC. Nhu
vay, tap hop tat ca cac diém M 1a duong thang di qua 4 va song song vdi BC. Vay
chon dap an D.

Vi du 5 | Trong mat phing cho tam giac ABC. Tap hop tat ca cac diém M thoa man
AM cing huéng voi AB la hinh gi?
A. Poan thang 4B. B. Tia BA.
C.Tia 4B. D. Duong thing 4B,
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Giai
Vi AM cung huong voi 4B nén gia cua AM tring vol gia cua AB vaB ,M cung

phia so voi 4 hodc M tring 4. Nhur vay, tap hop tat ca cac diém M la tia 4B. Vay
chon dap an C.

Van dé 2. D dai cia vecto
Vidu 6 | Cho ABC la tam giac vuong tai 4, AB = 3a, AC = 4a. Tinh |ﬁ|
Giai

BC|= BC =V 4B* + AC? = [(3a)* +(4a)* =\254* = 5a

Vidu 7 | Cho ABC 1a tam giac déu canh @ va M 1a trung diém cia BC. Tinh |W‘
Giai
Vi tam giac ABC déu nén trung tuyén 4M cing la duong cao. Vay ta co:
40| = AM = 4B . sin60° = a3
Van dé 3. Hai vecto h;ing nhau

Vidu 8 | Cho tam giac ABC. Thuc hién cac yéu cau sau:
a) V& diem M sao cho AM = BC.
b) V& diém N sao cho NA = BC.
Giai (Hinh 28)

N ! A

LS

B * ('
Hinh 28

Vidu 9 | Cho tit giac ABCD. Goi M, N, P, O lan luot
1a trung diém cta bon canh AB, BC, CD, DA (Hinh 29).
Chung minh MN = OP.

Gidi
Vi MN la duong trung binh cua tam giac ABC nén MN // AC, MN = EAC

i ) . g & 1
Vi OP la duong trung binh cta tam giac ACD nén OP // AC, OP = ;AC-

Suy ra MN // OP, MN = QP nén MNPQ la hinh binh hanh. Vay MN = ﬁ
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Vi du 10/ Trong mat phing cho hai diém phan biét 4, B. Tap hop tat ca cac diém A
thoa man | 40| = |BM| 1a hinh gi?
A. Puong tron tam 4 ban kinh 4B. B. Puong trung tne ctia doan thing 4B.
C. Puong tron tam B ban kinh AB. D. Poan thing 4B.
Giai
Ta co: ‘A—M|= |m|<:>ﬂ44=m
Tap hop cac diém M trong mit phang thoa man M4 = MB la dudmg trung trre ciia
doan thangAB Chon dap an B.
Van de 4. Ung dung
Vi du 11| Treo mot vat co khoi luong 10 kg vao mot soi day
(Hinh 30). St dung vecto P dé biéu dién trong luc, vecto 7 de
bicu dién Irc cang cia day tac dung 18n vat do. Chon cac khing
dinh ding trong cac phat biéu sau:
a) P o phurong thang dimg; b) T co phurong thing dimg; m
¢) P c6hudng tirtrénxudng dudi; d) P cohuongtirdudiléntén, 0 50
e) T c6 huéng tirtrén xubng dudi; g) T o6 huréng tir dudi 1én trén.
Giai
Cac phat bieu ding laa, b, ¢, g.

Vidu 12/ Quan sat rong roc hoat dong khi dung lyc dé kéo

mot dau cua rong roc. Chuyén dong cua cac doan day duge mo d

ta bang cac vecto a, b,Z (Hinh 3D). b 1¢
a) Héy chi ra cac cap vecto cung phurong.
b) Trong cac cap vecto do, cho biét ching cing huwdng hay

nguoc huong? Hinh 31

Giai
a) Cac cap vecto cung phuongla @ va b, b vac, ¢ va a.

b) Cap vecto cimg huong 1a ¢ va a. Cac cap vecto nguoc huéng la a va b,bvaci.
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BAI TAP

22.

23.

24.

25.

26.

27.

28.
29,

Trong mat phang cho hai diém phan biét 4, B. Tap hop tat ca cac diém M thoa
méin AM nguoc huéng véi 4B 1a hinh gi?

A. Duong thang 4B. B. Tia 4B.

C. Tia dbi cuia tia 4B trir diém A4. D. Doan thang 4B.

Trong mét phing cho hai diém phan biét 4, B. Tap hop tat ca cac diém M thoa
min [407]= 4| 1a hinh gi?

A. Pudng trung trnye ciia doan thing 4B.  B. Puong tron tim 4 ban kinh 4B.
C. Duong tron tam B ban kinh 4B. D. Poan thang 4B.

Cho hinh thang ABCD ¢6 AB va CD song song voi nhau. Phat biéu nao sau day
la dung?

A. AB=CD. B 4B va DC cung huong.

C. AB va DC nguoc hudng. D. 4B = DC.

Cho & =b. Phat biéu nao sau day la sai?

A. @ va b cung huong. B.G va b cung do dai.

C.avab khong cung phuong. D.avabh cung phuong.

Cho diém 71a trung diém cua doan thang AB. Phat biéu nao sau day la ding?

A IA=B. B I va IB cung huong.
C..Al<BI D. 4l =IB.

Cho nam diém phan biét 4, B, C, D, E.

a) Viét cac vecto khac 0 co cing diém dau la 4, diém cudi la mét trong cac diém
da cho.

b) Viét cac vecto khac 6 cO cung diém cudi Ia B, diém daula mot trong cac diem
da cho.

Cho hinh vuéng ABCD ¢6 canh bang a. Tinh |A_B. ) ac ‘

Cho tam giac ABC. Goi M, N, P lan luot 1a trung diém cua BC, CA4, AB.

Chumg minh rang:

a) MN = PA: b) MP = CN.
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30. Trong mat phfmg nghiéng khong co ma sat,
cho hé vatm , m,, hai vat noi véi nhau bang
mot sol day khong din vat qua rong roc
(Hinh 32). Gia stt b qua khéi luong ctia day
va ma sat cia rong roc.

a) Tim cac cap vecto cung phuong trong cac
vecto ¢ Hinh 32.

Hinh 32

b) Nhiing cap vecto cung phirong do co cung hwong khong?

31*, Cho duong tron tam O va day cung BC khong di qua O. Piém 4 chuyén dong trén
cung lon BC cua duong tron sao cho tam giac 4BC nhon. Goi H la tryre tam cua
tam giac ABC. Clnimg minh rang AH ¢6 do dai khong doi.

S4 TONG VA HIEU CUA HAI VECTO

A. KIEN THUC CAN NHO

L 'I'f,mg cua hai vecto

1. Pinh nghia

Cho hai vecto @, b. Lay mot diém 4 tuy v, vé
AB=G, BC=b.

Vecto E duoc goi la téng cua hai vecto @ va
b, kihitu AC=a+b (Hinh 33). H s

Nhan xet: Cong thuc trén cho ta cach rut gon tong nhleu vecto lién tiép ma diem
cudl cua moi vecto trong tong la diém dau cta vecto lién sau no (trir vecto cudl
cung). Péng thoi, ta cling phan tich duge mot vecto thanh tong cuia hai hodc nhiéu
vecto khac. Ta ciing goi cong thirc trén la quy fdc céng.

2. Quy tic hinh binh hanh

NéuABCD la hinh binh hanh thi 7 ¥

AB+AD = AC (Hinh 34).

Nhan xeét: Cong thire trén cho ta mot cach it gon
tong ctia hai vecto co cung diém dau. A D

Hinh 34
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3. Tinh chat
Vdibavectotuyy a, b, ¢ taco:

«d+b=b+a ( tinh chat giao hoan);

e (@+b)+=a+ (b +7) (tinh chat két hop);

1

e a+0= a 7 =a (tinh chat cua vecto-khong).

=+
-

Chui y: Téng ba vecto a+b +¢ duge xac dinh theo moét trong hai cach:
(@+b)+¢ hoac a+(b +72).

I1. Hieu cua hai vecto

1. Hai vecto déi nhau

Vecto ¢o cung do dai va nguoc huong véi vecto @ duoge goi la vecto doi cua a
ki hiula — a.

Vi hai diém A, B bat ki ta 06 BA =~ AB.

Néu 714 trung diém ciia doan thang 4B thi B=-1

Néu ABCD 1a hinh binh hanh thi CD = - AB.

2. Dinh nghia

Phép trir vecto @ cho vecto b la tong cua vecto @ va vecto doi cia vecto b,
kihiéula a—b. Nhuvady a-b =a+(= b).

Véi ba diém O, 4, B bit ki ta c6 AB= OB —~OA.

Nhdn xét: Cong thuce trén cho ta cach biéu thi mot vecto thanh hiéu hai vecto cé
cung diém dau. Ta ciing goi cong thire trén la quy tac tri.

II1. Trung diém caa doan thé,'mg, trong tam cua tam giac

I 1a trung diém ctia doan thang 4B khi va chi khi IA+IB=0.

—_— — —

G la trong tam cua tam giac ABC khi va chi kln G4+ GB + GC = 0.

B. ViDyY

Vin dé 1. Chirmg minh ding thirc vecto

Phirong phap:

— Bién ddi tir biéu thite vé nay sang vé kia.

— Chung nunh hai bieu thire vecto cung béng mot vecto trung gian

- Cmmg minh hai b;eu thare vecto cing bang mot bidu thitc vecto trung gian bang
cach sit dung quy tac trir voi diém dau la diém O bat ki.
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Vidu 1l Chobon diém A, B, C, D. Chimg minh BC+AB=DC+4D.
Giai
BC+AB=AB+BC=AC, DC+AD=AD+DC = AC.

— — — —

Tir cac dang thie trén, ta ¢c6: BC+AB = DC+ AD.

Vidu 2 Chonam diém 4, B, C, D, E. Chimg minh AB+BC+CD+DE = AE.
Giai
Céch 1: AB+BC +CD + DE = (E+};(C‘.}+(CT§+I)TE.):A—C+CE:E.

Cdch 2: AB+BC +CD + DE = (4B + BC)+CD + DE

— — — — — —

=(AC+CD)+DE =AD+ DE = AE.

— c— — — e co— e e s

Cdch 3: AB+BC +CD+ DE = OB~0OA+OC - OB + OD - OC + OE — OD

— — —

=OE-0OA=AE.

Vidu 3 Cho tam giac ABC. Goi G la trong tam cua tam giac. M, N, P la ba diém
bat ki. Chimg minh GM + GN +GP = AM + BN + CP.
Giai
Vi G la trong tim tam giac ABC nén ta ¢6: GA+GB +GC = 0.

_— | | e e——p | e meed ey

Ta co: GM +GN +GP = GA+ AM + GB + BN + GC + CP

—_— i —

= (G4+GB+GC)+AM+BN+CP 0+AM + BN +CP = AM + BN +CP.

Nhin xét: 'Ta da su dung quy tac cong dé tach moi vecto & vé trai bang tong mot
vecto 0 vé phai cong vol mot vecto khac.

Vidu4 ChosandiemA4,B,C.D, E, F.

s T T S R =)

Chimg minh 4B-DC - FE=CB-DE-FA
Giai
AB-DC - FE = OB~ OA- (OC —OD) - (OE - OF)

—_— — — o  — —

~OB+0OD+OF —0OA-0OC-OE.
CB - DE - FA= OB - OC — (OE — OD) - (OA- OF)
—~OB+0D+OF —-04-0C-CE.

Tir hai dang thic trén, ta ¢c6: AB— DC — FE = CB- DE - FA.
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Vidu 5 Cho tam giac ABC. Goi M, N, P lan luot la trung diém cuia BC, C4, AB.

Chumg minh 4P + CM = NB.
Giai

Ta bién ddi tong ctia hai vecto khong cing diém dau vé tong cua hai vecto cung
diém dau va dung quy tac hinh binh hanh.

Vi NP la duong trung binh cua tam giac ABC (Hinh 35) nén NP // BC, NP = %BC ,
Suy ra NP // BM, NP = BM va tt giac BMNP

A
la hinh binh hanh.
Ta ¢6: AP = PB=NM,CM = MB = NP. .
Suy ra AP +CM = NM + NP = NB.
A A ” - o B M C
Van de 2. Do dai cua vecto sk

Phirong phap:
— St dung hé thnrc Iwrong trong tam giae dé tinh do dai.

— Sut dung tinh chat cua cac tam giac dac biet: tam giac deu, tam glac can, tam giac
vuodng, tam giac vudng can.

— St dung tinh chat cua tt giac dac biét: hinh vudng, hinh chit nhat, hinh thot,
hinh binh hanh, . ..

Vi du 6 ' Cho ABC la tam giac déu canh a, Tinh: a) [4B8- 4C|, b) [4B+A4C|.
Giai
a) Ta co: A_B‘—E:CTB:AE—E = ‘@L—-BC: a.
b) Dung hinh binh hanh ABDC, ta ¢6: AB + AC = AD. 4 P
Goi / la giao diém ctia AD va BC, ta ¢o I la trung
diém ctiia BC va AD (Hinh 36). Vi tam giac ABC
déu nén . 4 A
AI 1 BC= AI= AB .sinB=a .sin60°= 22 Hinh 36
2
Do d6 |4B+ AC| = [4D| = AD = 241 = a 3.
B
Vidu 7 Cho tam giac ABC co AB = 2a, AC = 3a,
BAC =45° (Hinh 37). Tinh: /\
a) |48 - 4Cl; b) |48 + acl. Hinh 37
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Giai
a) Ta co: AB-AC = CTB*ﬂ[E—A._.d: ‘E§|=BC.
Ap dung dinh li cdsin cho tam giac ABC ta co;
BC* = AR* + AC* -24B . AC . cos A
=(2a)? +(3a)* -2 .2a.3a . cos45°= (13- 6/2)a’.

Vay |4B - AC| = a13-642.

b) Dung hinh binh hanh ABDC (Hinh 38), ta co: B D
15+ 30~ 1D, M
ABD =180°- BAC =135°, BD = AC = 3a. ; >
Ap dung dinh li cosin cho tam giac 4ABD ta co: Hinh 38

AD® = AB* + BD* -2A4B . BD.. cos ABD
=(2a)* +(3a)* -2 .2a . 3a . c0s135° = (13+6+/2)a>.

Viy 4B+ AC| = ay13+642.
Vidu 8 Chotirgiac ABCD la hinh chit nhat. Chiing munh ‘E +A_D.| = ‘E ~4D)|.
Giai
Vi ABCD la hinh chir nhat néxi ta cé: |48 - 4D|=|DB|= BD = AC.
Vi ABCD ciing la mét hinh binh hinh nén 4B + 4D = AC = |48 + 4D|=4C|= 4c.
Tw dosuyra |E+E|: ‘A—E—A_D .
Vidu 9 Cho hai diém 4, B. Tim tap hop cac diém M trong mit phing thoa mén

[an|= 207 + M.
Gidi. [4M|= |20 + MB| < [4071= [2B| & M = 4.
Tap hop cac diém M 1a dudng tron tam 4 ban kinh 4B.

Vidu 10/ Cho hai vecto a, b khong cung phuong.

Chimg minh ring 13+ Bl >3 +3]. 4 A
- 2 \
Gidi a b b
— a+b
A S

Tir mot diem 4 trong mat phang, vé 4B=a va
BC=b thi AC=a+b (Hinh 39). Hinh 39
Q0




Vi hai vecto a, b khong ciing phwong nén ba diém 4, B, C khong thang hang. Theo
bat dang tlntc tam giac, ta co 4B + BC > AC. Vay suy ra |a|+ ‘3| > ‘c'i+ 5‘

Vin dé 3. [fng dung
Vidu 11 Chobaluc 7, = OA, F, = OB va F, = OC cimg tac dong vao mét vét tai
diém O va vat dimg yén. Cho biét cuong do ctia F‘l P_‘; déula 120 N va AOB =120°.

Xac dinh cuong do va huong cua luc F;.

Giai

Dung hinh binh hanh OA4ADB (Hinh 40), ta co: A

0A +CTE" = O_;D: Vi_v"at _ch'mg yén nén F,+F, +F, =0, ","‘ F R
tuc la O4+0OB+0C = 0. D;;; o % -
Suy ra OD+0C =0 hay O la trung diem cua CD. Nhu \‘-\ 4

vay OD nguoc huong vol oc hay huong cua luc F_: \;B %

nguoc huéng véi tong hop hai luc 7., F,. Hinh 40

Hinh binh hanh O4ADB ¢6 O4 = OB nén la hinh tho1.

WO (T | L
Suy ra AOD = EAOB =60° nén tam giac O4D la tam giac déu, do do6 OD = OA.
Vay ta co OC = OA va cuong do cua luc 1?'3 bi'mgcudngd@cﬁalu'c F’; vébéng 120 N.

Vi du 12/ Mot dong song chay ir phia bac xuéng phia nam voi van toe 1a 10 ki/h.
MGt chiée ca né chuyén dong tir phia dong sang phia tay voi van toc 40 kmvh so voi
mat nuoc. Tim van toc cia ca no so vol bo song.

Giai o
Gia st ca no chuyén dong tir phia dong sang phia tay, tir vi tri 4 IRV
bén phai con séng sang vi tri B bén trai con song (Hinh 41). Y ¥
— = i A o a i i » ~ - 'B ¥ A
Go1 v, la van toc cua dong nudc so voi bo song, |v0‘ =10 (km/h), Vl
- . - A - - ’e - ' — :|-'+
v; la van toc cua ca no so vor mat nuoc, v1|= 40 (km/h), g 4
Hinh 41

v, la van toc cua ca no so voi1 bo song.

Vi phuong cua hai vecto vy, % vuéng goc véi nhau nén theo dinh 1i Pythagore,
ta c6: [7o" + [ =" = Fa|= YTl + i =10 +40% =10V17 (km/h).

Vay van toc ciia ca no so voi bo song theo huong tir4 dén Cco dolonla 1 0417 km/h,
Q1



C. BAITAP

32.

33.

37.

38.

39.

Q2

Cho ba diém M, N, P phan biét. Phat biéu nao sau day la ding?

A. MN-NP=MP. B. - MN + NP = MP.

C. MN + NP = MP. D. UN+ NP =— MP.

Cho tt giac ABCD la hinh binh hanh. Khing dinh nao sau day la ding?
A. BA+DA=C4 B. 4B+ BC = 4D.

C. AB+AD =CA. D. AB+BC=- AC.

Cho cac diem A, B, O. Khang dinh nao sau day la dung?

— o — — e

A. AB=0A4-OB. B. AB=0OB-0A.
C. AB = OA+OB. D. AB= 0B +0A.
. Cho ba diém 4, B, M phan biét. Piéu kién can va da dé M 1a trung diém ctia doan
thang 4B la:
A. MA=MB. B. [pzi|=[ME].
C. M4, MB nguoc huong. D. MA+MB = 0.
Cho tam giac ABC'. Dieu kién can va du dé G la trong tam cua tam giac 4ABC la:
A. GA+GB=GC. B. GB+GC=AG.
C. GC+GA=GB. D. GA+GB-GC =0.

Cho tr giac ABCD, O la trung diém ctia AB. Chimg minh;

OC+0OD=AC+BD.
Cho tam giac ABC vuong ta1 4, AB = 4a, AC = 5a. Tmh:

a)
Cho tam giac déu ABC canh a. Tinh:

4B - AC): b) [4B+4C.

a) ‘E+ﬁ; b) |E—EL c) ‘Ehﬁ?ﬁ
Cho tam giac ABC thoa méan |E + AC| = |E = E| Chung minh tam giac ABC
vuong tai 4.



41. Cho hai vecto a, b khac 0. Chimg minh rang néu hai vecto cing huéng thi
|+ [ = |a+3].

42. Cho hinh vuéng 4BCD canh a. Tinh | 4B + AC]|.

43. Cho tir grac ABCD la hinh binh hfml_l. Goi O la giao diém cta hai durong chéo,
E la trung diem cua AD, G la giao diem ctia BE va AC. Tinh:
a) OA+OB +0OC +OD:, b)G—A+(?B'+(ﬁ.

44. Cho tam giac 4BC. Tim tap hop cic diém M trong mat phang thoa min
45+ B - 20 - 2.

45. Cho hai tam giac ABC va A'B'C' ¢o cung trong tam la G. Chuimg minh
A4'+BB'+CC'=0.

46. Cho tam giac nhon ABC co cac _canh do1 mot khac nhan. Goi} H O lan luot 1a true
tAm va tam duong tron ngoai tiep clia tam giae, D 1a diém doi ximg voi H qua O.

— — — —

Chumng minh H4+ HB + HC = HD.

§5 TiCH cUA MOT sO V61 MOT VECTO

A. KIEN THUC CAN NHO
I. Dinh nghia
Cho s0 thuc k= 0 va vecto a = 6 Tich cta s6 k voi vecto @ 1a mot vecto, ki hiéu

la ka, duoc xac dinh nhu sau:

— Ciing hudng voi vecto @ néu k > 0, nguoc hudng vai vecto @ néu k < 0;
— C6 d6 dai bang |&] . |al.
Quy wéc: 0a = 0, k0 =0.
I1. Tinh chat
Véi hai vecto bit ki @, b va hai s6 thuc A, k, ta co:
o k(@+b)=kid+kb; k(d-b)= ki - kb,
o (h+k)a=ha+ka,
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o h(ka)= (hk)a,

ela=a, (-a=-a.

Nhén xét. ka =0 khi va chi khi k=0 hodc @=0.

I11. M6t s6 ing dung

1. Trung diém cia doan thang

Néu /14 trung diém ctia doan thing 4B thi MA -+ MB = 2MI véi didm M bat ki.
2. Trong tam cua tam giac

Néu G la trong tam cua tam giac 4ABC thi MA +MB + MC = 3MG véi diém M bat ki.

3. Diéu kién dé hai vecto cung phuong. Diéu kién dé ba diém thang hang

Pidu kién can va dui dé hai vecto @ va b (5 # 6) cting phwong 1a c6 mét s6 thue k
A& d=kb.

Piéu kién can va da dé ba diém phan biét 4, B, C thfmg hang la co so thuc k dé
AB = kAC,

B.ViDU

Vin dé 1. Xic dinh diém thoa min dﬁng thirc vecto’ cho trude

Vidu 1 | Cho doan thang AB = 3 cm. Xac dinh cac diem M, N thoa mén:

Gidi. (Hinh 42)

—_— I — — —
Do AM = EAB néen AM va AB cung huong,

AM = 1 AB. Vay diém M thudc tia 4B thoa man Hinh 42
3

AMz%Alecm.

_ l—o _ —_— i 4 .
Do AN = - EAB nén AN va AB ngugc huong, AN = EAB Vay diem N thudc
tia d6i ctia tia 4B thoa min AN = %AB =1cm.
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Vidu 2 | Cho tam giac ABC. Xac dinh diém M thoa mén AM = 2(@ + E).
Giai M
Dung hinh binh hanh ABDC, theo quy tac hinh

binh hanh ta co: 4D = AB + AC.
AM = 2(AB + AC) < AM = 2AD.

A (s
Vay M la diém thudc tia 4D thoa min AM = 24D Hinh 43
(Hinh 43).

Vi du 3 | Cho tit giac ABCD. Xac dinh diém M thoa méan

3MA+MB +MC +MD = 0. B
Giai
Goi G la trong tam cua tam giac BCD, ta co: M,
MB +MC + MD = 3MG.
Nhén thay 3MA + MB + MC + MD = 0 b =
& 3MA+3MG =0 < MA+MG =0, Hinh 44
Vay M la trung diém cua doan thang AG (Hinh 44).

Van dé 2. Biéu thi mét vecto theo mét vecto ciing phwong

Phirong phdp: Stt dung tinh chét sau:
— Néu hai vecto @ va b (3 * 6) ciing huong va |a|=m . |3| thi @ = mb.
— Néu hai vecto @ va b (g #* 6) nguoc huong va |@|=m . ‘El thi @=— mb.

Vi du 4 / Cho tam giac ABC ¢o6 G la trong tam va

A

M 1a trung diém ctia BC (Hinh 45).

a) Bitu thi AG theo AM, G

b) Biéu thi GA theo GM. B M C
Hinh 45

Giai

— ) —

a) Vi AG va AM cung huwong va IZé'I:%IZw_'I nen AG = %AM
b) Vi GA va GM nguoc hwong va |ai|=2|G_'M| nén GA=- 2GM.
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Van dé 3. Biéu thi mét vecto theo hai vecto khong cung phuong
Phirong phap:

— Su dung dinh nghia, tinh chat cuia cac phép toan: phép cong vecto, phép trir vecto,
phép nhan maot s6 vo1 mot vecto.

— Stt dung tinh chat trung diém ctia doan thing, trong tam ctia tam giac, hinh binh hanh.

Vidu 5 / Cho hinh binh hanh 4BCD. Pit -
AB= @, AD=b. Goi Ola giao didm ciia AC P . >
va BD, M la tning diém cta CD, G 1a trong M
tam cua tam giac OBC (Hinh 46). Biéu thi cac B c
vecto E AO, AM , AG, CTG' theo hai vecto Hinh 46

ab.
Giai
Theo quy tic hinh binh hanh ta co: AC=AB+AD=a+b.
Vi A0 cung huong voi AC va Lﬁ‘ L4C| nén A0 %_.C %E+%5.
Vi M 1a trung diém ctia CD nén AM _—(AC+AD) ~% +§+3)=%3+3
Vi G la trong tam cua tam giac OBC nén

AG = l(E+A_19.+E) = 1{[13+15J+ Ei+(3+3)] _Paisp

3 PN B2 6 2

1% = YN
Sh-@+b)=- -7k
Vidu 6 / Cho doan thﬁngAB va s0 k khac 1. Piém M thoa min E = kﬂ?ﬁé. Vou
méi didm O, bidu thi cac vecto OM theo hai vecto OA, OB.
Giai
MA = kMB => OA—OM = k(OB — OM)
= (1- k)OM = &-k@é@':ﬁ(o_ﬁ—kﬁ).

CG=A4G-AC=2G+

c:th-

Nhan xét: Khi k=— 1, tizc la M 1a trung diém ctia 4B, thi
M = 04— (- DNOB|=—=(04+0B).
04 - DOBI= 5 )
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Vidu 7| Cho tam giac ABC. Lay cac diém D, E, H thoa min DB = éB_C.

E—%E AH—gﬂ (Hinh 47). )
a) Biéu thi cac vecto 4D, D_'H HE theo céc N
vecto E AC A
b) Chnmg minh rang ba diém D, H, E thang hang. DB o
Gidi Hinh 47
a) Ta co:

AT)':ATB'+E:,4_B'—1TB':AB—§BC 4B—E(AC AB)——AB—EAC
DH=AH-AD=2728_(% 28 <& = —AB+_AC.
3 5 5 15 5

—_ = = = 2= 2= ] —

HE =AE - AH =—AC - — :——AB+ AC.
4 3 4

b) Tir cac dang thie trén, ta co: HE = E(_—SJZB# Lﬁ] = Eﬁ
4\ 15 3 4
Vay hai vecto HE 3 DH cling phirong nén D, H, E thang hang.

Nhan xét: Néu bé cau a) thi viéc ehimg minh céu b) trd nén kho khan.
Khi d0, ta chuyén bai toan chimg minh ba diém thang hang vé bai toan chimg minh

hai vecto cung phuong, chuyén bai toan chimg minh hai vecto cung phurong vé bai
toan bieu dién hai vecto theo hai vecto (khong cung phuong) cho trude.

Vin dé 4. Chirng minh ding thirc vecto

Phirong phap:

— Xét hidu ctia hai vé.

— Bién ddi tir bidu thite vé nay sang vé kia.

— Chiing minh hai biéu thire vecto cing bang mét vecto trung gian.

— Chung minh hai b;eu thire vecto cung bang mot bidu thite vecto trung gian bang
cach str dung quy tac trir voi diém dau la diém O bat ki.
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Vidu 8/ Cho hinh binh hanh 4ABCD va M la mdt diém tuy y. Chiing minh
MA + MC = MB + MD.
Giai
Cach I:
MA+MC — (MB +MD) = (MA—- MB)— (MD - MC)=BA-CD =CD-CD =0.
Cach 2:

Goi O la giao diém ctia AC va BD. Vi ABCD la hinh binh hanh nén O la trung diém
cua AC va BD.

Suy ra MA+MC = 2MO, MB +MD = 2MO. Vay MA+MC = MB+MD.

Vidu 9 | Cho tit giac ABCD cé M, N lan luot 1a trung diém ciia hai canh AB va
CD. Goi G la trung diém cua doan thang MN, 4' 1a trong tam cua tam giac BCD
(Hinh 48). Chimg minh: M B

s __sr mp g PR A
a) AD + BC = 2MN,

b) GA+GB+GC+GD = 5;

¢) OA+OB+0C + 0D = 40G vdi O bat ki; A
[R— 33—
d) AG=—A44".
) 2 D v C
Giai Hinh 48

-

a) Vi M, N lan luot 1a trung diém ctia 4B va CD nén MA+MB = 6, NC+ND = 0.

Do d6 AD + BC = AM +MD + BM +MC = AM +MN + ND + BM + MN + NC

= (AM + BM) + (NC + ND) + 2MN = — 0+ 0+ 2MN = 2MN.
b) Vi M la trung didm ctia AB nén GA+GB = 2GM .
Vi N la trung diém ctia CD nén GC +GD = 2GN.

—_— — — — —

Suy ra GA+GB+GC+GD=ZGM+ZGN=2(GM+GN)=25=0.

c) OA+OB +OC + 0D = OG + GA+0G +GB + 0G + GC + OG + GD

— e e e —

= 406G+ GA+GR +GC+ GD = 406G+ 0= 40G.
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d) St dung két qua cau c) khi diém O tring diém A4, ta co:
AAd+AB+AC + AD = 44G = AB + AC + AD = 44G.
Vi A4'la trong tam cua tam giac BCD nen AB+AC+AD=344".

-

. - r A _.l = fa) 3 _.r
Tir hai dang thie trén suy ra 344'= 44G. Vay AG = ZAA :

C. BAI TAP

47. Cho doan thiang 4B va O la trung diém cua4B. Khang dinh nao sau day la ding?
A. AB=204. B. 4B =20B.
C. 4B=- 20B. D. 40 =24B.

48. Cho tam giac 4ABC va M la trung diém cua BC, G la trong tam cia tam giac.
Khang dinh nao sau day la ding?

—_— 3—0

A. AM = - 3GM. B. AM = GM.
C.EJ;@_ . AM = 3GM.

49. Cho @ # 0. Khang dinh nao sau day la sai?
A. a va 4a cung phuong. B. @ va — 44 cung phuong.

C. a va 4a khong cing huéng.  D. @ va - 43 nguoc hudng.

50. Cho doan thing 4B va diém C nam gitta hai diém 4, B. Khing dinh nao sau diy
la dimg?

A. AC:£AB. B. AC=——"—_AB.
AB AB

c.ac-“875 p.ac-- 75
AC AC

51. Cho doan thing BC va diém 4 nim giita hai diém B, C. Khing dinh nao sau day
la ding?

A TC-ACH p. 7c-_ A5
AB

c.ac-“8 15 p. ac-- B 15
c AC



52. Cho tam giac ABC. Xac dinh cac diem M, N, P trong moi truong hop sau:
—_— — — ] — —_ —_— —_— — —

a) AM = CB, b) .4N=—5(AB+AC); ¢c) PA-PB+2PC=0.

53. Cho tam giac ABC, ké phan giac AD. Dat AB = b, AC = ¢. Chiing minh:
bDB +¢DC =0,

% o sl B Biedh, ABED, Ly e ditn M ¥ P e roiin M = %E,
AN = %A'_C. AP = %E Pit AB = a, AD = b. Biéu thi cac vecto A—N MN,

NP theo cac vecto a, b va chimg minh ba diém M, N, P thiang hang.
55*. Cho tam giac ABC. Lz"iy cac diém D, E, M, Nthoa man AD :%E, AE = %E

— — —

BM = %ﬁ, AN = kAM véi kla s6 the. Bidu thi cac vecto AN, DE. EN theo
céc vecto @ = AB, b= AC va tim k@ ba diém D, E, N thiang hang.

56*. Cho tam giac ABC. Lay cac diém A", B', C" khong trung voi dinh ctia tam giac va
AA' BB'_ CC'
AB BC C(CA

lan luot thude cac canh 4B, BC, CA thoa mén . Ching minh

hai tam giac ABC va A'B'C" co cung trong tam.

SG TiCH VO HUGNG CUA HAI VECTO

A. KIEN THUC CAN NHG

1. Pinh nghia

Dinh nghia 1

Cho hai1 vecto CT.'%I OB khac 0 .

—Ta goi goc giira hai vecto @ OB 1 goc giita hai tta OA4. OB va duoc ki hiéu la
(OA, OB).

— Tich vo lnrdng cna hai vecto O~A va O_B. 1a mot s6 thire, ki huéu 54 . @, duroc
xac dinh boi cong thare:

@i , (79' = \5’41 : |O_B" : cos(a, (TB').
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Pinh nghia 2

Cho hai vecto @, b khac 0. Lay mot diém O va vé vecto OA = a, OB=bh.

— Goe giita hai vecto @, b, ki hidu (@, b), la goc giita hai vecto OA, OB.

— Tich vo hudng ctia hai vecto @ va b, ki hidu & . b, la tich vo hudng ctia hai vecto
OA va OB. Nhu vy, tich vé hudng cia hai vecto @ va b la mét S0 thue duoc
xac dinh béi céng thicc: @ . b =1al . B . cos(@, B).

+Khi @ va b cing huong thi @ . b =|a| . |5].
+Khidvab nguoc hudng thi a.b==Tal |E;|
+ Khi (@,5)=90° thi @ . b =0.

2. Tinh chit

Vi hai vecto bat ki a, bva o thuc k tuy y, ta co:

a.b=b.a (tinh chat giao hoan);

y=a.b+a.Z (tinh chat phan phoi);

o)

Tx
b=k@@.b)=a. (kD).

—

=0 a=0.

—

-
a .

ka

-

T o
o

[\

0, a

al

> N

s e 2 a2, 1K 13 B
Nhanxét: (a+b)"=a”“+2a.b+b ; (a—-b) =a”—2a .

ol |
o

G=B). (B NPT

B.ViDU

Vén dé 1. Tinh tich vé6 huéng cua hai vecto

Vidu I Tinh a .b trong cac truong hop sau:
a) |al=6, [B|=7, @, B)= 45°, b)lal=8. [5l=9, @. B)=150°.
Giai

a)a.b=lal. \5|.cos(a,3):6.7.cosasoxaz.gzzlﬁ.

NG

b) @.b=lal.|p|. cos(@, b)=8.9.cos150°=72 . —Zs- 364/3.
101



Vidu 2 | Cho tam giac ABC vuong tai 4, AB = 3, A
AC = 4. Cac diém M. N lan Iwrgt thudc cac canh 4B, M, N
AC thoa min AM = AN = 1 (Hinh 49). Tinh BN . CM.
Giai B C

o . Sy Hinh 49
V1 A=90° nén AB . AC =0, AM . AN =0.

Ta c¢6: BN . CM = (AN — AB) . (AM — AC)

—AN . AM ~AB . AM - AN . AC+AB . AC

— — — — — —

=0-AB . AM - AN . AC+0=—- AB . AM - AN . AC .
Vi hai vecto EA_.M cimghlrdngnénﬁ.A_MpzAB.AM:3.1=3.
Vi hai vecto E,A_F\f cling huong nén AC . AN = AC . AN =4 .1=4.
Suy ra BN .CM=—4£3=-7%
Vidu 3/ Cho tam giac ABC c¢6 AB = 4, AC = 6. M la trung diem cia BC.
Tinh 4M . BC.
Giai

_— _— — —_— — —_— —
Ta cé: AM . BC:%(AC+AB) | (AC—AB):%(AC _4B)

(- el lea
=5(\Ac| 3 )=5(6 _£)=10

B C
Vidyu 4/ Cho hinh binh hanh 4BCD co 4AB = 3,
i 2 > M
AD =4, A=60°. M la trung diem cua CD (Hinh 50).
. HRT St A D
Tinh AM . BD. Hind 50
Giai

— — —

Taco: AM = AD + DM = AD+2DC AD+EAB BD=AD-AB .
Suy ra

—_— ]— — —

AM . E:[A_D#%EJ . (A_'D—A_,B'):A_JD"+EAD . AB—AD .ZB’—%E"

:_493—%@ . AB . cosBAD—%ABl

=43—1.4.3.coséo°—1.33=£_
2 2 2
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Van dé 2. Chimg minh dang thirc vé tich vé hwéng
Phirong phap:
— Bién ddi tir bidu thitc vé nay sang vé kia.
— Cling minh hai biéu thire ciing bing mat biéu thirc trung gian.
— Sit dung cac tinh chét ctia phép toan vecto, tinh chat cta tich vo hudng.
—Tach vecto, bién ddi vé cac tich vé hudng khac.
Vi du 5 | Cho hinh thoi 4BCD. Chitng minh ring;
AB . (BC +BA)+ AD . (BC + BA) = 0.
Giai
Vi ABCD la hinh thoi nén AC 1 BD . Klu do, ta co:
AB . (BC +BA)+ AD . (BC + BA) = (4B + AD) . (BC + BA)= AC . BD=0.
Vidu 6/ Cho doan thing 4B va O la trung diém cia 4B. Véi mai diém M,
‘ —_—) —2 — P —
chimg muinh raing M4 —-MB =2MO . BA.
Giai
—_—2

— i —
Cach 1. MA -MB =(MA+MB) .(MA-MB)=2MO . BA.

—_—21 — _— —_— —
Céach2: MA —MB = (MO+ 0A)* - (MO + OB)*

—2 2 —2 _— — —l
=MO +2MO .04+04A -MO -2MO . OB-0A
= 2MO . (OA— OB)=2MO . BA.

Vin dé 3. Tinh khoang cich giita hai diém, chitng minh dang thire d6 dai

:,dodéAB:\/I?4

Phirong phdp: Stt dung tinh chat:
Vi hai diém 4, B phan biét, ta cé AB =|4B

Vidu 7/ Cho to giac ABCD co M va
N lan lwot la trung diém cua 4B va CD
(Hinh 51). Biét AD =2, BC =3, AD | BC.
Tinh do dai doan thang MN.

D + N # C
Giai Hinh 51

—_—

Ta c6: MN = MA+AD+ DN va MN =MB+BC+CN.
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Tir do, ta co:

2MN = MA+ AD + DN + MB + BC +CN =(MA+MB)+(DN +CN)+ AD + BC
= AD +BC.

VI P —
Suy ra MN = E(ADJrBC‘).

—_— _— —D —2 ——
Do d6 MN?* = MN :%(AD+BC)2:%(AD +BC +24D . BC)

Mﬁ
ad

= l(‘Erﬁ—‘B—C -+0) 21(23+3:}:E. Vay MN =
4 4 4
Vidu 8/ Cho doan thang 4B va O la trung diém cua 4B. Voi moi diem M,
chimg minh ring MA4* + MB* = 2MO* + 04* + OB*.
Giai
MA* + MB* =MA +MB™ = (MO + 0O4)* + (MO+ OB)*
~MO +2MO .OA+OA +MO +2MO .OB+OB
=E:+5’42+CTB':+2E. (&+CTB')
= IMO® + OA> + OB* + 2MO . 0
=2MO” +04" + OB~

Vin dé 4. Chitng minh hai dwong thing vudng goc

Phirong phap: St dung céc tinh chat:

Hai duong thang a va b vuong goc khi va chi khi # . v = 0, trong do i # 0,720,
gia cua vecto i song song hodc trimg vai duong thang a va gia ciia vecto v song

song hoic trung voi duong thang b.

A
Vidu 9 / Cho tam giac ABC co AB =2, AC = 3,
BAC = 60°. Goi M 1a trung diém ctia doan thang &
.z " 2 7
BC. biém D thuoc canh AC thoa man 4D = EAC B = c
(Hinh 52). Chimg minh AM | BD. Hinh 52
Giai

. R SR P 7
Ta co: AJW:%(ABJrAC), BDzAD—ABzﬁAC—AB
ﬂATJ‘.ED':;(EjLE),[%E—E}
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N

zi(l@.,@lmiﬁtzg.—c']
2112 12

:l(—— 2.3, wI—+l 3*-2"-2.3. l)Zl(7—4—3)=U.VéyAMJ_BD.
2112 12 27 2

Vin dé 5. Tinh goc gitra hai vecto

2l
C::"L

Phirong phap: Vo1 hai vecto khac vecto D st dung cong thue cos(a, b)
Vidu 10/ Tinh (a, b) biét rang |4 = a.b=- 63,
Giai

ﬂ

=

J

ib -63 -3

3 ‘b| - Dodo. (@, b)=150°,
a : 2

Ta co: cos(a, b)—

C.BAITAP
57. Cho tam giéc ABC. Gi tri ciia bidu thite B4 . CA bing:
A. AB . AC . cos BAC, B.— AB . AC . cosBAC.
C. AB . AC . cos ABC. D. AB . AC . cos ACB.
58. Cho tam giac ABC. Gia tri ctia biéu thitc 4B . BC bing;
A. AB . BC . cos ABC. B. AB | AC . cos ABC.
C.—AB.BC.COSEC‘. D. AB  BC . cosBAC.

59. Cho doan thang 4B. Téap hop cac diém M nam trong mat phang thoa mén
MA . MB=0 la:
A. Duong tron tam 4 ban kinh 4B. B. Duong tron tam B ban kinh 4B.
C. Puong trung truc cua doan thang AB.  D. Puong tron duong kinh AB.

re—— | wr—

60. Néu hai dlemM Nthoa man MN . NM =- 9 thi:

A.MN=09. B. MN=3.
C.MN =8l. D. MN=6.
61. Cho tam giac ABC déu canh a. Cac diém M, N lan luot thudc cac tia BC va CA4

thoa man BM = %BC‘, N %CA Tinh:

a) AB . AC, AM . BN: b) MN.
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62.
63.

64",

65,

66.

67.

68.

69.

70.

1.

106

Cho hinh thoi ABCD canh a va 4=120° . Tinh AC . BC .

Cho bén diém 4, B, C, D. Chimg minh 4B CD+AC DB+AD BC=0.
Cho hinh vuéng ABCD, M la trung diém ctia BC. N'la diém nam giira hai diém 4
vaC. bat x= % Tim x thoa man 4M | BN.

Cho tam gidc ABC va G la trong tim ctia tam giac. Vi méi diém M, ching minh
rang MA* + MB* + MC?* = 3MG* + GA* + GB* + GC*.

Mot may bay dang bay tir hwong dong sang huong tay voi toc do 650 kmvh thi
gap luong gio théi tir huong dong bac sang huong tay nam voi toc do 35 km/h.
May bay bi thay d6i van toc sau khi gap gi6 théi. Tim toc do méi cia may bay
(lam tron két qua dén hang phan muoi theo don vi ki/h).

BAI TAP CUOI CHUONG IV

Cho géc nhon a. Biéu thire (sina . cot a)’ +(cosa . tana)’? bang:

A.2. B. tan’ a + cot® a

Gl D. sina +cosa.

Cho cac vecto a, b # 0. Phat biu nao sau day la dung?

A i b=lal bl |cos@@. B)). B.|a B|=1al .[Bl . cos(a. B)
C.3.b= |a| . |§| .sin(a, 5), D.a.b= =lal. ‘31 cos(a, 5).
Cho tit gidc ABCD. Biéu thitc AB . CD + BC . @'Jrc_'A CD bang:

A. CD%. B. 0.

C. 0. D.1.

Cho goc nhon a. Biéu thitc tana . tan(90°— ) bang

A. tana +cota. B. tan® o

C. 1. D. tan® a +cot?

Cho o thoa man sina = % Tinh cosa, tana, cota, sin(90°—a), cos(90°—a),
sin(180°— a), cos(180° — a) trong cac trirong hop sau:
a) 0°<a < 90° b) 90° < a <180°,



72

%

74.

7S

76.

77,

78.

Cho tam giac ABC ¢6 AB — 4, AC — 6, BAC = 60°. Tinh (lam tron két qua dén
hang don vi):

a) Do dai canh BC va do 1én goc B, b) Ban kinh duong tron ngoai tiép R;
c) Dién tich cua tam giac 4BC, d) D6 dai duong cao xuét phat tir 4;

e) AB . AC, AM . AC véi M la trung diém cuia BC.

Cho tam gidc ABC. Chimg minh ring AB . E=%(ABZ L AP —pily

Cho tam giac ABC ¢c0 AB=5,BC=6,CA="7.Tinh:
a) stéE;

b) Dién tich tam giac ABC:,

¢) P dai trung tuyén AM.

Cho ba diém phan bigt L4, Bva sb thuc k # 1 thoa min I4= kIB. Chimg minh
rang voi O la diém bat ki ta co:

&':[L}@{i}@_
1-k 1-k

Cho tam giac ABC c6 AB = 4, AC = 5, BAC =120°. bBiém M la trung diém cua
doan théing BC, diém D thoa méin AD = %ZE. Tinh tich vd huéng 4B . AC va
chimg minh AM | BD.

Mot ngudi quan sat dimg & bo séng muén do do rong ctia khiic song chd chay
qua vi tri dang dimg (khiic séng tuong doi thang, ¢6 thé xem hai bd song song
vol nhau).

T vi tri dang dimg A4, nguor do do duoc goc
nghiéng a = 35° so val bo song to1 mot vi tri
C quan sat dugc ¢ phia bo ben kia. Sau do di
chuyén doc bo séng dén vi tri B cach 4 mot
khoang 4 = 50 m va tiép tuc do duogc goc
nghieng 3= 65° so vol bo song toi vi tri C

da chon (Hinh 53). Ho1 do rong cua con song A sO0m B
chﬁchﬁyqtmvihingﬂdiqmpsﬁtdmgd@g e
la bao nhiéu met (lam tron ket qua den hang

phan tram)?

Cho hai vecto @, b va |al = 4, |3|:5, (@, 3): 135°.
Tinh (G + 2b) . (23 - b).
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79. a) Chig minh dang thnic la+3| =3P || +23 . vdi a, B 14 hai vecto bt ki.
b) Cho |7|=2, [B|=3, |[3+5|= 7. Tinh 3 . 5 va @, B).
80. Cho tam giac ABC ¢ ba trung tuyén_4D, BE, CF. Chimg minh rang:

— — —

AD . BC+BE .CA+CF . AB=0.

81* Cho ftr giac ABCD. M la diém thay doi frong mit phang thoa méan
(MA+MB) . (MC +MD)=0. Chimg minh rang diém M luén nam trén mot
duong tron ¢o dinh.

82* Cho tam giac ABC va duong thang d khong ¢ diém chung voi bat ki canh nao
cua tam giac. M la diém thay doi trén duong thang d. Xac dinh vi tri ctia M sao
cho biéu thire [VZ4 + MEB + MC| dat gia tri nhé nht.

’ L3I GIAI - HUGNG DAN - PAP sO

§1 DINH Li COSIN VA BINH Li SIN TRONG TAM GIAC.
GIA TRI LUONG GIAC CUA MOT GOC TU 0° BEN 180°
1.B. 2.A.
3. Taco: sinll15°=sin(180° — 115°%) =s1n65° = c0s(90° — 65°) = cos25%;
sin165° =sin(180° — 165°) =sin15° = cos(90° — 15°) = cos 75°.
Do d6, T = sin>25° + sin>75° + ¢0s?25° + cos™75°
= (sin?25° + co0s-25%) + (sin* 75° + cos* 75%) =1 + 1 =2.
4. Vitana=-2néncosa # 0. Chia ca ttir va mau cua P cho cosa ta co:
_ 1+3tana _ 1+3.(-2) s
tana +3 (-2)+3
Ap dung dinh i cosin cho tam giac ABC (Hinh 54) ta co:
BC*=AB>+ AC*-24B . AC . cosA
=6"+8"-2.6.8.cos100° =~ 116,67.

th

A
O
Suy ra BC = /116,67 =10,8. 8
6
Ap dung dinh 1i sin ta co: C
BC 10,8 B
2= >R ——n5,5.
sin4 25in100° Hinh 54

108



6. Taco: A =180°—105°—60°=15° C
Ap dung dinh li sin cho tam giac 4BC As
(Hinh 55) ta co: o B

Hinh 55
AC _ BC _ .

sinB sind
BCsmB:lSsmGD ~ 50 R= BC _ 1.5 ~
2sin4d 2 .snl5°

Do do: AC =

2

sin A4 sinl5°

7. Ap dung dinh li ¢osin cho tam giac ABC (Hinh 56)

ta co: A
AB*+ AC*-BC* 52 +7*-9? 1 5 7
cosA= = -
2AB . AC T T ¢ 10
B 5 C
Do dO., ANQS, i Hinh 56
Ap dung dinh li sin ta ¢c6: 2R = L = Ry ————~ 4,5,
’ ) sin A 2s51n93,7°
8. Dat ABC =«, taco: BAD =180°-a.
A a B

Xeét tam giac ABC (Hinh 57), ap dung dinh li "
cosin ta co:
AC*=AB>+ BC*>-24B . BC . cos ABC

=S m-=a + b*—2abcosa. Hinh 57

Xeét tam giac ABD, ap dung dinh li cosin ta co:
BD*=AB>+AD*~24B . AD . cos BAD
= =a + b> —2abcos(180° — a) = a* + b* + 2abcosa.
Vay m™ + n” = (a + b - 2abcosa) + (a* + b* + 2abcosa) = 2(a* + b°).
9. Xét tam giac ABC (Hinh 58), ta c6: A
E‘ =180°—45°-75°= 60°.
AB  BC

Ap dung dinh 1i sin ta co: =
p dung dir sinC  sinA4

Suyra: AB=2sinC = 2s5in60°~ 1,73 (m);
BC =2sin4 = 2sin45° ~ 1,41 (m). Hinh 58

Vay ban Tri phai cit miéng ton theo hai day cung 4B, BC ¢o d6 dai lan luot 1a
xapxi1l,73mval 4l m

=2R=12.
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10. Xét tam giac ABC (Hinh 59), ta co: B
B =180°-50°-78°=52°.

Ap dung dinh li sin ta co: AB = ch .
sinC smmB
, 20s1mn50°
Do do: 4B = bt 19,4 (m). 78° 50°

570
sin52 A e

Vay chidu dai ciia cay l1a xap xi 19,4 m. Hinh 59

11. Xét Hinh 60, ta co:
ACB=112,90°—47,45°= 65, 45°.

> 7

Ap dung dinh li ¢ésin cho tam giac ABC ta co:
AB*=AC*+ BC*—24C . BC . cos ACB
—3+5°-2.3.5.¢0s65,45°~ 21,54, &

Suy ra AB ~ (21,54 ~ 4,64 (km). Vay khoang £ e
cach giira hai tau la khoang 4,64 km.

Hinh 60

§2 GIAI TAM GIAC. TiNH DIEN TiCH TAM GIAC

12. Xét tam giac ABC (Hinh 61) c
a) Ap dung dinh li cdsin ta co:
BC*=AB*+ AC*-24B . AC . cosA4
8,5cm
=6,5"+85-2.6,5:8.5. cos125° 125°

C

~ 177,88. A 6,5 cm
Suy ra BC = /177,88 13,3 (cm). Hinh 61

‘ gy . BC CA4 AB
b) Ap dung dinh li sin ta co: oy — =3 — Ty
CAsinA 8,5sin125°
BC ) 13,3
— C~180°— 31,3°-125°=123,7°.

¢) Dién tich tam giac ABC la:

Suyra: sinB = ~0,52 = B~31,3°

SZ%AB AC . sinA= % .6,5.8,5.s5mm125°~ 22,6 (cmz).
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13.

14.

15

Xét tam giac ABC (Hinh 62): .
Ta c6: A=180°—65°—45°=70°,
Ap dung dinh Ii sinta c6: ‘_BC = _CA = AB =2R

sind smmB sinC

a) Ta co: B c
- : 4 50 cm
BCsinC 50smn45 _
: =—————n 37,6 (cm); Hinh 62
sin A sin 70

_ BCsmmB _50sin65°
sin.A4 sin 70°

AB:

AC ~ 48,2 (cm).

50
2s1n70°

b) Ban kinh dwong tron ngoai tiép tam giac ABC'la: R = ~ 26,6 (cm).

Xét tam giac ABC (Hinh 63):
a) Ap dung dinh li c6sin ta co:
ABZ+A(?3-BC2_52+82—9"_0 4

cosA= =10,1
24B . AC 2.9

= A~84,3°,

AB* +BG*-AC?: 5+8p -8 7
cosB = —= =— Hinh 63
2A4B . BC YE 9 15

— B~62,2°
Do do, C ~180°— 84,39=62,29=133,5°
b) Dién tich tam giac ABC la:

S:%AB AE smAm%,5.8.5m84,3°9519,9,

Xeét tam giac ABC (Hinh 64):

PatAB=x (x> 0). Khi do,AC=12—x (x < 12). A
Ap dung dinh li cosin ta co:

AC*=AB*+BC*—24B . BC . cosB

= (12-x) =x"+64—2x.8.cos60° Y Lls .

= 144 -24x + =2+ 64 - 8x = x=5. ok
Vay do dai canh 4B 1a 5, dd dai canh ACla 12 - 5=7.
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16.

| )2

18.

19.

112

a) Dién tich manh dat cua gia dinh ban An (tam giac MNP) 1a:

S:%MN .MP . sinM:-;— .150 . 230 .sin110°%16 209, 7 (m?).

b) Ap dung dinh li cosin ta co:
NP~ = MN"+ MP~—2MN . MP . cosM=150-+230"—2.150.230.cos110°
=~ 98 999 39,

Suy ra NP = ,/98 999,39 = 314,6 (m).
Vay chiéu dai hang rao NP la khoang 314.6 m.

Xét tam grac ABC. Ta co: E‘ =180°-54°-74° = 52°,
Ap dung dinh i sin ta co: fBA B 3c ,
sinC smA
BAsin 4 . 100sin 54°
sinC sin52°

Vay con tau cach hon dao khoang 102,7 m.
Xét tam giac ABC. Ta ¢6: C =180°- 60°— 50°= 70°.
B4 AC

Suyra BC = ~102,7 (m).

Ade_mgdj,Jﬂlli sin ta co:

sinC  sinB
BAsinB A 3051 50°
sinC sin 70°

Vay khoang cach tir vi tri 4 dén con tau C la khoang 24.5 m.

Suyra AC = ~ 24,5 (m).

a) Xet tam giac ABC ta co. ACB =180°-6°-4°=170°. Ap dung dinh li sin
AB  AC ABsinB  762sin4°

T Ty AR SR O 4306 (m).

sinC  smB sinC' sinl70°

Xet tam giac vuong 4HC ta co h= CH = ACsinAd = 306sin6° = 32 (m).

Vay chiéu cao con déc 1a khoang 32 m.

BC AB :>BC:?6251116

ta co:

sind smnC sinl170°
Ta co: AC = 306 m = 0,306 ki, CB = 459 m = 0,459 kin.
Nhu véy, thoi gian ban An di tir nha dén truong 1a:
AC CB 0,306 0,459
= + = —
4 19 4 19
Vay ban An dén truong hic khoang 6 gio 6 phit.

b) Ap dung dinh li sin ta c6: ~ 459 (m).

~ 0,1 (g10) =6 (phut).



20. Do doc cua cau la goc nghiéng giita dwong cau qua tru va phuong nam ngang,

tirc 1a goc KBH.
Xét tam giac ABH, ap dung dinh li c6sin ta co:
—  BH?*+AH*— 4AB* 250%+150%-300% _
2BH . AH 2.250 150

l .

-— = AHB ~ 93,8°.

15

Xeét tam giac BHK ta co: HBK = 93,8°-90°= 3,8° (tinh chat goc ngoai tam giac).

Vay do doc ctia cau qua tru theo dé bai 1a khoang 3.8°.

21. Xét tam giac vudng ABH ta co: AB = /4" +20° = 44/26 (m) (dinh li Pythagore)
va tan ABH = %: 0,2 = ABH ~11,3°, Do d6, ABC ~90°—11,3°="78,7°.

Suyra ACB ~180°-45°-78,7° = 56,3°.

BC  A4B

Ap dung dinh li sin cho tam giac ABC ta co: -

sind sinC

ABsind _ 4426 5in 45°
sinC s1n 56, 3°

= Bl =

§3 KHAI NIEM VECTO

22. C. 23. B. 24. B. 2.8

—_

27. a) AB, AC, AD, AE. b) AB, CB, DB, EB.

28. |4B|= 4B = a, [4C|= 4c=V4B> + BC? = a2

29. Xet tam giac ABC (Hinh 65).

a) Vi MN la duong trung binh cua tam giac 4BC nén
MN // AB, MN = %AB.

Suy ra MN // AP, MN = AP. Viy MN = PA

b) Chimg minh tirong tu nhar cau a).

30. Hoc sinh fir lam.

~ 17,3 (m). Vay céay cao khoang 17,3 m.

26. D.
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31* K¢ duong kinh BD ctia (O). Khi d6, D la diém co dinh (Hinh 66).

Ta chimg minh duoc AHCD la hinh binh hanh. 4
Suyra AH = DC. D
Vay AH = |[4H|=|DC|= DC ¢6 dinh hay 4H 5
¢o do dai khong doi. B C
2 5 P » Hinh 66
§4 TONG VA HIEU CUA HAI VECTO
32.C. 33.A. 34.B. 35.D. 36. B.
37. %+ﬁ:5ﬁ+ﬁ+5§+ﬁ:(5&+5§)+ﬁ+ﬁ
=0+AC+BD = AC + BD.
38. a) ‘E—E = a+JAl. b) |ATB'+14TC"|=aJ-47.
39. a) [4B+BCl=a b) [4B-4C|=a o) |4B + 4Cl= a\3.

40. Dung hinh binh hanh ABDC. Tir gia thiét suy ra 4D = BC nén ABCD la hinh
chit nhat. Do do tam giac ABC vuong tai 4.

41. Tir mot diem 4 trong mat phﬁng vé E =ava B? = 3 Néu hai vecto @ 3 3 cung
huéng thi ba diém 4, B, C thing hang, B nam giita4 va C. Suyra AB + BC=AC.
Vay |&'|+‘5|=AB+BC‘=AC=!E|:|A_B'+ﬁ‘= |Ei+5|.

42. Dung hinh binh hanh ABEC (Hinh 67).

Ta co: AT?‘+E:E:>‘E+A_(Z;‘:‘A_.E|:AE
Vi CD // AB, CE // AB nén C, D, E thang hang.

Ta cé: DE=DC+ CE =2a. 4 4

Tam giac ADE vuong tai D, suy ra

AE =\ AD? + DE? = \Ja* + (2a)* = a\5. 4 c =
Hinh 67

Viy |4B+AC|=4E|= ay5.
43. a) Vi ABCD la hinh binh hanh nén O la lnmg diém ctia ¢ hai doan thing AC

va BD. Ta ¢ OA+OC=0,0B+0OD=0. Suy 1a OA+OC+OB+0D =0

— e ) —

hay O4+ OB +0OC +0OD = 0.
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b) Vi tam giac ABD (Hinh 65) co6 hai duong trung A E
tllyénAO va BE cat nhau tai G nén G la trong tam

_— O

ctia tam giac. Do d6 GA+GB +GD = 0.

44. Tap hop cac diém M la duong trung truc cia Hinh 68

doan thing 4AC.

45. A4'+BB'+CC'= AG+GA'+ BG+GB'+CG+GC'
= (4G +BG +CG)+(GA'+GB'+GC"

— — —

=— (GA+GB+GC)+(GA'+GB'+GC")=— 0+0=0.

46. Ke duong kinh AE. TacoBH// EC,CH // BE.
Suy ra BHCE la hinh binh hanh. Tw giac AHED
¢6 hai duwong chéo cét nhau tai trung diém ciia
mai duong nén ciing la hinh binh hanh. Ta co:

— — — —

HA+HB + HC = HA+ HE = HD (Hinh 69).

§5 TiCH CUA MOT SO vOI MOT VECTO

47.B. 48.D. 49.C. S50.A. 51. B.

52. a) Biém M nam & vi tri thoa mén tr giac AMBC la hinh binh hanh.
b) Lay X la trung diém BC. Biém N doi ximg véi K qua A.

¢) Piém P nam trén tia Cx song song voi 4B, cing phia 4 so véi BC va

2PC=AB.

: _ = = Nl /B =)
53. Vihai vecto DB va DC ngugce huong va IDB' =t |DC| nén
DB — AB

DE=- —DC=-“_DC=-<DC=>bDB+cDC=0.
DC AC b

54, A_h.’:%,ﬁ: é(E+A_D'}=%(E+3),

N =N - = ae- LB =La h-25="23. 1%
5 2 5 2 10 5
NP=AP-AN=—AD—-—AC=_b——(a+b)=—a+—b.
3 5 3 5 D 15
— I3 FFY D= . 2 :

Suy ra E\E’:g l—a+§ :EMN' Vay M, N, P thang hang
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SS*.A_A'fzk(A_B'+ﬁJ')=k[_4_B'+%E)=k(%E+—AC _

DE=AF - AD=~AC-Lqp=23..L
5 3 50 3 3775
2— 2k, k- 2= 2k. 5k-6

EN=AN-AE=AN-24C="25+25-2p=""G+
5 3 3 3 3 15

Ba diéem phan biet D, E, Nﬂlfmg hang khi va chi khi co $0 thure # thoa man

BV -iDF & 2 as X 05 - s 25)
3 15 3 5
[Zk r]_, (Sk—ﬁ 2r)-
o —+—la=-| ———— |b.
3 3 13 5
Vi a, b khac 0 va khong cung phuong nén E O
6 3 3 15 5
S k=—.
uy 1a T

56*. Gia sir hai tam giac 4BC va A'B'C" ¢o trong tam lan lwotla G, G".

Ta co: A4'+ BB'+CC’
- AG+GG'+G'A'+BG+GG'+G'B'+CG+GG'+G'C' = 3GG'
pap 24 B L OO o il A4 =%AB. BB'=kHC, OC'=kCA.
AB BC c4

Suyra A4'+BB'+CC'= kAB+kBC+ kCA= k(AB+BC+CA) k0 = 0.

Tir cac diang thire trén, ta co: 3GG'=0 hay G va G' ting nhau.

§6 TICH VO HUGNG CUA HAI VECTO

§7.A. 58. A. 59. D. 60. B.
— m— — al
AC| . cos(AB, AC)=a .a.cosb °=-?.

AM . BN = (AB+ BM). (R‘+ﬁ)=(ﬁ+%3_€) . chga)

61. a) AB . AC =

:EE:@E%&%E@B?#E%C"A
= a* (:05120°+Ear2 coleO°+la‘1‘ +ir1r2 cosl20°
4 3 12

=— (lz.
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62.

63.

4%,

65*,

66.

2 2
b) Msz(ﬂTB'+E+@)Z=[_TIﬁ+ﬁ+%C_‘A] (%Rﬂ%ﬁ&]

2 2
—_— 5 —_— —_— —
= [330) +2. 2.2 | .leal. coslzou(fczzt]
3 32 A
:iaz’_gaz+2—5a2:@az.VﬁyM’N:Ea.
g” & 1B M 12

—_— — —_— — _— l

Tacd: AC . BC=AC .BD+AC . DC =0+a.a.cos60°=—a".

b2

Ta co: EE+EE+EB?

=AB . (AD-AC)+AC . (AB-AD)+AD . (AC - AB)=0.
(Hinh 70) m:m-a:;ﬁ_ﬁ

—_—

ANzx.«E:}ﬁv’—ﬂzx(B_C'—ﬂ) A B

$ﬂ=xB_'C+(l—x)E;L
a7 BN - [%g—'c'_gz].[@a(l_x)g—:q

- B- (1- x)}s’cl = [%- 1}3(?3. D c

Hinh 70

F.h

AMLBN@W.B_'N:(}@[?’?x—l)ﬂc*::{)@x:%

MA> + MB* + MC* = VA +ME +MC

= (MG + GA)* + (MG + GB)* + (MG + GC)*

= 3}!762 +§Z +§§2 +&2+2ﬂ_4’§ . (G_A+5§+§)
= 3MG* + GA* + GB* + GC*.

Gol 170 la van toc cua may bay khi khong co gio,

V| = 650 (kv/h);

v, la van toc cua gio, |v, | =35 (kiv/h); v, la van toc cia may bay khi co gio.

Ta co: v, =V +¥. Vi (W, ¥,) = 45° nén
B =+ 0 ) =02 +92+25, . = [ +[if + 2| . Jii| - cos4s°
V2

=650°+35°+2.650.35. " 455 898,36.

Suy ra

—
v,

7 675,2 (ki/h).
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BAI TAP CUOI CHUONG IV

67. C. 68. D. 69. B. 70. C.
2
71. Taco: cos’ a=1-sinffa=1- > :E.
5 25
16 4
a)Neu{}°<a<900ﬂucosa>0nencosa= _5:§

sl av
tana = =
cosa

%,
5

| W

3
4
. 4 3
sin(90°—a) = cosa = ~ cos(90°— a) =sina = 5
3
5

sin(180°—a) =sina =—, cos(180° —a) =— cosa = _5—4
z : r 16 4
b) Néu 90° < a <180° thi cosa <0néncosa =— —sz—g.
sina 3 -4 -3 cosa -4 3 -4
tana = = = , ot = — = i .
casa O 5 4 SN o > 3 |13
sin(90° - a) = cos _T4 cos(90°—a) = smo:—%

sin(180°—a) =sina = % cos(180°—a) = - cosa = g
72. a) Ap dung dinh li cosin, ta co: BC~ = AB” + AC~—-2A4B . AC . cos BAC,
ticla BC? =42 +6*-2.4.6.cos60°=28=> BC = 2:/7.

—— BA'+BC’-AC* _4+7)’-6" _7

cos ABC = = ABC =~ 79°.
2.BA.BC 2.4.2/7 14
BC 2.7 _ - T

&3

b) Ap dung dinh li sin, ta ¢6: R = — :
2sin BAC  2sm60° 3
¢) Dién tich tam giac ABC la:

S:%AB .Ac.sinﬁfﬁ:%.4.6.3in60°=6J§m10.

a ) A I ' A . 5 ¢ l
d) Got A, la do da1 duong cao xuat phat tir4, taco: S = EthC

25_2.6\/5_6554

BC afi 7

=h,=
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73.

74.

76.

Th

e) AB . AC = AB . AC .cosBAC =4 .6 . cos60°=12.

AM . AC——(4B+AC) AC—EAB.AC+ AC _E 12+ 5 B =24,

248 AC=A4B +AC —(AB-AC) = 4B +A4C —CB
32@,E:AB‘7'+AC'2—BC‘Z:>E,ﬁ:%(ABerACl—BCz).
a) Ap dung dinh li cosin, ta co:

2,2 2
COSABC—BA + B Ack 4= 1
2BA . BC 2.0 5

2
=2 (sinABC)"' =1- (cosABC)"' = l—(%} = 2—;1::: sin ABC = i

F

b) Dién tich tam giac ABC la:

1 1 2./6 2

S=—BA.BC. 5111_48(:‘—— Sz —:6
2 2 5

C)AM:%(ABJrAC):)AM’ :l(AB+_4C)2:l(AB +AC +24B . A0

— | — SR N ——;

Tacé: 24B . AC= 4B +AC —(AB- AC)* = 4B +AC —-CB

= AM* :§(2ABZ+2AC2—BC"'):E(2 542 TP-61)=18

= AM = 2.[7.
. IA=kIB = OA— OI = k(OB —OI) = OA—- OI = kOB - kOI
:a-@:a-ka:a-k)a'r:,a:(l_lz]ai-[l_k@jaé.

AB . AC=AB . AC .cosBAC=4 .5 .¢c0s120°=— 10.

—_—

AM .Eﬁ:lu—'mE) , (E—E):l(ﬂh?&') : @ﬁ—ﬁ)

=—AB . —AC——AB + AC’ ——AC . AB
2 5 2 5 2

=é,(—10)—%,4%%.52—%.(—10):0, Suyra AM | BD.

ABC =180°—65°=115°C = 180°— A— ABC = 180°—35°—115° = 30°,
Ap dung dinh li sin cho tam giac ABC ta co:

BC __AB _ .. ABsind_50sin35°

: — = = = =100s1n35°.
sind smdC sinC' s 30°
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Goi H la hinh chiéu vuéng géc cia C 1én duong thang 4B, ta co:

D6 rong ctia con song la: CH = CBsin65°=100sin35° . sin65°% 51,98 (m).
78. (3+28).(Q@-B)=2a*+4b 3-3 .b-2b =23%+33 .D-25

= 3lal <33 Bl cos@. By=3lEf =2.42+3. 4.5, cosl35°-2 . 2

== [8-304/2.
79. a) Ta co: |a B
b = |a|” +|3i: +24.b

-

3 b =(z| |b| +2a . b.

:ua'.5:1(|a+3|:—|a|3—|3f)=1[(ﬁf—23—331=—
cos(a, b)-l-iz_—lé(a b) = 120°.
lal . [5) 2

— ——

i i — e —_—1 —2
80. .41).BC:E(ACMB).(.4C—AB):%(_4C _4B),

— —

—a  — —_— — —_—) —l
BE .CA= %(BA'FBC) .(BA-BQC) = %(BA - BC ),
e e B - e R B R
CF .AB= E(CB+CA} : (CB~CA}=E(C'B -CA4).
Tacod: AD . BC+BE . CA+CF | AB
] —2 —2 ] —2 —2 ] —2 —2
= E(AC‘ —AB )+§(BA - BC )+E(CB —CA4 )=0.
81* GarPva QO lan luot la trung diém cua 4B va CD.
Ta co: MA+MB = 2MP, MC +MD = 2MQ.
(MA+MB) . (MC +MD)=0<> 2MP . 2MQ = 0 < MP . MO = 0.
Néu M khéng tring véi P va O thi MP . MO = 0 <> MP | MO. Do dé M thude
duong tron duong kinh PO.
Néu M trimg vdi P hoac © thi hién nhién M thude duong tron dudng kinh PO.
Vay M luén thuée duong tron ¢6 dinh ¢é duong kinh 1a PO.

82* Goi G a trong tam ctia tam giac ABC. Ta c6: [MA+MB + MC|=3MG| = 36M.
GM dat giz'l tri nho nhat khi va chi khi M 14 hinh chiéu vuéng goc ctia G 1én
duong thang d.

Vay biéu thire |AM+MB +MC| dat gia tri nho nhat khi va chi khi M la hinh
chiéu vudng goc cuia G 1én duong thing d.
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