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Bét dang thic Cosi

MO PAU

Bat dang thic Cosi qua quen thudce doéi véi hiu hét hoc sinh. Tuy
nhién hdng nam bang viéc sir dung bat dang thic Cosi ngudi ta van xay
dung duoc nhiéu bat dang thic méi, hay va khé. Céc bat ding thirc nav
ching ta c6 thé tham khao tir cdc dé thi vo dich cla cdc quoc gia trén thé
gidi hay trong cdc dé thi khu vuc va qudc t€. Phuong phap giai cac bat dang
thitc dang nay rat da dang nén khé c6 thé phan loai va téng két thanh mot
s6 it cac phuong phédp giai chung. Cédc ban quan tam dén bit dang thic
thuong gap cdc cudn sich gidi thiéu céc bat dang thitc cling véi cach giai
cu thé ma it c6 nhitng cudn sich trinh bay cdc phwong phap gidi cic dang
b4t dang thitc. Cdc tdc gia cla tap sich ndy muon gidi thiéu v6i ban doc
mot cach ti€p can méi véi bat dang thire Cosi thong qua cac bai giang da
dugc giang day cho hoc sinh 16p 10 Khoi Chuyén Todn - Tin Dai hoc Khoa
hoc Tu nhién - DHQGHN. Tap sich la tai liéu tham khao t6t cho hoc sinh

- nang khiéu toan 16p 9 (cu6i cdp 1) va 16p 10 ciing nhu cdc hoc sinh chuén
* bi thi vao céc truong Dai hoc. Hy vong ban doc s& ndm chic nhiéu phép
bién d6i co ban va phuong phép giai trong tap sich nay. Néu sau khi hiéu
rd cdc bai giang cdc ban c6 thé xay dung dugc nhiéu bat dang thitc mdi,
hay hon cuia riéng minh thi diéu nay la mong mu6n ciia céc tdc gia.
Trong qué trinh bién soan cudn sich nay ching t6i da nhan duogc su
dong vién, khich lé cia cic dong nghiép thuoc Khéi chuyén Todn - Tin,cha
Ban Chu nhiém Khoa Todn - Co - Tin hoc va lanh dao Truéng Dai hoc
Khoa hoc Tu nhién, Dai hoc Qudc gia Ha Noi.
~ Cho phép chiing t6i duoc néi 10i cdm on d6i véi cdc tap thé va cd nhan
noi trén.
L4n ddu ra mét doc gid, c6 thé cudn sdch con sai s6t va noi dung chua
hoan thién nén rat mong su gép ¥ cua ban doc. Y kién gép ¥ clia cic ban
xin gt vé dia chi:
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Chu’(mg 1

Bat dang thirc Cosi

1 Bat dang thitc Cosi

Trong muc nay ching ta gii thiéu bat dang thic Cosi va mot s6 vi du minh
hoa.
Trudce hét ching ta xét trudng hgp don gian n = 2:

a® + b? 2 s L, . _
1. 5 2 ab & (a —b)? > 0. Ddu déng thitc xay ra khi va chi khi
a=b.
L a -+ b : 9 . 2 9
2. Véia,b >0, 5 > Vab < (va— vb)? > 0. Ddu dang thuc xay

ra khi va chi khi a = b.

Vidu 1. Véia,b, c > 0, ching minh ring

a+b+c
—5 > Vabe.

' Gii
Bat dang thitc di cho twong duong véi

P=a+b+c+ vVabc > 4V abe.

Ta cé

P > 2Vab + 21/ cVabe > 41/ abeV/abe = 4¥abe.  (dpem)
VnJJ,\/Iath.Com
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4 Nguyén Vi Luong, Pham Van Hung, Mguyén Ngoc Thang

Mot s dang tuong tur: |
Véia,b,c> 0tacod o
a+b+c

1. abc < (———3——)3,
3 3, .3
2. a+g+” > abe.
Sau day ching ta ching minh trudng hop téng quat .

Vi du 2. V6i aj,aq, -+ ,a, la cidc sO thuc khong am, ching minh
rang
1 ¢ N
— m?( aJ”-
n® (e
3 day ky hiéu [[Lai=a1-az - an.
| Giai
“Cach 1
Néun = 1,n = 2 hién nhién b4t dang thic ding .
Gia sir bat dang thic ding v6i n = k > 2 ta ching minh bat dang thic
ding véin = k + 1.

Ta co .
1 k+1 k_/; Zf—:l a; + Ak+1
Spyl] = ——— .=
T k1 &t k+1
Theo gia thi€t quy nap ta thu duoc
l H B
k( Hf:l ai> k + Q41 Q
Skt1 2 ' i)
( kE+1 )
: L

Dé ching minh b4t ding thic diing khi n = k + 1 ta cin ching minh
1 ‘
I 1
k(Hf—l ai)k) +ak+1 k+1 o
_ > NE+1
k+1 Qg%)
Ky hiéu -
ol = (gai k. gF = g,

-YnMath.Com
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Bat ding thac Cosi 5
T'a thu dugc

kort + 3 > (B + Do 3
ska*(a—3)+ 33 =a*) >0
s(la—3) [k:a‘"' — (T 204 e £ 4o )] > ()
&la-A[ =3+ (@* = FTa)+- + (oF = 30"1)] 20
e ﬁ)Q[(crk'l +a* 234+ 3Nt

+ a(ak_.2 +a* 3+ + ) 4+ oM

( Bat dang thitc ding vi o, 3 > )

C6 nhiéu cich chiing minh bat dang thic Cési, trong dé cich chu‘ng minh
quen thudc nhét nhu sau:

Cdch 2

- Trudc hét ta chiing minh bat dang thic ding véi n s6 khong am thi sé
ding véi 2n s6 khong am .

12"a 1[1"a+1"a]
Y i = ~ |~ 1 - n+1
2n i=1 21ln i=1 n i=1
1 2n 1 n _]_'_ 1 n }_
@%ml ai?é(gai)"-i-i(Eﬂwn)"
1 2n 2n i
& — az>( az)2"
2n .

- Tir d6 suy ra bat déng thitc ding véi n = 2. Bat ding thic Cosi s& dugc
chitng minh néu chiing ta ching minh khing dinh sau day

Néu b4t ding thitc ding véi n = k thi ciing ding véin = k — 1.

That vay

k : - k-1 o
@ Tt ([e)F =1 2 ([Ta) k-1

VnMath.Com’=1
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6 Nguyén Vii Luong, Pham Van Hung, Nguyén Ngoc Thiang

Ap dung gia thiét quy nap suy ra

Sau day chiing ta xét mét s6 vi du minh hoa
Vidu 3. Véi a, b, c 2 0, chimg minh ring
a+b+c>3Vabe + (vVa — vVb)%

- Giai
B4t déng thiic cAn chimg minh tuong duong véi

c233abc—2\/¢§)

& ¢+ Vab + Vab > 3Vabc.
Vidud.Vé6i0 < a, b, c < 1, chimg minh ring

l—a 1-b 1—c¢
> - ‘ - - e do .
T7brc  Trcra " Txars> t-al=01-9 (1.11)

Giai
Tacod

1+a+b+1—a+1—b)3

3 =1

(1+a+b)(1—'a)(1—b)§(

l-c
m;(l—a)(l—b)(l—n)._

Tuong tu ta nhan dugc

1-6

T5cta 2 (1 —a)(1-b)(1-c),

178 S aa-na-o)
l+b+c " ynMath.Com
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-Ccfmg 3 dang thic trén ta thu duoc (1.1.1).

Vidu 5  Véia; 2 0@ = I.n) thod man diéu kien Y. a; = 1.

Chitng minh rang
- a; n
DL
= 2—a; " 2n -1
Giai
Ta cé bat dang thirc
n n .1_
2(2 —a;) 2 n[H(Q — a,)]
i=1 i=1
PRt || G
i=1 2 - (l, ~ . 2 - a;
1= 1=1
Suy ra

Y(2=a)- Y g 2w

i=1 1=1
n

@(211—1)-2 ! > n?

2—(l1i

1=

™~ 2 n?
< P
; 2 — a; 2n — 1

2 n
=
QE:Z‘% m_17"

i=1

= 2 n z
¢>§2—a,~ 22’"——1—1—;1

@zn:[ 2 1] > —

= 2 — a; 2n -1

n

n a;
= > .
2;2—ai on—1 (dpem)

BAI TAP, YA HUONG DAN

-
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8 Nguyén Vii Lucmg, Pham Vian Hung, Nguyén Ngoc Thiang

b
1. Véi a, b, c > 0 thod man diéu klen - + + — = 1. Chimg minh ring

f \/; \[<1 ‘(1.1.2)

Huong dan
Ta co
b ¢ a” VYa
b ¢ a c
l——-==-+-2 T
- a el
j_S-9,b5,5 /0
a b ¢ c
Cong ba bét déng thirc trén ta thu duoc (1.1.2).

2. Véia; >0i=1,n thoé min diéu kien 37 a; = 1. Chimg
‘minh ring

n 1 |
H(}'{’” (n—1)". (1.1.3).
1i=1 !
Huonmg dan
Dat S = Z?:l a;, ta co
1 S a  S—a S (n — 1) "/@102..8;_1Gi11...0n
a; e oa; a;p a;

véii=1,n
Nhan v€ véi vé€ clia n bit déng thic trén ta thu dugc (1.1.3).

3. Véia,b,c,d > 0 thoa man diéu kién ¢« + b+ c+d = 1. Chimg

minh ring
1 ,
=) > 5" (1.1.4)

Q+H0+50+H0+
C d

a b

Huong dan | -
Ta cé |

a+b+c+d+ah>05\/5a2-bcd
a it

Lom —
a a

1v1
- T 4
a
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Tuong tu

1 L1 5vb2 - cda
b - b
1 5v/c? - dab
C C
1 5vd? - abe
it

Nhan vé véi v& bon bat dang thic ta thu duge (1.1.4)

4. Véia, b, c > 0, chitng minh rang

a. b cg, 1 1 1
2 2 S s (a4 b+ (-t o)
(b+c+a) (a + +c)(a+b+c)
Huong ddn |
Bit dang thdc trén twong duong véi
A S PO
2 2 a? ¢ a b7 a b ¢
Ta co
a b ¢ a b c
— -+ 23— =3,
c a b c a b
2
a a
41222,
" b
b2 b
—2-+122--,
c c
2
Sr1x2.5
a a
E+9+9_>33E.§.9:3.
a c¢ b a c b
Cong cdc b4t dang thitc trén ta thu duoc
a®> ¥ 2 a c a
53+"§+a5+"c-+—+5/3+-—+5+— (dpcm).
5. Véia,b,c > 1, chimg minh ring
SR 3R

2 —1 "\(nVath.com
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10 Nguyén Vi Luong, Pham Van Hung, Ngwyén Ngoc Thang
Hucéng dadn
Ta co
4a® 4 4
4 1 =4(a —1 .
a—1 (a+)+a—1 (a )+a—1+8
suy ra
4a°
> 16
a—1
Tuong tu
542
2 20,
b-1 0
3 2
< >
-c—1

Cong ba b4t dang thitc trén ta thu dugc bat dang thitc cdn chimg minh. Ddu
dang thirc xdy rakhi vachikhia =b=c = 2.

6. Véia,b,c z,y,2z > 0, ching minh rang

(a3 b c3)>(a+b+c)3

z y  z) 7 3z+y+z2)

Hudng dan
Ta sit dung b4t déng thiic

(a1a2a3 + bibabs)® < (a3 + b3)(a3 + b3)(aj + b3)

voi a,az, as, bl, b?a b3 > 0.

Ta cé
' 3
(a+b+c) = < \/_1+—~ 1+—— \/_1),
vz AT |
suy ra
3 33 3
3 a b c’
<3 =4 4 =
(a+b+c) _3(33 +y+z>(:c+y+z),
ad b (a+b+c)?
S(—+—+=)2 d
(x+y+z) 3z +y+2) (dpem)
7. Véia, b, c > 0, chitng minh ring
b3 3 a’ 1 1

A+ ) BB+ 2F) czmaMamaq:onB(;;i pta- (L9
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B4t ding thic Cosi - 11
Huéng ddn
T 5 ab2 < _1. suy ra ._1_ —_ -1_ ab2 ._1_. _.1_
aco Ty =3 PPN P TS 362
Thu dugc
L 263 . 1 _ 1
a*(a3 +2b%) 7 a2  3b?’
Tuong tu
203 S1 1
2B 123 2B 3@
2w 11
FEr20) & 3@
Cong c4c b4t ding thic trén ta thu duogc (1.1.5).
8. Véi a, b, c > 0, chitng minh ring
a® b3 c 9
b= b-+-20Jr c+ 2a + a+2b” -(a+b+c)
Huong dan
Sir dung b4t ding thifc
(a1azas + bibabs)? < (a + b3)(ad + b3) (a3 + b3)
Ta th]; duge '
a+b+c)d = Vb + 2c- 1+ Ve +2a- 14+ ———vc + 2b1
‘ (o= ery Tz )
Suy ra
(a+b+c)*<P-3a+b+c)-3
2
o P> (a+b+c) (dpcm).
9. Véia, b, ¢ > 0, chimg minh réng
22 2 ¢
Btc 2atc datdb” "(2"”(’”)‘
Huwomg dan
B4t ding thic trén twong duong vé6i
, 2 b2 ( )2
P="_4+. 1 4 > latb4 s =

(J,+— a+ b 2

b -
*3 ¥nMath.Com
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12 Nguyén Vi Luong, Pham Vin Hing, Mguyén Ngoc Thing
Ta ¢cd
¢ 2
a+b+ = b+ + b ,/f+a+ 2 va+b| <
c [c 2 va+b -
— - ta
2
<P (a+b+ )
<SP > 2(a+b+2) (dpcm).

10. Véi a. b, ¢ > 0 thoa man diéu kién ab + bc + ca = 3, ching minh rang

VA + 08+ 1+ VB + B +14+Vcf+af+1 3> 3V3. (1.1.6)

Hueomg ddn
Tacé
a® + 8% + 1 > 3a%?
Suy rz
vab + b8+ 1 > V3ab
Tuong tu

Vab + b5 + 1 > V3be,
va® + b6 + 1 > V3ca.
Cong céc bat ddng thiic trén ta thu duge (1.1.6).

VnMath.Com
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Bat dang thic Cosi

2 Mot s6 phép bién doi co ban.

a. Nhém doi xirng: Phép bié€n ddi nay thudng duoc sir dung dé ha bac ting
v€ bat dang thic.
Vidu 1. Vdi a, b, ¢ 1a s6 thuc duong, ching minh ring

at+ bt + !
> abc.
a+b+c
Giai
Ta cd
4 4 4 4 4 4
+b b* + ¢ c*+a
at+bt4ct = @ 5 + 5 + 5 > a’b® +b%c? + a’ (1.2.1)
272 22 12,2 2.2 2.9 212
a“b® 4+ b°cc b°c® + ca® c°a® + a‘b
a*b?+b*c4c*a’ = 5 + 5 + 5 > abc(a+b+c)

| (1.2.2)
Tir (1.2.1) va (1.2.2) suyraa* + b* + ¢* > abe(a +b+¢) (dpem).

Vidu 2. Véi a, b, ¢ 1a cdc s6 thuc khong am, ching minh rang
1 |
a\/l;+b\/(i+6\/a—b5§§(a+b+c)2.

Giai
Ta co

» b+bc b a + ab
(a4+b+0)? = (a+be)+ (b2 +ca) + (c2+ab) + - ; ¥ C;CG+°G;G

Suy ra
(@ +b+c)? > 2avbe + 2bv/ca + 2cvVab + by/ac + cvab + avbe

> 3(aVbe + by/ca + cVab)  (dpcm).

b . Khu can
Vidu3.Véiz; >0,y >0,i=1,n, ching minh ring

\’7$1°$2-'-$n+"y1y2"' < 34 1)(x2+yg)---(:nn+yn).

[lwww.vnmath.com
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Giai
shuong trinh da cho tuong duong voi

1.y Y1y2- - Yn <1

n .,L'n _+,n
i \/(x1+y1)---( n + Yn) \/(351+y1)(3«"2+y2)“'($n+yn)

cd S
I ) In
T zary T E
'ngl U1 2 T Y2 $n+yn+ O
n
:lcgiii +a:y—: +“.+$?: | | U
LT 2 y; ntUn ( dpcm). -

Vi du 4. V6i a,b,c,d 1a cic s6 thyc khong am thoa man diéu kién |
a + b+ ¢+ d = 1. Chilng minh ring

Via +1+V4b+ 1+ Vic+ 1 +V4ad + 1 < 42,
 Giai - ‘

ath

.vnm

Tacod ‘
1 404142 4a+3 | ;

da +1=—=+/(da+1) -2< = , :
Matl=Tpvllatl) 2 =2—=%% 3
. Tuong tu 1 | E
G0t L
VR o
dc + 3 ! e

4+1< 3 ’ I
e E

Vi< 2t3 "

2v/2 |

Cong vé véi vé& ctia bon déng thic trén ta thu duoc |

Via +1+vVab + 1+vAc + 1+VAd + 1 < 1 (dat4brad+12) <4VE

2V2

Vidu 5. Véi a,b, c 12 cdc s6 thuc khong am, chimg minh ring

Y 2NN, Y RN S YO R S
VnMath.(f—o%’({’ 2 vl il |
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B4t dang thirc Cosi -~ 15

' | Giai
Tir bat dang thitc Cosi ta thu dugc

a+b+c

a’>+ b + 2 > §( 3 )2
Suy rd

a+b+b

3 ’

a + 2b)

a® + 2b* > 3(
| 1
S Va?+ 20 > —(
V3

Tuong tu

1
Vb2 +2c¢2 > —(b+ 20¢),
A+

1
ve2 4+ 2a? > —(c+ 2a).
VA

Cong v& v6i vé& ctia ba ding thic trén ta thu duge

P> 3a+b+c)=V3@a+b+c). (dpcm).

Sl

c. Nhém theo cic hé sé c6 tong bang 1.

Vidu 6. Véi a. b, c 12 cdc s6 thuc khong am, chimg minh rang

\/E+\/l—)+\/5§ /a-l';’2b+\/b22c+\/cg2a.

| Giai
Ta c6 | |
\/5+2\/5_\/5+v\/5+\/5< [a+b+b  [a+2b
3 o 3 -V 3 3
hay | | ‘
1 - 2 -~  [a+2b
= Vb <
FVatzVesy =
Hoan toan tuong tu ta co

1 2 a+2b
Vet YR Can

[lwww.vnmath.com
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16 Nguyén Vi Luong, Pham Van Hung, Wguyén Ngoc Théng
1 2 ¢+ 2a
— — < .
3 Ve + 3 va < 3

Cong v€ véi v& cha cdc bat dang thic trén ta thu dugc bat dang thirc can
ching minh.

Vidu 7. Véi a, b, c 1a cdc s6 thuc khong am, ching minh rang
(14a®)(1 4+ (14 ) = (1 + ab®)(1 + bc?)(1 + ca?). (1.2.3)

Giai
Véix,y,z>0taco -

s 1 5 TY=z
\/(1 +2)(1+y)(1 + 2) + \/(1 + )1+ y)(1+ 2) =

+ + +
14z 14y 142z I+ 14y 14z
< +
< 3 3 <
suyra  J(1+z)(1+y)(1+2) > 1+ yayz
hay (1+2)(1+y)(1+z2)>(1+ Jzyz).
Véiz=ady=2=03tacéd

(L+a®)(1+6%)% > (1 +ab?)>.
Hoan toan tuong tu ta c6
(1+6%)(1+c*)? > (1+bc?)3,

\
(1+)(1+a%2 > (1+ca®)?.

Nhan vé véi vé clia cac bat déng thic trén ta thu duoc (1.2.3).
d. Nh6ém theo bac. ‘
Vidu 8. Vé6i a, b, c 1a cdc s6 thuc duong, chiing minh rang

3,3 84,8 3488
¥ +c 46 :a LT > 2(ab + bc + ca). (1.2.4)
a ¢ |

Giai

Ta'cd )
a3

b3
—_— . > 2 v
b \77n&/|a/th.(d)o’m

[lwww.vnmath.com
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Bit dang thic Cosi ~ 17

b 3
C b
e

— + — = 2ca.
a c

Cong céc bat dang thic trén ta thu duoc (1.2.4).

> 2be

Vidu9. Véi a, b, c 1a céc s6 thuc duong, ching minh rang

a? b 2

—+—+—=—2a+b+c (1.2.5)
b c a
Giai
Ta cé
a2 b2 2
—b——i—b 2a, —+c 2b, —+a 2a
Cong v€ vdi vé clia cdc bdt dang thic trén ta thu duoc bit dang thirc cin
chitng minh.

e. DGi bién
Vi du 10. Vi a, b, c 1a cic s6 thuc duong thoa man abc = 1, ching minh
ring

1 1 1 3
a?(b + ¢) * b2(c + a) * c?(a +b) > 2
Giai
biata = - b = -;— zé ta thu dugc zyz = 1 va bét dang thic cin chimg

minh tuong duong vai

r2yz  y’zzx  Zlxy S 3
y+z z4+z x4y 2

~

[lwww.vnmath.com
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18 Nguyén Vi Luong, Pham Van HungmNguyén Ngoc Théng

Vidu 11. Véi a, b, ¢ > 0, ching minh ring

(1+a®)(1+ 3 (1+c%) > (a+be).

Giai
Chia ca hai v€ cho b3c® > 0 ta thu duoc
1 1 ‘ I 1\3
S )1 5) > (10 )
(1+a”) + 53 + 5 l+a - ;
1- 1 ez o s o :
biata =z, r =Y =7 bat dang thic cin chiing minh tuong duong véi

(1+ 231+ +2°) = (1 4 zyz)®
YL +a)1+y3)A+23) =1+ 2y2
3 3 3

1 2y’ -z

= f/(l )1+ )1 +20) {/(1 F AP+ =

1 N 1 N 1z N y3 N 23
3 3 .3 3 3 3
P_<_1+x 14y 142 +1+:r l+y 1+ 2 — 1 (dpem).
3 3
Vidu 12. Véi a,b, ¢ > 0, abc = 1, chitng minh ring
1 ' 1 1
< 1. 1.2.6
a+b+1+b+c+1+c+a+1_ ( )
Giai
Data = 23,b = y3,c = 23 ta thu dugc 2yz = 1 va
1 1 z

afb+1 1+ 2% +y® :z+z(x3+y3)
Vizd + 93 > zy(z +y) suyra

1 2 o Z
< -

a+b+1 7 z+zaylz+y) z4+y+=z

Tuong tu
1 Z
—— < —
btctl ™ aty+z
dLlL = ; .
cHo+1 7w S Com

[lwww.vnmath.com
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Bat dang thirc Cosi » | -~ 19

Cong cac bat dfmg thire tren ta thu duoc {1.2.6).
BAI TAP VA HUONG DAN
I. Voia. b clicdc sé thue duong, chimg minh ring

8 8 8
a b c .
—_——— ab® + b + ca’.

pum—

b* ot ot
Hiong dan
a® +b8 . o ) l(u“S 4 /)“)_{_ 1(/)‘“S N ('“)+ 1(("" N as)
bt ot gt 20 2°ct ot 2 w4 b
alb? b ta?

> ab® + bc* + ca’ (dpem).

+ o+
2 a? b?

2. Véi a. b, ¢, d 1a cic s6 thuc khong 4m, chimg minh réng
a® + b8 + 2¢' + 4d? > 8abed.

Huong dan
Tacé

20708 + 2t 4 A
4020% ¢ + dd?

a + 0% + 2¢ + A4d? 22
8abed  (dpem).

2
2
>

3. V6i a. b, ¢ 1a cdc s6 thuc duong, ching minh ring

4 4 9,2
.a ) 20q 0 o
:l:-‘ —_ e AfyS o= 2 v

P ,b2+(:2+ p + 40°¢* 2 8abe
Hiomg dan
Tacéd

2a%h 20 > 2 22
Py -t 46°c* > 4a® + 4b%c? 2 Babc  (dpem).
'S )

4. VGi a, b. ¢ 13 cdc s6 thuc dupng, chiing minh r_i’mg

(14 u

B N b ct b ¢
= et aq tEpaigmd T T

P

[lwww.vnmath.com

http



http://www.VNMATH.com Dich vu Toan hoc

20 Nguyén Vi Luong, Pham Van Hung, Meuyén Ngoc Thang
Hudng dan
Str dung phép nhém doi xing ta thu duoc
P>a.b+bc+_02> b N c N a
T2 a2 27 ac o Vab o Voo

5. Vé6i a. b, cla cac s6 thuc duong. chiing minh rang
1 1 1 3 3 3

=

a b c a+26+b+20+a+2b'

Huomg dén

Chi can ching minh |
1+2> 9 1+1+1 9
e b axm " b b7 a4+b+d

ma diéu d6 dé dé.ng ching minh dugc.
6. V6i a, b, c 1a cdc s6 thuc duong, ching minh rang

(15 b5 Cs

ot ai/a%+h%+c%. (1.2.7)

Hudng dan
Ta co
a® +b° > a’h® + b’a® & (a® - b*)(a® — b)) > 0,

. suyra
CLS
5] + b = a® + b
Tuong tu
b5
§+£>H+yq
c? 3 S
EE“{"G C +Ca

Cong vé véi v€ cia ba bat dang thic trén ta thu dugc (1.2.7) .
7.Véia,b,c >0, a+ b+ c =1, chitng minh rang

=v3a+1+V3b+1+3c+1<3V2.

Huomg ddn
Tirdiéukiéntaconhan xét: a = b=c = % & 3a+1=2
Tir d6 c6
1
Y30+ 1= 3—-@7{/ N o.5< L. 92th
v 4 ath: Com V4 3

[lwww.vnmath.com
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Bt dang thitc Cosi — 21
’f‘uo*ng tu .
VBT < 1 . 3b + 5’
J4 3 4
1 3c+5
V3c+1< —- :
V3c+1< 71 3
suy ra

1 3(a+b+c)+15 1

P< = _—.6=23V2 (dpcm).
8. Véi a, b, c > 0, chimg minh ring
ab b° b
b2 + o + 3 = ab + bc + ca.
Hudng dén
a® N be N o S a’b? N b%c? N c?a?
b2c2  2a?2 a2 7 2 a? b2
>a’+ b2+
2 ab+ bc + ca.

9, Véi a, b, c > 0, chimg minh rang

\/Z:+\/¥>ﬁ+¢5, (128)

Huong ddn
Tacé
a2
\/ N +\/52 2Va , .
b2
\/;L\/a; 2vb

Cong vé v6i V€ clia cdc bat ding thuic trén ta thu duoc (1.2.8) .
10. Véia,b,c > 0,a + b + ¢ = 1, ching minh ring

Vab + Vbc + Vca < V3.

Hudng dan
Ta cé

; s 3] . 1 aem a+b+3
Vab= V3 \\ghims 33—

/[lwww.vnmath.com
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22 Nguyén Vii Luong, Pham Van Hung, ﬁguyén Ngoc Thing
.Tuo‘ng tu
b+ +
Yo ¥3. 2138
c+a +
Yea < V3 ———2

Cong v€ véi vé cﬁa cac bt dang thiic trén ta thu dugc
1
Vab + Vbe + \f7<¢-< (a+b+c)+ 3)=3@ (dpcm).

11. Véi a, b, ¢ > 0, abc = 1, chiing minh rang

1 1 1 ab + bc + ca-
+ + > |
ad(b+c) bc+a) CAa+d) 2
Huong d&ln , 1 |
Dita = pt b= - ¢=-tathu duoc ryz = 1 va bt déng thitc c4n ching

minh tuong duong vdi
3 3. 3
ryz Y zx z°r T+Yy+z
gz 2 + / 2 Y
y+z z4+zx THY 2ryz

2 2 2
T ¥4 T+YyY+=z2
o + L4 >IrITE (1.2.9)
y+z z4+zxr x4y 2
Taco i
z
+ (y + z) 2 4.
— (y + 2)
4y°
+ (z4+x) 2 4y,
z2+r ( )/ Y
4:%

+(r+vy) >4z

T +y
Cong V€& véi v€ chia c4c bat dang thitc trén ta thu duge (1.2.9).
12. Véi a, b, ¢ > 0, ching minh rang

2y
a3b’c + f-— 4+ —2>ac+ab+ 1.
b2 ac?
Huodmg ddn
Chia hai v€ b4t ding thitc cho bc > 0 ta thu duoc

]
%+—+ ~+-+7

b Vrﬁvfath onde

[lwww.vnmath.com

http




http://www.VNMATH.com Dich vu Toan hoc

B4t dang thic Cosi - 23
" 1 1 2 , 3 . . ,oe
bata = z,b= Z—/ == b4t dang thic can chirg minh tuong duong vdi
z’ y PAd
— + =4+ — 22y +yz+ 2z | (1.2.10)
Y 2 =z
Ta cé 2
® +y® > zy? + yr? @-!-j—+y > zy + 1°
Tuong tu s
y;- +222yz+ y2,
23
—+z2 2124 22
I

Cong vé& v6i v€ clia céc bt ddng thic trén ta thu duoc (1.2.10).

VnMath.Com
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24 Nguyén Vii Luong, Pham Van Hing, Nguyén Ngoc Thing

?; Dang luy thua

2 1 n 1 n m
Chiing ta goi bat dang thirc - dYoralt 2 <ﬁ Yo ai)
(m,n € N*,a; > 0,i = 1,n) 1a bat ding thic dang lu§ thira.

Vidu 1. Véi a, b 1a nhitng s6 thuc khong 4m, chiing minh rang

am+n.+bm+n 2 (am+bm)(an+bn)’- (m,ne N*).

DN ==

Giai
B4t ding thic da cho twong duong véi
’ a™tn + pmtn > a™b" + a"b™
(a™ —=b)(a" -b") =0
( Hién nhién ding vi 2 thira s6 cung duong khia > b > 0, cing am khi
b>a20).
Vi du 2. Véi a, b, ¢ 1a nhitng s6 thuc khong am, chitng minh ring
1
am+n + bm+n +cm+n 2 §(am 4+ pm™ + Cm)(an + i + cn) (m,n € N-)
Giai |
B4t déng thitc da cho tuong duong véi
2(am+n + bm+n + Cm+) ? am(bn + Cn) + bm(cn _+_ an) + cm(an + bn)
& (@™ =b")(a" = b") + (" = c)(b" = ") + (a™ = ") (a" — ") = 0.
( Hién nhién ding vi cdc s6 hang luon duong .) )
Sir dung cdc b4t ding thic co ban trén ta dé dang giai dugc cdc bai todn sau

Vi du 3. Véi a, b 1a nhitng s6 thuc khong am, chimg minh ring

1
al® + b0 > Z(aﬁ + b%)(a? + b2)2.
Giai
Ap dung vidu 1 tacé

a10+b10 2 (a6+b6)(a4+b4)

— N

> Z(ab + b8)(a? + b?)2.
A}rﬁll\/lath.) C(l)m )

[lwww.vnmath-comr
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Bat diang thic Cosi - 2:

| N

Vidu 4. VGi a. b la nhiing s6 thuc khong am. ching minh rang

1 L 5
at 20N = (0" 200 (07 2074

9
Giai
Ap dung vidu 2 taco
10 v IU 1 h 6 i
a’” + 267 > 3( + 265 (at 4 201
1 o .
> ~)((1 +20%) (a” + 2b*)%,

Vidu 5. Véi a, b, ¢ la nhitng s6 thuc duong, chimg minh rang

10 10 10 10 10 10
a”+b b + ¢ '’ +a o o
—— \/ \/ﬁ>czz+b2+c‘2. (1.3.1)

ab + b8 bb + b C af
Giai
Ta co
> - 0?)? & | ——— > =(a® +1
ab + b 4((7 +07) ab + bb Z(Q +07)
Tuong tu

Cong vé v6i v€ clia cac bat dang thifc trén ta thu duogc (1.3.1).
Vidu 6. Véi a,b > 0, ching minh rang

A."*'-[” ]

[lwww.vnmath.com
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26 Nguyén Vii Luong, Pham Van Hung,®guyén Ngoc Thang

Giai

a + 0" . a—+b a4 pn!
2 = 5 >
> <2_j‘l_)>2 ((1,"—2_*‘_0,,_._,)
;.”;Z<g+b){
| 2

Vidu 7. Véi a. b. ¢ 1a nhimg 6 thuc khong am, chiing minh rang

"D (ai b4 e\ .
3 2|\ — 05— ] . (neNT).

%)

Taco

Giai
Bat dang thitc da cho tuong duong véi

| | b+c\" t+b+c\”
1’.—:0”‘+b”"+c"+(——————a+‘+() 24<(———-—-——L+)+‘).

3 3
Apdung bai 6 ta cd |
a+b+c_,
a+b\" "+""'3—_
pa(t20) e D)
a+b+c, .,
a+btet ——
>
a+b+c\" E
<=>P24(—————— 3 ) (dpcm)_.
Cach 2.
Ta cd

a® + b* + " S (@ $b+c\ a4+ 4!
3 “\ 3 3

J (axbre)i(@aire ey,
3 3

- 2 (ﬁg—ﬁg (4p dung vi dy 2).
ath.Com

Vn
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27

Vidu 8. V6i . b. ¢ 1a cdc s6 thuc khong am, chiing minh rang

Vat+ Vbt e ot
3 - 3
Giai
Ap dung két qua vi du 7 ta nhan dugc

<{‘/5+ Vb + %>n< a+b+c
3 - 3

Khai can bac n hai v€ ta thu dugc bat dang thitc cin chiing minh.

Vidu9. Véia, b, clacic s6 thuc khong am, chimg minh ring

1 1 1 3 "
—_t — 4+ =23 — ] .
a®  bm  cn a+b+c

: Giai
Ap dung vidu 7 tacé
1\" 1\" 1\" 1 1 1
-] +() +{-= oIy
(o) () () | foie
3 | ~ 3

3 n
> | — .
- <a+b+c> (Fipcm )

M6 rong chiing ta thu dugc cdc két qua sau:

Vi du 10. V6i a;(s = 1,n) la s6 thuc khong am, n € N*, ching

minh rang
1 n - 1 n m
Giai
Véi m = 2 bat ding thitc diing ( Ap dung vi du 6.)

Ta chimg minh khing dinh: " Néu bit ding thic ding v6i # = A thi din

voin = 2k". VnMath.Com

34
o
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28 Nguyén Vil Luong, Pham Van Hung, Mguyén Ngoc Thang
That vay
k k 2
1 & 11, 1 _
a7 2 = 5(%2‘” P )
i=1 i=1 1=k+1
11 V" (1= \™
z -l = i = i ia thi€ |
2[<k;a) —I—<kz;1a> (Gia thi€t quy nap )

Bit déng thitc cdn chiing minh diing néu ching ta ching minh duoc khing
dinh:" Néu bat dang thic ding v6in = k + 1 thiding véin =k ".
That vay, ta cdn ching minh

1 k 1 k m
i (i)

i=1

-
Q
=3
N————
+
7N
|
ks
&
N———
3
WV
=
+
=
7N
el
™
8
Ne———
3

@Pz(
i=1

Ap dung gia thiét quy nap ta thu dugc

P:(k+1)(kil<};ai+%zk:ai)>m
> (k+1)- (%iai)m (dpem).

S i=1
Vi du 11. V6i a;(i = T, n) 1a cdc s6 thyc khong &m, m € N*. Ching minh
rang -

i=1

Ap dung két qua vi du 10 ta c6

(13 va) <i¥a

i=1 VVnMath. Corm=1
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Bat dang thitc Cosi -~ 29

Khai can bac m hai vé ta thu duge bat ding thic can ching minh.

Ta nhan xét: Khi m = 2/ thi trong gia thiét cua bai todn khong can diéu
kien o, > 0(: = 1.n).

Vidu 12. Vé6i a. b, ¢ € R, ching minh ring

a‘Zm + b2m + ('_2m (CI; +- b + () 2in

3 3
Giai
Ta cé
a21n+b2rn+c2771 B ((Z ) (b2) ( Z)m S a-z +.b2+62 m
3 B 3 ~ 3

2 2 2
a b : a+b+rc
1 +b° + ¢ 2(

3 7 —> , VO moi a. b, ¢ € R nén ta thu duogc

a’m + p*m 4 ™ S <a +b+c

2m
3 3 > (dpcm).

Vidu 13. Véia, b, ¢ > 0, chiing minh rang

4 4 8
b+ 2 42
0+ b+t > ((“;2[)> + (H:g (> + <( 22(') o (13.2)

Giai

at + bt + bLl 2
3 3

bt + ¢4 + ¢! <b+2(>
3

3
ct+at+at . (c+2a
3 3

Cong v€ véi v€ clia cac bat dang thiic ta thu duge (1.3.2).

Ta cod

Vidu 14. Véi a, b, ¢ > 0, ching minh ring

b
pP= f+x/—vm<zs_atﬁ6da+6+‘.

-~
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30 ' Nguyén Vii Luong, Pham Van 'Himg; Nguyén Ngoc Thang

Giai
Ta cé

b
(l+ + + + +- ) |

Vidu 15. Véi a, b, ¢ > 0, chimg minh ring

s '
-

1 1 | 1 1 1
+ + > 2 + + . (1.3.3
va Vb Ve ( a+3 Vb+ 3c \/(‘+3(1) ( )

Giai
Ta cé
1 + 3 S 16 S "8
Ve Vb Ja+3vh T Va+3b

Tuong tu ta cé

1 3 8

+ 2 :
Vb Ve Vb+3c
1 3 S 8

_*_ Z
ve Va T e+ 3a

Cong vé véi v€ clia cdc bat dang thic tréri ta thu dugc (1.3.3).

BAI TAP VA HUGNG DAN

[Iwww.vnmath.com

1. Véi a. b, ¢ > 0, chimg minh ring

| 1 1 a+b+c 1
P=a*+-b'+ —c'>6[ 227
S tgh e 6

http

Hicong dan
Ta co

D\* b\ [\ e\ e "+g+g+§+%+§\4j
— 4 z z = =Y = . 2 |
F=a +(2) *(2) *(3) +(3) +(3) 2(’( 6 )

2. Véia, b, ¢ 2 0, chimg minh ring

K
p—

P:a“'—%b“%-l 1> L at+b+c)t




http://www.VNMATH.com - Dich vu Toan hoc
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Huong dan

o (<N () a+b+%+-§- 4 1
P=at+h +<§> +(§> >4 1 = gpla+b+o)t

3. Gidi phuong trinh

22 + (1-22)* = =

Hudng ddn
Tacé
- —9r\4
2zt +(1-20)' =2+ 28 + (1 —22)* > 3 rhetl-oa :—1—.
3 27
Phuong trinh ding khivachikhi z=1-2z &z = %

4. Giai phuong trinh

Vz+V2—z= \4/4;I+{/2§$.
Huomg ddn

bidukien 0 < r < 2.
Phuong trinh dd cho dugc viét lai duéi dang

\/"57'+\/_—E* \4/@ \,/,z+22—z \4/(2—;1;+2;,.-

st dung bét déng thirc

\4/54—\‘%%5%5 \(,/a+2b+</b+2c+ . c+2a’

3 3 3
Ta suy ra
1]« 2x — — 9
Vi i TR ([EEE L fre Mmoo

ddu dang thitc xdy rakhi vachikhi s =2 -2 oz = 1.

5.Véia,b.c > 0, ching minh rang

1 1 2V2 8
+ + > N
va b Vrfafh.(ant b + ¢

[lwww.vnmath.com

http



http://www.VNMATH.com : Dich vu Toan hoc

32 Nguyén Vii Luong, Pham Vin Hung,Nguyén Ngoc Thing
Hudng dén

1 + 1 n 1 + 1 S

va Vb } c

[\eh e
O

16
\/5+\/5+\/§+\/;
168

= — = :
4 a+b+rc va-+b+c
\/ ] .

6. Véia, b, c > 0, chiing minh rang

1 1 8 64
2" (a+b+c)?

'a_2'+,b2

Huong dan - .

1

16

2
= 4 (a—-'_—i)—t—g) (dpcm ).

7.Véia,b,c> 0,a + b+ ¢ = 1, ching minh rang

Va+ Vo+ Ve+2(Va+3b+ Vb +3c+ e+ 3a) <9.

Huong dan

Va+2va+3b<3vVa+2b,
Vb +2vb+ 3¢ < 3vb + 2,
Ve + 2ve+ 3a <3ve+ 2a,

va st dung bét dang thitc

Va+2b+ Vi + 2¢ ViflatBCsB - Va +b + ¢ = 3.

[lwww.vnmath.com
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-8. Véia,b,c > 0, ching minh ring

1 1 1 , .
9@4+M+mﬂ<g+iy+;);(a+2m1+m+2d3+uﬂdmf.(L&@

Huomg ddn
Tacé

a?

— + ba? > 24°,

b

b4

— + cb? > 2%,

c

4

< +ac® > 2%

a

Cong vé& v6i v€ ctia cac bdt ding thifc trén ta thu duogc

4 b4 4

A 2a3+63+c3>l(a+b+c)3,
b c a 9
suyra(chob = c)

4 4
AL
a

7 (a + 2b)°

O -

Tuong tu

2

b4 4
— > =(b+2)",

—+c+
Cc
C4 4

3 a
—+a +— 2
a c

O+ O+

(c + 2a)3.

Cong v€ véi V€ clia ba bat déng thic cubi ta thu duge (1.3.4) .

9. Véia.b,clado dai cha ba canh tam gidc, chiing minh ring

Vat+b—c+Vbtc—a+Ve+a—-b< Ya+Vb+ Ve

Huwong dan
Ta c¢é

vVa+b—c+ Vb+c—a<2Vb.
\3/b+c—a+\3/c+a—b'§2\3/5.
Vet a—b yiflpnbeoss 29¢

[lwww.vnmath.com
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34 Nguyén Vii Luong, Pham Van HingaNguyén Ngoc Thing

Cong vé€ vdi vé€ clia cdc bat dang thitc trén ta thu duoc bt dang thidc cén
chitng minh .

10.Véi a. b, ¢ > 0, ching minh rang

Va + Vb +v2¢ < 2v/2a + b+ 2¢ + v2b + 4c. (1.3.5)
Hudng ddn
Ta co
2a 4+ b+ 2
\F+\/_+f+\/_<4\/a+4+ -,

Cong vé v6i v€ clia cdc bat dang thic trén ta thu dugc (1.3.5) .
11.Véi a, b, ¢ > 0, ching minh réng

Vat+3b+vVat3c+vV2a+b+cz2Va+vVh+/o). (1.3.6)

Huidng dan
Ta co

b
Va+3vh<d az?’ 2v/a + 3b,
vVa + 3vc < 2Va + 3e,
2 + b -
Wa + Vb+ e < 4 a+l+( = 2vV2a +b+c.

Cong vé v6i v€ chia cdc bt dang thifc trén ta thu duoc (1.3.6) .
12. Véia,b,c > 0, chiing minh rang

1 1 1 1 1 1
+ ==+ ( ) (1.3.7)

va Vb \/? va+ 3b \/)+3c \/0+,3a
Hucng ddn
Taco
1 3 16 4 4
+ 2 = 2
va Vb a+3vbh  a+3vb a+3b.
4 4
Thu duogc

1 3 8
+— > ,
va Vriath.@ernt 3b

/lwww.vhnmath.com
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B4t ding thac Cosi -~ 35
Tuong tu :
1 3 8
+ 2> ,
Vb Ve Vb+3c

1 3 8
+ > .
Ve Va7l e+ 3a

Cong v€ véi v€ clia cac bat dfipg thytc trén ta thu duge (1.3.7).

VnMath.Com
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36 Nguyén Vi Luong, Pham Van Hung.&guyén Ngoc Thang

4 Dang cong mau so

1 2
Ching ta goi bat dang thic > " | — > ié’__
a; 1=1 a,

dang thirc dang cong mau so.

— VoI (; > 0. - i“

1 1 bat

Bit dang thitc cong miu s6 1a mot bat dang thic rat don gian nhung thuone
dugc st dung & cdc bude bién doi trung gian. Ta chiing minh bat dang thitc

dang nay ¢ hai todn sau.

Vidul. Véia(i =T.n

Dau dang thic xay ra khi va chi khia; = a, = ...

Giai
Tacéd
D i) G n- (H?=1 ai) " dau déng thuc
ay =ay = ... = Qn.
1

n 1 n
D iz ; ( i=1 ) ddu dang thic
a=as=..=an.

(Ee)(Ee)oemtie

1=] 1= : 1==1

d4u dang thic x’a‘y ra khi va chikhia, = gy =

) 1a cdc s6 thuc duong, ching minh rang

= Qp.

xay ra khi va chi khi

xay ra khi va chi khi

_42 1 (1’

o= QA (dpcm).

Str dung bat dang thifc trén ta chitng minh cac bat dang thic sau.

Vidu 2. Véi u, b, ¢ > 0, chimg minh rang

1
- +
a

e B

Ta co

1>3 1 N 1 N 1
c a+2b b+2¢ c¢+2a)

(1.4.1)
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Bat dang thic Cosi ey
T-uongtutacé

1+2> 9

b ¢~ b+2c

c a c¢+2a

Cong v€ véi V€ clia cac bat dang thirc trén ta thu duge (1.4.1).

Vidu 3. Véi a, b, c > 0, chimg minh rang

149> 36

a b ¢ a+b+c

Giai
Tacé
SRR VL B S0
a’ b b 2 2 E/a+_+9+f ¢
2 2 3 3 3 272733

Vidu 4. Véi a, b, ¢, d > 0, chimg minh rang

1,14, 16 o

a b ¢ d7  a+b+c+d

, Giai
Ta cé
l+l+é+l§> 4 4 16
a b ¢ d " a+b ¢ d
. 16 16
> — 4
a+b+c+d
64

2
a+b+c+d

Vi du 5. Véi a, b, ¢ > 0, chimg minh ring .

4 3 3 2 1
— -+ -4 + + .
a c a+b b+c c+ta

Giai

12 11\
£3 -+ - y
a + b\ \vieé.ch

ot

o

Té co

[lwww.vhnmath.com
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3 1 1
< o4 =
b+c”2<b+ c)’

4 (1 1)
<{=+-).
c+ a C a

ng v& vdi v€ cia cdc bat dang thic trén ta thu duge bat dang thirc cén
ing minh.

idué6.Véia. b, c > 0, ching minh ring

a+3c ¢+ 3a 4b
-+ + = 6.
a+b b+c¢ c+a
- Giai - |
D€ giai bai tap khé nay ching ta cin trinh by phwong phdp xay dung céch
gidi nhu sau: |
Tim a, 3 sao cho

(a+3c)+ala+b)=(c+3a)+pb+c)=M

(l+a)a+ab+3c=3a+3b+(1+ 8)c

Thu duoc .
l+a=3a=2

3=1+03=2
va M = 3a + 2b+ 3¢

Tim + sao cho
| 4b + y(c+a) = m(3a +2b + 3c)

& ~a + 4b + yc = 3ma + 2mb + 3Imce

Suy ra

4=2m&m=2

v =3m = 6. |

Khi d6 bat dang thirc da cho tuong duong véi

a + 3¢ c+ 3a 4b
+2 + +2+4
a+b b+c c+a

ey 1'+Aj.p+"f- )216
VnMath.Com = ° 4

+6 216
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S 16
Taco P 2= (3a+2b+ 3c)- = 16

(a+b)+ (b+c)+2(c+a)

Dau dang thitc xay rakhi vachikhi:a +b=b+c = 2c+ 2a
Suy ra ~

a=c
{b+c:20+2a®b=c+2a=3a

. \ , +b+c
Vidu7. Véia, b, c > 0lado dai bacanh cia mot tam gidc, p = EI—J-F—QiS
Ching minh rang
1 1 1 1 1 1
+ + >2{ =+ -+ =) (1.4.2)
p—a p—b p-c a b ¢
Giai
Ta céd
1 1 4 4
+ = = -
p—a p—-b p—a+p-b c
1 1 4
p—b p—c” a
1 1 4
+ = 5
p—c p—a b

Cong vé& véi v€ chia cdc bat ding thic trén ta thu duge (1.4.2).

Vi du 8. Véi a,b,c > 0 la nhitng s6 thuc duong thoa mian diéu kién
ab + bc + ca = 3, ching minh rang

- + b + c > abe
202 +bc 202 +ca 22+ab”
Giai
Bat dang thitc di cho tuvong duong véi
1 1 1

— 2
P=g——gt1 ot 1773 >

a? bec b2 ca 2 ab

Tacd

9 9(abc)? , ,
> _ .
“ /1 1 1\? (ab+bc+ca)? (abc)®  (dpcm).
( b —> VnMath.Com

a C
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BAI TAP VA HUGNG DAN

1. VGi hg, hy, he 12 d6 dai ba dudng cao cia mot tam gidc, r 1a do

dai ban kinh duong tron ndi tiép tam gidc. chimg minh rang

he + hy + he = 9r.

Hudng dan
Ta c6
11 1 1
r hae hy he
Suy ra

he + hs + he 2 9r  (dpcm.)

2. Véia,b,c > 0, chimg minh rdng

1+2+§> 3'+ 18 4
a b ¢  a+b 3b+4c c+6a

Hucng dén |
B4t dang thitc da cho duoc viét lai dudi dang tuong duong

S 3 n 3 N 3
=~ b b c € '
2.~ = .~ S+2a

+

1
=+
a

N oY
Ll o —

bat B = -122, C = —g ta thu dugc

l¢1+i> 3 N 3 N 3
a B C7 a+2B B+2C C+2a

3. Véi a, b, ¢ > 0, ching minh rang

b+c 2a+c 4((:1.. + b)
+ +

>0,
a b a+c

Hudng ddn
B4t déng thitc di cho tuong duong voéi

b+ 2 m g (a + b)
S 16
( a +< anTt/Ié Ma + ¢ )/16

/[lwww.vnmath.com
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@(2("#{)7 ()(-+_+ >>1b
l

Ta ¢co

I’ = (2a+b+-c) l+l%1+l+1+l+l+] > 16
= (Za )\ —+—+—+— : > 1(
. 20 20 20 20 a+c¢ a+c a+c u+(:)

82 82
2 (2a+b+ ) = — =16 .
P2 (2a+b+0) 82+ 1b 7 4c 1 16 (dpcm)
4. Véia, b, c.d > 0, ching minh rang
1 2 12 64 64
P=-+4+-4+—+—=2 :
a b ¢ d a+§+g+§
2 3 4
Huong dan
B4t dang thirc da cho tuong duong véi
p_l, 1, 4 16 4 4 16
=zttt d/a+b+§+7/
2 3 4 "2 3 4
16 16 64
“T9T3 % 27371
5. Véia, b, c > 0, chitng minh rang
2 6 9 8 48 12 "
o4+ : 1.4.0
'a+b+c 2a.+b+3b+20+c+3(1 (1.4.3)
Hudng dan
Ta cé :
8 _ 4 1.2
20+b b ~a b’
a+ -
2
48 8 2 3
= <9z =
3+20 b 51—2(b+<>’
2 3
12 _ 4 3.1
¢+ 3a a

C - .
Vr?jl\?fa‘t‘h.Ccc)m

-
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Cong vé v6i v& clia cdc bt déng thic trén ta thu duge (1.4.3).

6. V6i a, b, c > 0, chimg minh rang

4c + 4a n b S 3
2a+b b+2 c+a

Huong dan
Bt déng thie da cho tuong duong véi

e +2+—4—a—¥r2+ % 12) >0
2a + b b+ 2c c+a -

®P=(2a+2c+b)‘( ! + ! + ! )29

c+a b b CU
Ta cd H
| P> (2a+2c+b) 0 =9 (dpcm) =
2 Satoctb o o >
7. Véi a, b, c > 0, chimg minh réng ;.
a+ d + 4 Z Sa ;
1+ab a+2c” 14ab+ac ;
Hufm?gdan —_—
Ta cé . -
"11‘+1 — 273 o
ZoZ4b Z4b =
S =
Suy ra
1+ 1 N 4 S 16
TP, 2e4b 7 2 00 p
a a a
4 8
a4+ a a (dpcm).

+ 2
14+ab 2c+b~ l+ac+ab

8. Véi a, b, ¢ > 0, ching minh rang

4a 3b b S8
3 VoMatg Gond
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B4t dang thitc Cosi -~ 1

Hudng dan
Ta co

1 1 1 1 16
1 2 1
)(2a—k3b)2216
b ' a+b>>16
4a 3b

-+ -+ - >
P S PR
@P:(—+—+
a b a+b
3b 4 b
‘®@+zq+w+ib+@+
b
e > .
r <:>b+a,+a+b/6 (dpcm)
9. V&i a. b, ¢ > 0, chiing minh rang

b - N be L ¢
24ab c+2b 1+ 2uc/

1 |
—+b+c>3( (1.4.4)
a

Huomg dan
Ta c6

_ 9¢
1+ 2ac’

Cong vé vai vé€ cia cc bat dang thitc trén ta thu duge (1.4.4).

10. Véi a, b, ¢ > 0, chitng minh réng

7T 4 7
-+ +-2
a+b+c 9(

1 2 - 3)'

a+ 2b + b+ 2¢ T c+ 2a (1.4.5)

Huomg dén

Tacéd
' 9

1
— 2 —
LA T

z(%+bm\/ﬂa\h>ae%§‘—,
c c/ b+ 2¢

[lwww.vnmath.com

http



http://www.VNMATH.com - Dich vu Toan hoc

44 Nguyén Vi Luong, Pham Van Hung, Nguyén Ngoc Théing

6(% +%+ %) > c—?-72a'

Cong vé& véi v€ clia céc bat dang thic trén ta thu duoc (1.4.5).

11. Véi a, b, c > 0, ching minh rang

1 3 8 16+/2
P = + + 2 - -
va Vb V3c+2a T /3la+b+c)
Huéng dan |
Ta co

> >

1 16 4 8
+ > -
va Vb a+3vb  [a+3b Va+3b
4

Suy ra
8 8 32

P> + 2 Z
| va+3b V3c+2a  Va+3b++V3c+2a

16
2
\/3(a+b+c)
2

(dpem.)

VnMath.Com
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5 Dang trung binh

8 x

a*+b

* Ta goi ( )a la trung binh bac a. Mot so6 truong hop dac biét:

ot

a+b

o = 1: goi la trung binh cong.

v/ab goi 12 trung binh nhan.

Trong muc nay chiing ta quan tam t&i cdc bat dang thitc duge chitng minh
nho tinh chét clia cac dang trung binh nhu:

1. Trung binh nhén, '

2. Trung binh can,

3. Trung binh diéu hoa, .

4, M@i lién quan gifta cdc trung binh.

I. Trung binh nhan. Chiing ta c6 c4c két qua co ban sau:

Vidu 1. Véi a;. b;(i = 1,n) 1a nhimg s6 thuc duong. chitng minh ring

no 1 no L n 1
(TTe:)™ + (1) < (TTtai+00)m.
i=1 =1 i=1
Giai
B4t dang thitc Gi cho tuong duong vdi
1 1

n

F= (ﬁaiibi);Jr(Haﬁb)ﬁgl

. . 1
i=1 i=

Ap dung bit dang thitc Cosi ta thu duge

1 n a; 1 i bi
ngzaz‘sz—i—;L—;az—sz

1=1

1 — n
= —Zl = — =1 (dpcm).
n i=1 n :

Vidu 2. Véi a;, b;;(i = 1,n,j = 1,m) 1a cdc s6 thuc duong, ching minh

rang
| 1 1

Zm: (ﬁa"’)E = (ﬁ(i‘au));‘—-

j=1 =l VnMattslCah
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-

Giai i
B4t ding thitc da cho tuong duong véi .

o

-5 (sEw) =

J=1

Ap dung bat ding thitc Cosi ta thu dugc

]l — T | :
H;Z Z alj——ﬁi‘él:%:l(dpcm).

=1 ] =1 an
Hai b4t ding thic trén ta cé thé tém tat: Téng cac trung binh nhan nhé hon
hoac béng trung binh nhan cua tong. Tir két qua trén chiing ta thu dugc cic
hé qua sau:.

Vidu 3. ( Bat dang thitic Cosi dang tich.)

V6i a;(i = 1,n) 1a cdc s6 thuc duong, ching minh ring

n

[J0 +a)> <1+ (Ha,>1>n.

1=1

Giai
B4t dang thic da cho twong duong vdi

Ap dung bat dang thitc Cosi ta thu dugc

l e 1 ]l & ai' 1l — n
P<_§ _E :-—gl:—:ld .
‘ni=11+a¢+ni:1 1+ a; n = n (dpem)

Chiing ta dé dang m& rong vi du 3 nhu sau:
- VnMath.Com
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y

Vi du 4. Véi a;,bi(i = 1,n) 1a nhimg s6 thuc duong , ching minh

rang
n 1

[101+ai+b) > (1+(Ha)”+(Hb) )

i=1
Giai
Bét dang thic da cho tuong duong véi

1

<£Il.(1+al+bi))5 >1+ (Ha)%,}_ (Hb)n

]
n n ;
(:P:(Hl+az+b) +<H1+a,+b) +

+( 1+az+b

Ap dung bAt dang thitc Cosi ta thu dugc

n

1 1 l e~  a 1 <&
-~ —_— )y 4 -
—";1+ai+bi n;1+ai+bi+ni=ll+a,~+b,-
1 < n
<=>P<—E l=—-=1 d )
Ton & n (dpem)

Vi du 5. ( MOt cdch md rong bat déng thic Bunhiacopski".)
Véi a;, by, ¢;(i = 1, m) 1a nhitng s6 thuc duong , ching minh ring

Lo (TZia+ T2 b)) S TIZir+07) ()
- (H:Zl @+ [Lm bt iy Q) <TIZ (@l + 07 + c) (%)
| Giai

bat A, =a*, Bi=b", Ci ="
1 1 1

suyraa; = AT, bi= B/™, ciafiaih Com

[lwww.vnmath.com
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Ta thu dugc
1 L a L X
(HA)m+(HB)m+( C’)mS(HA+B+C))
=1 -1
1 1
i Ai —_ m i 1
== (E Ai+B,~+Ci)m * <i=1 Ai+§i+Ci)m+
| 1
m Cl_ 1
+(i.-.-.1 Ai+Bi+Ci)m <L

Ap dung bat dang thic Cosi ta thu dugc

A, A, 1 = C;
<_ 1 |
P ZA + B + C; mZA + B; + C; mi=1A,-+B,--_|—C’,-

1 m A,+Bi+C,~_m__
<=>P<-,—7—721._1A+B+C-—m—1 ( dpcm).

Biit dang thic (*) chiing minh tuong ty va don gian hon.
Trong céc truing hgp dac biét ching ta thu duge khd nhiéu bét déng thic

hay nhu sau:
Vi du 6. Véi a, b. c > 0, ching minh ring

P=(1+a+b)(1+8+)(1++a% > (1+2abc)’.
Giai
B4t ding thic da cho dugc suy truc ti€p tir vi du 4.

(1 + \/a3b3c3 + Vb3(303) (1 + 2abc)®.
Vidu 7. Véia. b, ¢ > 0, chimg minh rang
(1+ a®)(1+b6)(1+ %) = (1 +ab*)(1 +bc*)(1 + ca?).
Giai

Ta cé (1+4a3A+ )2 = (14+a®)(1+)(1+) 2 (1+ab?)’
Tuong tu

(L+ 030+ A2 > (14 b,

(1+ )1+ a®)? > (14 ca®)’.

VnMath.Com
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Nhan v€ véi v&€ clia ba bdt dang thitc trén ta thu dwoc bat dang thic cin
ching minh.

Vidu 8. Véia,b,c > 0la cdc so thuc thod méan diéukiéna + b+ ¢ = 1.
Hiy tim gi4 tri nhé nhat cua biéu thic
P =(1+8%)(1+¢")(1+8°).
Giai

Ta co

a+b+cy3
P>(1+\/380-8"~86)3:(1+8 3 ):27

2 . ‘ 1
Dfu dang thitc xdyrakhi a=b=c = 3

Vi du 9. Véi a, b, c 12 nhitng s6 thuc duong, chimg minh ring
P=(1+a®1+b)%2(1+ 3> (1 + abe)s.

Giai
ta co

P = (1+a®)(14+6*)%(14c®)® = (1+a®) (1+6%) (1+8%) (142 (1+2) (1+c2).

Suy ra

P > (1 + Vabb3b3c2c2c? )% = (1 + abe)®.
Vidu 10. Véi q, b, ¢ 1a nhitng s6 thuc duong, chimg minh rang
P=(0Q+a" )1 +bH(1 4+ > (1+abo)t.
Giai
Tacé ‘
+ Vasbtc2c? ) = (1 + abe)'

Vidull. V6ia,b,c >0, a+ b+ ¢ = 3. Hay tim gid tri nhd nhit cua
bidu thic

P=(1+2%+2(1+2°4+29(1 +2°42%).

) Giai
Ta cé VnMath.Com

-
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a+b+c\3
P>(1+2\/32°2b26)3=(1+2-2 3 )

P > (1+2-2)3 = 125 va dat ddu déang thic khi vachi khia =) = c = 1.
~ Vay gia tri nho nhat ctia P bang 125.

Vidu12.VéGia,b,cla nhimg s6 thuc duong, ching minh ring

P = (1+8a)(1+8b)(1+80) 2 (1 +20+2b)(1+2b+2C)(1 +2(;+2a).

Giai
Ta co ‘
(1+8%)(1+8%)2> (1+ V8. 8b.86)3 = (14 29%2)3,
Tuong tu

(14 8°)(1 482 > (1 4 2°*+%)3
(14 8°)(1 +8°%) > (14 2°7%)3,

Nhan vé v6i v€ cita cdc bat ding thic trén ta thu dugc bat ding thic cn
chimg minh.

Vi du 13. Véi a, b, ¢ 1a nhitmg s6 thuc duong, chimg minh ring

\/a2+b2+c2 < €/a3+b3+c3
3 - 3 .

Giai

Lug thira 6 hai v€ ta thu ducc
\

(a2 + b2+ 2P <3+ b3+ )2 -
Tacé
@2+ 4+ =Naa+1bb+1ce)l < (P+134+13)a®+b+ )2

=3(a® +b* +c*)? (dpcm).
Vidu 14. Véi a, b, ¢ > 0, chimg minh rang

al b3 A (a+b+c)?

a+b b EVETEIT g

[lwww.vnmath.com
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Giai
Ta cé
(a+b+c)3=( S Yatb+ b b ¥+ — -€/c+a)3
va+b vVb+c ve+a
3 b3 A3
< (P41 4 1%)(=2 ) 2a+b+e).
ST+ )a+b+b+c+c+a (a+b+)
Suy ra
| a® b3 3 (a+b+c)?
> .
a+b+b+c+c+a 6 ((dpem)

Vi du 15. V6i a, b, ¢ 12 nhitg s6 thuc duong, ching minh ring
(a+b+c) <(2+a*)(2+b)(2+ ).

Giai
Ta cé

(a+b+c)’ = (a.1.1+b1.1+¢1.1)° < (A®+2)(h* -+ 2(c*+2)  (dpcm).

II. Trung binh can. Ta c6 tinh chét: "Téng cdc trung binh can 16n hon
hoac bang trung binh can cha tong".

Vi du 16. V6i a;, bi(i = 1,m) la céc s6 thuc duong b4t ky, chimg

minh ring
i,/agwg > \' (Zn:a,f)2+ (ibi)2.
n=1 .

n=] 1;=1

- Giai
Ta chimg minh b4t déng thiic ding v6i n = 2.

a2 + 62 + /a2 + B2 > /(a1 + a2)? + (b + B2, (1.5.1)

Binh phurong hai v€ ta nhan dugc

& \/(a% + b2)(a3 + b3) > a1aq + bibs
< (a? + b?)((lg + bg) = ((11(1'_7 + b]bg)g
@ (a1b2 — a2b1)7RAAth Com

-

[lwww.vnmath.com

http



http://www.VNMATH.com

Dich vu Toan hoc

52 Nguyén Vi Luong, Pham Van HungaNguyén Ngoc Thing

Gia su bat dang thic ding véi n = k.

a?+ b+ /a3 + b5+ +/ai + b >

> V(o +as+ - +aR)? + (br + by + -+ by)2

- Ta chitng minh bat déng thitc ding véin = k + 1.
Ta cé

k+1 k
Z,/a + 02 = (Z a’ +b?)+\/a,x+1+bk+l

Suy ra
k+1 k g k )
Z al + b7 > (Zai) + (th> + \/‘7A+1 + b4
i=1 i=1 i=1
(Theo gia thiét quy nap ).

1=1

k1 k41
> (Z ) (Zb) ( 4p dung (1.5.1) (dpcm)) .

Vidu 17. Véi a;, b;, ¢; € R(i = 1.n), chiing minh réng

n n 2 n 9 n
Z\ﬂz?—{—b?-!—cf} (Zm) +(Zbi)»-+< (*,)2.
i=1 \

Giai
Chitng minh b4t dang thic ding véi n = 2

[lwww.vnmath.com

\/a?+b'f+c?+ 02 + 03+ ¢ = (a) + ag)?

+ (b1 + b2)2 + ((‘1 + 02)2

& (af + 0+ ct) (a5 + b3 + 3) = (ajaz + biby + 1),

((l|())—'(L2)1 +(bl(,2—())(/1l</lath éal’bl‘%)

> 0 ( Hién nhién ddng ).
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Gia sir bdt dang thic ding véi n = k

I3

k K k
Z\/Z?+b$+c$ > \J(Za,)2+(2b,~)2+(§:cz)2

=1 i=1

Ta chitng minh b4t dang thic ding véin = k + 1.
Ta c6

k+1

Z\/a +b2+c _<Z\/ +b2+c2)+ iy + b3, + iy

Suy ra

k+1

k k
SoVe bz [(anr+ () +
1=1

i=1 =1 i=1

.MZ*
o
=

+4/0R41 + Doy + Gy 2 (Z a;)? + (Z bi) + (Z ;) (dpem),

Vi du 18. Véi a;, b;(i = 1, n) 1a nhitng s6 thuc duong, chiing minh ring

S Yarns <2n:ai>3+ (ib,)s.
i=1 i=1 i=1

Giai
Ta chimg minh b4t déng thic ding khi n = 2.

Yai + 58+ (a3 + 63 > Vlar + @)’ + (b + bo)".
Lap phuong hai v€ bt dang thic ta thu dugc

\/(~ + b3)2(ad + b3) + \/ (@3 +b3) (a3 +b3)2 > a *ag+ayas+biby+bib;.

(1.5.2).
Ap dung b4t dang thic Bunhiacopski mé rong ( tinh cht trung binh nhan )
ta thu dwoc

\3/(0? +b3)2(a3 + b3) > a1 Bhidin bt b2 = iz + biby

-

[lwww.vnmath.com
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(a4 b3 (ad + 02 2 a1 ap- a4 by -bo by = a1} + byb

Cong V€ v6i vé cua hai bét dang thic trén ta thu dugc (1.5.2).
Gia st bat dang thic ding véi n = k, ta chimg minh bat dang thitc ding
véin =k + 1.

ki\/.m J(gai)sﬂL(ibz)s \/ak+1+bl\+l

( Theo gia thiét quy nap).

2 [GRRE]

=1

Vay b4t dang thic trén dugc chitng minh.

Vi du 19. Véi a;,b;,c;(i = 1,n) 1a nhimg s6 thuc duong , ching
minh ring A

n n 3 n 3 n 3
Z{’/a?+b?+6?> ; (Zai> +<Zbi> +<Zci) :
i=1 ‘ 1=1

=]

Giai
Chitng minh bt déng thirc ding véi n = 2

[lwww.vnmath.com

€/a§+b?+c‘{+ a3+ 8+ 32> (a +az)d + (b +b)3+ (1 + )3
: (1.5.3)
Lap phuong hai v€ ta thu dugc

V(@ + 67 + D2 ad+ b+ &) + §f(al + 8+ ) (ad + B + )?

> a®ag + a1a3 + bby + b1b3 + cics + ¢ ¢,
Ap dung két qua vi du 5 ta thu duoc

V(a?+bf+c?) (a2+b3+02) aaz+bb2+(‘l(2

'\*/(a? + 0% + ) (a3 vk R anias + biby + el

-
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h

Cong v€ véi vé cha hai bat dang thitc trén ta thu dwoc (1.5.3)
Gia str bat dang thitc ding véi n = k.

k

k k
Soifar b 3> A0+ (O b+ (3 )
1=] =1

=]

1=}

Ta chitng minh bét dang thic ding véin = k + 1.

Ta co
k+1 k
Yottt = (Yol v c )+ fat, + b+,
=1 1=1
Suy ra
k+1 | k k k .
Y {/a,? 0+ 2 0D e+ (O b+ (Y )+
.=l i=1 i=] 1=1
k+1 k+1 k+1

+oai, +0 +a, > (Z a;)3 + (Z bi)3 + (Z ¢;)®  (dpem).

i=1 i=1 i=]

Ching ta xét mot s6 trudng hop cu thé sau:

Vidu 20. Véi a, b, c € R, ching minh ring

Vi+a2+V1I+82+vV1i4+c22 9+ (a+b+c)2

Giai
Ta c6 bat dang thic

Va2 + a2+ /2 + 02+ V22 2 > \/(:r+y+z)2+(a+b+c)2.

Chon z = y = z = 1 ta thu duoc bat déng thitc can ching minh .

Vidu 21. Véi a, b, c > 0, chitng minh ring
V1+a3+ V1483 +V1i+E > {21+ (a+b+ )
| Giai

‘Ta c6 bat dang thitc

Vad +a® + 3/y3 + b3 + V23 Yt Qem y + 2)3 + (a + b+ ¢)3.

-

[lwww.vnmath.com
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(Véizx,y.z,a,b,c>0).
Chon x = y = z = 1 ta thu dugc bat ding thic can chiing minh.

Vidu 22. Véi a, b, ¢ 1a cac s6 thuc duong , chitng minh rang

I+ +B+ V1408 + S+ VI+S+a32 Y27+ 2+ b+ )2

Giai
Ta c6 b4t dang thic

Vl+ @+ + VP +0B3+3+ V3 +3+a3 2

> Y (x+y+2)3+2a+b+c)3.

Chon z = y = 2z = 1 ta thu dugc b4t dang thic cAn chimg minh .
Vi du 23. Véi a, b > 0, chimg minh ring
 P=2/T1 a2 +3V1+ 0 > /25 + (2a + 3b)Z.
Giai

Ta co

P=V1+a+V1+a2+V1+82+V1+b02+V1 + b2 > /52 + (2a + 3b)?

Vi du 24. Véi a, b, ¢ > 0, ching minh rang

2b
Vita?+V1+024+V1+c2 > \/+(aﬁt3 )+

\

e (B i (BEY

Giai

Ta co

| 1+ 2\ 2
\/1+(132+2\/1+b2>\/9+(a+2b)2=3\/1+((—H‘:3 ))

Tuong tu

VTR +2/TT 2> [ (BR2”

Vn ath 3

vhmath.cont
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Bt dang thirc Cosi

*fyr

2
\/1+c2+2\/1+a2>3\/1+(622a) .

Cong v€ véi vé& clia ba bat ding thic trén ta thu dugc bat ding thic cin

ching minh

Vi du 25. Véia.b € R, tim gia tri 16n nhé4t cha biéu thirc

P=+v94+(a+b+1)2—-V1+a2-V1+02

Giai
Ta co
VIi+a?+VIi+02+V124+122 9+ (a+b+1)2
Suyra P < v/2.

Vay  Proe = V2 (khia=b=1).

III. Trung binh diéu hoa.
Ta xét cic bat dang thirc co ban sau

Vi du 26. Véi a;, b; > 0(i = 1, n), ching minh ring

i aib; < (> i @) (D1, bi)

ai+b; T Y ait+ b
Giai

Bt déng thitc da cho tuong duong véi

1=]

ai+b,-—

D ey Qi F Doie i

Z { aib bl} ) (Tia) (Sib) Zb

LA (_Z?ll ).

Ta cd

[lwww.vnmath.com
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Ta xét mot s6 bai toan cu thé:

Vidu 27. Véi a, b, ¢ > 0, chitng minh ring

a 2b 3c 6(a +b+c)
P = < '
1+a+1+b+3+c‘6+(a+b+c)
Giai
Ta cé i
a 2b 3c 6(a +b+c)
- — —2 -3} < —
(1+a 1>+<2+b )+<3+C >-6+(a+b+c) 6
’ 1 4 9 36
N = >
g 1+a+2+b+3+c 6+ (a+b+c)
Ta cé
36—62—(—-—1——-\/1+a+ IV, S \/317)2
Vv1+a V2+b V3+e '
Suy ra

- 36

6 <N (6 b N2>
BSN-(6+atbte) e 6+ (a+b+c)

(dpcm ).

Vidu 28. Vi a, b, ¢ 1a d¢ dai 3 canh cta mot tam gidc; hq. he. he 12 dO dai

+b+c .
cia 3 dudng cao, p = f%i_(_ , S 1a dién tich tam gidc, chitng minh rang
S( 1 + 1 4- 1 )S p'(ha+hb+hc) .

at+h, bt+hy c+he/ 7 2p+(ha+hs+he)

\ Giai
B4t ding thirc twong duong véi

ah, N bhy N che < (a+b+c)(ha + hy + he)
a+h, b+hy c+h." (a+b+c)+ (he+hy+h.)

Theo vi du 26 diéu nay hién nhién ding.
IV. Moi lién quan giira cic dang trung binh .
Vidu 29. Véi a, b 12 céc s6 thuc duong, ching minh ring

/2 2
201) <m<ﬁ_§< « +b

a+b - VnMath.Co 2

[lwww.vnmath.com
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Giai
Tacé oub " |
P <V 2T > Vab e (Va—Vb)? >0
a+b 2
Ta cé
a+b a? + b (L;er)2 a2 + b2
< o < —b)?
2 SV 2 1 S g elamh20
Suy ra

2ab a+b a? + b?
< vVab < <
a+b— ° = 2 - 2 (dpcm).

Vidu 30. Véi a, b > 0, ching minh ring

sfa® + b3 < ofat + b
2 - 2

Giai
Luy thira 12 ca hai v€ ta nhan duoc

(a® + b%)* < 2(a* + b%)3

Ap dung két qua & vi du 5 ta cé

(@ + %) = (La.a.a+ 1.b.0.0)* < (1* + 19 (a* + b%)®  (dpem).

Vidu 31. Véi a. b, ¢ > 0, chimg minh ring

\s,/a5+b5+c5 < {/aﬁ+b‘5+c6
3 - 3 '

| Giai
Luy thira 30 ca hai v€ ta nhan duoc

(@® +0° +c°)® < 3(a® + b5 + ¢F)°.
Ap dung két qua & vidu 5 ta cé
(@®+b +")° = (l.a.a.a.a.a+ 1.b.bbbb+ l.cccc.c)

< (1% +1° + 1%) (@l mdfeS)?  (dpem).

[lwww.vnmath.com
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BAI TAP VA HUONG DAN
1. Véia. b, ¢ 1a cic s6 thuc duong, ching minh rang

a? b4 ct 1 |
P= > — b 3,
a+b+b+c+c+a 18(a+ )
Huong dan |
4
atbtc)t = ( Vo b1l l4—m VBt ellt \“/c+a-1-1)
b = \as 7 e

<P-2-(a+b+c)-3-3.

1 .
Suy ra P> T —(a+b+c) ( dpcm).
2. Véi a, b, c > 0 thod man diéu kién a + b + ¢* = 3. Tim gid tri nhd nhat

ctia biéu thirc
P=(@+8+)1+0+5) 2+
Huong dan

B =(a+b+%)"=(a.l.1+bbl+ccc)’
<@+ +A1+P+AH2+SF) =P
3. Véia,b,c > 0, chimg minh ring

2a N bc <(2+b)(c+2a)
l4a b+4+c~ 2+b+c+2a

Huomg dan
Bt déng thitc da chq dugc viét lai dudi dang

LI be + 8 (1+b+1)(a+c+a)
l1+a b+c 1+a” (1+b+1)+(a+c+a)

4. Tim gid tri nho nhét cha ham s6

=1 +sin®z + V8 + cosb z.

Huong dén
Ta co

vhmath.com
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Su;' ra  Ymin = \3/9_8_. |
5.Vé6ia,b,c > 0, chimg minh ring

ab + be + ca <1(a+b+c)
a+b b+c c+a” 2 '
Huong dan
Ta cé " .
a
< -
a+b_4(a+b)’
be 1,
< ~(b+c
b+c"4( +¢)
ca 1
< -
C+a‘_4(c+(1)

6. Véia,b,c> 0,a + b+ ¢ =1, chimg minh ring
P=(1+64%)(1+8)2(1+4°> 35

Huonmg dan

Tacé
P=(1+64%)(1+8)(1+8)(1+4°)(1+4°)(1+4°)>
> (14+v64°-8.80.4c.4c.4c )8 =

— (l+ 9a , 9b 2c)6 — (1 + 2a+b+c)6 = 36,
7.Véia,b,c > 0,a + b+ ¢ = 1, chilng minh ring

P=(1+8"+8)(1+8" +8)(1+8 +8) > 125.

Hupmg dan
Ta cé

P>(142V8.8.8) =(1+2.200+)3 = 125,
8. Véia,b,c> 0,a + b* + ¢* = 3, chimg minh ring

(@® + b® + ¢! <9
1+ +ch)(24c) —

Hudng dan
Tacé
@+ +c)=(a-a-1-1+byhbath vgnc-c ) <

[lwww.vnmath.com

http



http://www.VNMATH.com Dich vu Toan hoc
62 Nguyén Vii Luong, Pham Van Hung, Ngukén Ngoc Thing

< (0t 4 b (L + b+ ) (2 + )
Suy ra
| (a® 4+ b + )4
(1+b*+c)(2+ )
9. Véi a, b, ¢ > 0, chiing minh rang

<9 (dpcm).

a b ¢~ a+ 2b b+ 2c c+ 2a

1+a+1+b—f1+c_ 3+a+2b+3+b+2c+3+c+2a' (1.5.3)
Hudng dadn
Ta c6 \ b ; |
e + < 3(a + 2b) ;
l+4a 140 1407~ 3+ (a+2b)
b L_c L. c < 3(b + 2c) ;
14b 14c¢c 14c¢c~3+(b+20)
c a @ . 3(c+ 2a)

1+c+ l1+a T l1+a~ 3+ (c+2a)
Cong V€& véi v€ clia cdc bat déng thic trén ta thu duge (1.5.3).
10. Véia,b,c > 0,a + 2b + 3c = 6, chitng minh ring

a 2b 3c
<3
T3 T30 T 1757

Huéng dan
Ta c6
a 2b 3c < 6(a+2b+3c) 36

1+a+1+b+1+c“6+(a+2b+3c)"ﬁ_g'

!
11. Vé6ia,b > 0,a + 2b > 3, ching minh rng
V1+ad+2V1+0% > 3V2

Huodmg dan
Ta cé

T+ @+ YT+ + V10 > Y3+ (a+2b)3 > /54 = 372,
12. Véi a, b, ¢ > 0, ching minh ring

a1 YnMetPERitote
l14a 14+b 14+c¢c~ 3bct+abc+b+c

vnma
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1t ddng thie Cosi -~ 63

thiion g din

Ta co
1 1 1 1
y b o Sate+=0 Babe+ b+ o) .
IR 1 = T 1 ; gy o e
1 IR a4 -4t 3bc + abe+h oo
b C b ¢

13. Vi . h.c > 0 thoa man diéu kién ab + bc + ca = 3abe, chiinz minh

rang

a b & 3la+b+ )
+ + < -
l+ab 14+bc 14ca ™ 3+(a+b+0)
1womg dan
Ta c6
1 1 1 11 !
a.— h.~ c.— (a+b+c)(—4+ =+ ~
b | C a a b
r + <
1 1 - 1 1 1
i+- b+= c+- (a+b+c)+(=+++-)
b c a a b ¢
a b c 3a+b+c)

N + b <
l+ab 1+4+0c 14ce ™ 3+(a+b+¢)

1 1 1
(Vi + -+ - =3).
a b ¢
14. Véi a, b, ¢ > 0 thoa man diéu kién a + b + ¢ = 3, chiing minh rang

P=V1+@+VI+02+/4+(b+c)2+ 4+ (c+a)?>6V2

Huong dan
Ta co

VIita2+ V14022 4+ (a+b)?
Suy ra

P> \/4+(a+b)2+\/4+_(b+é)2+ V4 + (c+a)?

Suy ra

P> \/62 +4.(a+b+0)? = 6v/2 (dpcm).
15. Véi a, b, ¢ > 0, ching minh rang

(1+a" (1 +-pH (1) (14+a2) (14PN 1402 = (1+ab?) 2 (14+hc?)2 (1+ca®)?,
VnMath.Com (1.5.4)
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Huwomg ddn
Tacod

(1+a )1 +0)1+)?> (1+a2*)*(1+cA)? > (1+ abe)?
Suy ra
1+a)(1+b)(1+6%)2 > (1+ab?)*

Tuong tu
(1401 + NI +P)? > (1+0bP),

2
1+ +aH 1 +a®? > (14 ca®).
Nhan vé v6i vé€ clia cdc bt dang thitc trén ta thu dyoc (1.5.4).

~

VnMath.Com
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6 Dang phan thitc

Ta ching minh cdc két qua co ban sau: :
Vidul. Véiz; > 1, (i = 1,n), chiing minh rang

1l 1 1
_E > .
n¢11+xf/ x

1+<H 1.1,)

Giai
Chiing ta chitng minh b4t ding thitc bang phuong phép quy nap.
B4t dang thic diing v6in = 2.

1 4 1 S 2
1+2y 14z " 1+ /1129
2+ (x; +l’2) S 2
1+ zizo+ (T +12) ~ 1+ /Z172
&2+ (z1 + 22) + 2/T1%2 + (T1 + T2)V/T1T2 = 2+ 21170 + 2(2) + 22)
& (71 + 22)(VZ122 — 1) + 2y/T172(1 — /T1x2) 2 0
e (yTiz2 — 1)(v/Z1 — Z2)° > 0 ( Hién nhién ding ).

Ta chitng minh: Néu b4t déng thitc ding véi n thi cung dang véi 2n.
That vay

Len 1 1[I~ 1 1gn
2n,11+x,- 2n_‘]1+:c,' n . 1+.r,,

= | i= i=n+}

V
N

: -

+
3

1 (dpcm).

1_!_ (H?QII;\QZ’”
 VnMath.Com

-
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B4t ddng thifc da cho s& dugc chimg minh néu chiing ta chitng minh dugc
khéng dinh sau: |
Néu b4t déng thitc ding véi n = k + 1 thi cling ding véi n = k.

That vay

1o 1
E;l-f'ﬂ?i > : 1
: 1+<Hf=1u:1>k |
(&1 1 k+1
©P=-<§1+x,~>+ 17 T
1+ (HL x,.) R (HL wi)’“
'Ap dung gia thiét quy nap ta suy ra | |

k+1 k+1

k
1+ ( :'c=1 Ti (Hf:l x,;)

Ching minh twong tu ta thu duoc

P>

-
N———
b
-
—
+ ,
N
—
T
8
N——
- W

Vidu2. V6i0 < z; < 1,(i = T,n) thi

e 1 1

— < .

n;1+xi— s _1_

‘ 1+(H?=1xi)n
.

Sir dung b4t déng thitc i— Yo T < 1 / i— Y iy i, ta thu duge két

- qua sau

Vidu3. V6i0 < z; < 1, (¢ = 1,n), chimg minh ring

1

1 — 1
P=- < —
n; V14, T

~ 1
A\l 4 él—[?:l mi) n
VnMath.Com

/lwww.vhmath.com

http




http://www.VNMATH.com : Dich vu Toan hoc

Bat dang thitc Cosi o~ 67
Giai
Ta co
pefiy L
- n = 1+x; —
1+ (H?’Zl I1>
*

Str dung bat dfmg thic

Vé6iz; > 0, (i = 1,n) ta thu duge két qua sau day

Vidud. Véiz; > 1, (i = 1,n), ching minh rdng

n

1 1 S 1

- (H(H?:lxi)”)m

P =

Ta cd

(14 (1n))’

Vidu 5. Véi a, b > 1, ching minh rang

1 1 2

1o TVNVRtA.COm =

[lwww.vnmath.com
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Giai
Bt dang thitc twong duong voi

(@+b)+2 L2

l+(a+b)+ab ™ 1+ ab
e(a+b)+2+ (a+b)Vab+2vab > 2+ 2(a + b) + 2ab

<=$(a+b)(\/&7)—1)+2\/a_1—\/a_ >0
&(Vab - 1)(w/a - vb)? >0 (Hién nhién ding vi Vab > 1).
Vidu 6. V6i 0 < a,b < 1, ching minh rang
1,1 < 2
l4a 1+b7 14 Vab
Giai

B4t dang thic tuong duong véi

(a+0b)+2 < 2
l1+(a+b)+ab ™ 1++ab |
&(a+b)+2+ (a+b)Vab+2vVab < 2+ 2(a + b) + 2ab

& (Vab — 1)(va— vb)? <0 (Hién nhién ding vi vab < 1).

Vidu 7. Véia,b > 1, ching minh ring

1 1 2
+
(I1+a)"  (1+b)" (1+\/_
Giai
Ap dung bt dang thic
n ‘bn b\ n
2> (552)" Veiab>0
2 2
Ta thu duoc .
1 1
Lo, 1 >2(1+a+1+b>”
(14+a)»  (1+b"" 2
Ap dung két qua vi du 5 ta thu dugc
1 1 1 n 2
- + - P 2( = (dpcm).
(I+a)"  {1+0)" 1 + Vablath. Clomv/ab)”

[lwww.vnmath.com
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Vidu8. V6i0 < a.h < 1, ching minh rang

1 1 2

+ < .
v1i+a v1i+b V1 + Vab
| Giai
Ap dung bat dang thic
+ +b
Sar b ot gy a.b>0
2 2
Ta thu duoc
1 + 1
1 L _oy|l+a 1+b

+ <
vV1i+a V1+
Ap dung két qua & vi du 6 ta thu dugc

1 1 i

1 2
+ <2 =
YT+a Y1+0 1+vVab /14 Vab

Mot s6 bat dang thitc sau dugc suy ra truc tiép tir cdc bat dang thic don
gian trén:

(dpcm).

Vidu9. Véia,b > 1, ching minh rang

a_, b 2Vab
1+6 1+ta’” 1+ vab
Giai
B4t déng thitc da cho twong duong véi

a b | 2/ ab

+ 1+ +12
1+5b l1+a 1+ Vab

¢Ma+b+U< ! ! ) 1+%f7

1+b 1+a

+ 2

1+¢%
Tacd

a + b+ \VaNatCabn

[lwww.vnmath.com
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" 1 1 2 ,
+ 2 :
1+b 1+a” 14++Vab : y
Nhan v€ véi vé& hai bat ding thitc trén ta thu dugc bat ding thitc cdn chung —
minh.

Vidu 10. Véi a, b, ¢ > 1, chiing minh rang

1 1 1 3
+ + P> X
l+a 14+b 1l4+c” 1+ Yabe

Giai ] O
Bit dang thitc da cho tuong dwong véi ‘ q
S SRS SR S N 4 |
l+a 1+b 1l+c 14 Vabe 1+ Vabe "6
Tacé E
2 2 » 4 4 }
P> + ‘ > — = 1 c
1+vab 1+ +VeVabe 1+ Vabe: Yabe 1+ Vabe 1 >
~ (dpem). | ;
'Vidu 11. Véi a, b, ¢ > 1, chiing minh ring |
24+b+c 2+4c+a 2+4+a+d ! ;
+ + = 6 %
l+a 1+ l+c |
| Ry
Giai i
Bat dang thitc da cho tuong duong vdéi 10
24+b+c 24+c+a 24+a+b . 8
- 1l —t 14+ —+129
112 T T T T e

1 1 1
< (3 b | =9
Btat +c)<1+a+1+b+1+c)

Ta co _
3+a+b+c> 3(1+v3abc)
1 1 1 3
+ + = .
| l4a 14b 14+c” 14 Yabe
Nhan v€ véi v€ clia hai bat dang thitc trén chiing ta thu dugc bat déng thic

cin chirng minh. VnMath.Com i
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Vidu 12. V6i a, b, ¢ > 1, ching minh rang

1 1 1 3
+ + > .
(1+a)*  (140)° (1+¢)° " (14 Vabc)?

Giai
B4t phuong trinh da cho tuong duong véi
1 1 1 1 4

P T U T 0o T s Vb~ (Lo abed

Ap dung két qua vi du 7 ta c6

2 2
W+ Vabe (14 Ve Vabey

4 4
2 P - (dpem ).
(1+ Vabedabe)3 ~ (1 + Vabe)® :

Vidu 13. Véi o < a, b, ¢ < 1, chimg minh ring

1 1 1

Vi+ta \/1 +b m
Giai
B4t dang thitc di cho tuvong duong véi
po | 1 1 4
V1+a v1+b \/1+ Vabc \/1+\/3abc

Ap dung két qua vi du 8 ta thu duoc

( dpcm).

2 2 4 4
P< + < ' =
V1+ Vab \[l+\/cx/3abc \/1+v4abcx/3abc V1+ Vabe

Vidu 14. Véia, b, c > 1, chimg minh ring

P_<2+b+c (‘?~Lc+al) n(’>+a+b > 12
"\ 1+a VeMath.Co l+¢ '

[lwww.vnmath.com
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Giai
Ta co

24b+c¢ 24 c+a 24a b b

+ + N
3. 14+a lgh 14 ¢ >3 <(’> o

P

WV

(Ap dung vidu 11.)

Vidu 15. V6i 0 < a.b, ¢ < 1, chimg minh rang
a2+b+c) b2+c+a) (2+a+b) A
+ > 9V alx.
l+4+a 1+0 l+c¢ Wl
Giai
B4t dang thiic da cho tuong duong Vi

2+ 2+c+a 2+ a+t j—
a(1+—+—’if> +b(l +—+—C—+3) +c(1+ +”-+——’> > 9V abe

14+a 1+b 1+c¢

(a+b+c)+

a N b'Jr C
l+4a 1+b 1+4c

@(3+a+b+c)( )29301)0

Ta co |
3+a+b+c>3(1+ Vabe),
a N b N c_ o 3v abe
1+CL 1+b 1+(_f/ l_l..\a/ab(j.

Nhan v€ véi v& hai bét ding thic trén ta thu dugc bét dang thic can chimg
minh.

Vidu 16. V6i 0 < a.b, ¢ ¥ 1, chimg minh réng

1 + 1 + 1 < 1 n 1 N 1
14a3 148 14+~ 14+ab?> 1+4+0bc2  1+ca?
Giai
Ta cé
1 N 1 N 1 < 3
14+ad 14 1+ 7 1+ab?
Tuong tu ta nhan dugc
1 2 3

155 1+ YavagaCom
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1 N 2 < 3
14+ 14a3 7 14ca?

Cong v€ voi v€ cua ba bt dang thic trén ta thu duoc bat dang thic cin
ching minh.

Vi du 17. Véi a,b,c > 0.a + b+ c = 3, tim gi4 tri nho nhat cla
biéu thitc
IR S U
1420 T 1420 T 14200
Giai
P> e = = 1, ddu dang thitc dat duoc khi

14+273 1+2
a=b=c=1.

Vay gid tri nho nhat cia P bing 1.

~ Vidu 18. Véi g, b, ¢ > 0, chitng minh rang

1 1 1 1 1 1
> —
48 158 148~ 14208 T (1% T 15 o7m
Giai
Ta cé
1 N 1 N N 3 3
1+8 148 148 7 a+2b 14 Qa+2
1+8 3

Tuong tu -
1 N 1 + 1 S 3
1+8 148 148 7 14262 °
1 n 1 + 1 S 3
148  1+8 148 7 4 2ct2

Cong v€ vi v€ clia cdc bat dang thitc trén ta thu dugc bat ding thic c4n
chimg minh.

Vidu19. Véia, b, ¢ > 1, chitng minh ring

1 6

P= - :
1445 WWI-FGJ)C.

[lwww.vnmath.com
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Giai
1 N 1 N 1 1 1 1 S 6
14+a® 148 1408 1+c2 1+ 2 1+C'2/1+abc

P=
BAI TAP VA HUGNG DAN.

L V6i0<abesl, ching minh rang
1 1 1 1 1

+ + .
V1i+ad V14063 \/l+c3 \/1+ab2 V1+bc2 V14 ca?

Hucdng dan

1 1 1 3
+ + < :
Vitad V148 V140 T V1+ab?

2.V6i0 < a,b,c < 1, ching minh rang

\/1+a4 \/1+b4 \/1+c2 \/1+abc

Huomg ddn

2 2 4
P < + <. )
~ V1 —{—a?b2 V142~ V1+abe

3. Véi a,b,c > 1, chimg minh rang

( dpcm).

1 1 1 1 . 1 1
ATaf QP G+ P L+a? (1+b23 (1+ca?)
%
Hucong dan
1 1 1 3
(1 + a3)3 * (14 0%)3 * (1+5%)3 > (1 + ab?)3’
1 1 1 3
T T arep TR T+bp
1 1 1 3

T 0ra)p T U ar” Qted)

Cong v€ véi vé cha ba dang thic trén ta thu duge bat dang thic can ching

minh. VnMath.Com

 §

>
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~

n

/Iwww.viimath.cor -

http




http://www.VNMATH.com ‘ Dich vu Toan hoc
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4. Véia,b,c > 1, chinmg minh rang

1 N 2 +' 3 S §)
(14+a8)3 (1483 (1+c2)3 7 (1+abc)®

P =

Hudng ddn
1 1 1 1 1 1 6

P=

(+aoP (I3 (11833
5.Véia,b,c > 0,a + b+ c= 1, tim gid tri 16n nh4t cla biéu thiic
b 2% N 22 N 23
CVIF2® V142 JIx2e

Huong dadn

1

1 | 1 <3 _ 8
’ \/T@+\/1+<§>"+\/1+<%>°<\/1+<§>9%ﬁ ISE

v

- (Dfuding thickhia=b=c = %)

6. Véia,b > 1, ching minh ring véi moin € N* tacé

1 n—-1_, n
+ 2 .
14a® 1+0b 1+ ab

Huonmg ddn
1.+ 1 + 1 - 1 S n _n
l+a™ 1+b 140 1+Q/1+{‘/anbn_1+ab'
n—1 s6 hang

7. Vé6ia, b, c > 1, chimg minh rdng

3 N 4 N 5 2 N 6 N 4
14a2 1+b 1+c27 14ab 1+bc 1+4ca

Huong ddn
Ta c6-

> .
A+ 28 (1+@3 1+E3~ 1+ abo)p

/lwww.vhmath.com
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6 < 3 4 3
14bc = 14+0% 142
4 2 2
< .
l1+ca ™ 1+c2+1~i—a2
Cong v€ v6i V€ cia cic bat ding thic trén ta thu dugc b4t ding thitc cn
chimg minh .

8. V6i 1 < u,b, c < 2, ching minh ring

1 8 2 >2(2-—a)+2(1+a)+2(a——1)
l14a 1+b 14+4c” 14Vab 14vVbe 14 ea

Huomg ddn

2(2 —a) 1 1
1+\/J,S(2—a)(1+.a+1+b)’
2(1 +a) 1 1
1+\/1765(1+“)(1+b+1+c>’
2(a—-1) 1 1
1+\/a£(a“1)(1+c+1+a)'

Cong v& v6i V€ cua cdc bat déng thic trén ta thu duoc bat dang thitc cén
chimg minh.

9.V6ia > 1.0 < b, ¢ < 1, chimg minh rang

1 b C 3v b
+ + 2> =
\ 1+a 1+b 1+c¢” Ya+ Ve

Hucng dan

Tacé a, l, l > 1 va:
b’ ¢

1 1 1 3

(dpcm).
1 + « 1 a
14+—- 14 - _—
* b * ¢ L+ \3/ be

10, V6i 0 < a.b.c < 1, chimg minh rang

i 3 5 6
. A <

2 4
S < + —
VI at VT4 VTnidaihdbmab  vVi4+bc  VI+ca

~
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"Huomg ddn

Ta ¢4
a co 1 1 9

‘ + < ’
Vi+a2 V1457 J1+ab

1 1 4
2 + < ,
(\/1+b2_ \/1+62)_\/1+bc
3( 1 + 1 )<__.__9____
Vi+c2 V1+a2) ~ Vli+ca

Cong v€ v6i v& clia céc bat dang thifc trén ta thu dugc bat ding thifc cdn
ching minh.

11. V6i 0 < a, b, ¢ < 1, ching minh rang

1 1 2 4
P = = -+ + < :
Vi¥at VI+bW¥ Vi+E T Vi+abe
Hudng dan
Ta ¢é . . 1 3 5
| Vitat VI+ T VI+a%?
Suy ra ‘

2 2 4
P < + < dpcm).
T V14+a%? V14 ac? T V1 +abe (dpem)

VnMath.Com
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Chuong 2

Mot so ap dung cia bat dang
thic Cosi

1 Xay dung bit ding thitc mot bién va ap dung

. 1
Vidul.Vé6i0 < a <1,ching minhranga(l —a) < 1
N 1Gli’ai .
Tacéa® + - 17 >a<a(l—a)< T ddu dang thic xay rakhi o = =5
Mot s6 dp dung. -
Vidu 2. V6i 0 < a,b, ¢ < 1, chiing minh trong ba dang thic :
1
1-b -
ai ) > T
1
' bil — C) > 1‘,
N )
c(l —a)> l
4

c6 it nhit mat bit déng thic sai.

Giai
Gia sir 3 bat dany thue deu ding suy ra

abe(l —a)(1 —=b)(1—1¢) > (2.1.1)

64

VnMatR.Com
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Mat khac ta co

1
l—q)< =
af a)_4,
1
b(l —b) < -
(1-b <7
1
1—0¢) < -.
Nhan vé€ vgi vé ’cﬁa cdc bat dang thic trén ta thu duge o
1 &
be(l—a)(1-b)(1—-c) < — =
abe(1 = a)(1 - b)(1 - ) < (21 =
Tir (2.1.1), (2.1.2) suy ra mau thuln, bai todn dugc chig minh. 'lc'u'
Vidu 3. V6i 0 < a < 1, chiing minh rang E
2
D a(l-a%) < —,
)y S
2) a(l-a®) < —=, -
44 - ;
3) a(l—a™) < ,
) al )‘(n+1){‘/m ;
Giai
1) Tacd . E
a® + Loy >3-a-i-—1—=a. ~~
3v3 3V3 V3 V3 Q_
Suy ra wd
2
a(l —a?®) < ——— (dpcm -
( )“3\/§(p ) =
2) Taco .
.1 11
> a
44 4AV4 - 44
3
S 1-ad) < dpcm
uy ra a( )_4\3/1(13 ) A
- 3)Tacd \ N
1 1

n+l .
a T+ +ee+ 2>
m+1)Vn+1 (n+1)Yn+1"
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Suy ra
a(l —a”) < = n (dpcm)
T (n+1D)Yn+1 '

Mot s6 vi du 4p dung.
Vi du 4. Véi a, b, c > 0 thoa man diéu kién a? + b? + c® = 1. Chiéng minh

rang o
a b 3V3
+ )
2 +c2  c2+q?  a?+4 b2 2
Giai
Bit dang thic da cho tuong duong véi

b 3
¢4 TS ‘/ﬁ(
1—a?" 1—.b2 1 —¢2 2

a’ +b* + ?)

- Vay ta chi c4n chitng minh

Tuong tu

Cong V€ véi v€ ba bét déng thic trén ta thu dwoc bat ding thitc c4n chiing
minh. , : '

\
Vi du 5. V6éi a,b,c,d la cic s6 thuc duong thod mian diéu kién
a® + 6% + 3 + d® = 1. chimg minh ring

a? b? c? d? 44
+ 4 S — >
B+d+d® A+d®+ad dB+ad+b a3+ +3 3

Giai
B4t ding thitc di cho tuong dwong véi
a? b? c? d? 4v/4

\/ V3, 3,93, 3 3
1—03+1—'b3+1~c\/h 3t @ﬁg (@ + 0"+ 7+ d7)

[lwww.vnmath.com
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Vay ta chi can chitng minh

a? —1\/_3
1_(13 3a af (1)_4\/:1

(Xem vidu 3.)

b? >4€/Zf_
1-86 7 3
c? 44
> 3
1—27 3 ¢
d? 4\/‘
1-—d3/ 3

Cong vé& véi v€ bon bt dang thitc trén ta dwoc diéu cin chimg minh.

1

D4u dang thic xdy rakhi vachikhia=b=c=d =

V4
Vidu 6. Véi a > 0, chitng minh rang
N a*(1-20) < —
27’
1
3
2) a (1 - 30) S 55—3
n l =
3) a"(1 —na) < T (ne N™).
Giai
1) Taco
+a +—1- > a® & a*(1 -20) < 1
a o7 a) s -2—7- p
D4u dang thic x4y ra khi va chikhia = -;—
2)Tacd
(t4+a+a+——1— >a’ & a®(1 —3a) < :
| 256 256
Dau dang thitc xay ra khi vi chikhia = 1
3) Taco
(ln+1 +nn+l 4 __+nn+1 +______1______ 2 an
~ - n -+ 1)n+l

nso hano VnMath.Com
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o 5(1 na) < ——
- a —_ —_—
- | ~ (n+ 1)t K
D4u dang thitc xay ra khi !
u da akhia = —.
8 Y ‘T a +1

Mot s6 vi du ap dung
. 1 .
Vidu7. Vi 0 < a,b,c < 5 thoa man diéu kién a + b + ¢ = 1, ching

mifnh rang

1 I S E
_ > 27.
F a(2b+2c——1)+b(20—l—2a—1)+c(2a+2b'—1)/'27 o
| &
Giai _:
Ta c6 o |
a2(1—2a)<—1—¢)————1—————>27 ‘ICE
| =27 a*(1—2a)
1 ,
—_— 2 270 & = 27a. ' E
_é a(l — 2a) 3 a(2b+2c—1) ~ fa ' -
Tuong tu _
= > 276 >
b(2c+2a—-1) 7 "7 ;'
1
> 27c.
c(2a +2b — 1) ¢ ;
Suy ra P>27(a+b+c)=27 (dpcm). ;
S—
: 1 . —
Vidu8.V6i0<a,b,cd< §thoémﬁndiéuki¢na+b+c+d= 1. ‘ E_
(?hu’ng minh ring ‘|‘|=
\ 1 1
P =
P= @ tacr3d=2) BBc13d13a-2) £
N 1 4+ . S 256
2(3d+3a+3b—2)  d2Ba+3b+3c-2)
Giai
Ta cé 1 y
3(1 — < & >
*(1-30) S 556 @ B —3a) ~
1 ! > 256a.

o >956
(1 — 3a) © A o 3d — 2)
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T:mng tu
_ 1
- > 2566, '
P(3+3d13a_2 > 2%
1
2 %y
2(3d +3a+3b—2) = 200
1 o
> .
d*(3a +3b+3c—2) ~ 256d
Suy ra P > 256(a+ b+ c+d) = 256. g
Vi du 9. Chitng minh ring (&)
1) ‘_'2(1_1 <1, :
3 ©
3 —_—
2) __3_C£__E <1, E
a ‘
3) \/na—n+1gl. =
a
- Giai >
1) Taco 4 ;
vaa —1 < 2a —1+1 _
a - 2a B ;
Dau déng thitc x4y ra khi va chi khia = 1. ;
2) Tacd | —
\3/3a—2<3a-2+1+1_1 EE
a — 3a B Q_
Déu déng thifc xay ra khi va chi khi a = 1. -
3) Taco _:
na-(n—-1)+1+14-.-+1
Q/na—(n“l)S n-1s6 ~ 1
a na

Dau dang thic xay ra khi va chi khia = 1.

1 .
Vidu 10. VéGia, b, c > -2—; a + b+ ¢ = 3. Ching minh ring
CL2 b2 ' 2

B v5—2(b+c) ! \/5V1%ﬂh@o+m\/5*2(a+b) >

i
e

ID
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Giai
Taco
2a -1 a a-
l® —=21¢& 2 a.
a 2a — 1 V5= 2(b+ )
Tuong tu
b?

2 b.

st —2(c+ a)

C‘Z

= C.
V5 — 2(a + b)

Suyra P2a+b+c=3.

1
Vidull. Véia,b.c > 5" chiing minh ring

; ‘3 _‘5 4 ,__b-
P v2a—1 . v3b— 2 4 Vvie -3 <3
a b c
Giai
Taco , )
v2a—1 <1 v3b —2 <1. vidc—3 <1

a b c
Cong céc bét dang thifc trén suy ra P <3  (dpcm).

BAI TAP VA HUGNG DAN

1 . . a2
1. VGi 0 < a, b\: c < 7 chimg minh rang trong 3 bat dang thic

1 . 1 . | 1
>-2—7. b2 (1 —2) > —. *(1—2a)> =

a’(1 — 2b) 57 o7

c6 it nhit mot dang thifc sai.
Huéng dan

Néu ca ba bat dang thitc trén diing, suy ra

2520201 - 2501 - 9BM1 - 2¢) > (=)?
ab (1 ath.‘éb(r% ~c,,\\27,

[lwww.vnmath.com
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| —
Mit khac  a?b%c?(i — 2a)(1 — 2b)(1 — 2¢) < (;)—%)3 suy ra mau thuan.

1 . 3 .
2.V6i 0<a,bc< 7 a+b+ = e Chimng minh rang

p-_ + 1 4 N 12
" 1-3a 1-3 1-3~"77
Huéng ddn
Tir bat ding thitc a3(1 — 3a) < ! & ! > 256a3 thu duogc
— 256 1—3a '
P> 256 (a®+ b3+ c®) = 256 - '632 =12.

3.Véia,b,c> %, abc = 1. Chimng minh ring

V2a—1-V3b-2-Vic—3< 1.
Huéng ddn

Suy ratitcic bst dingthic v2a — 1 <a, V3b-2<b, dc—3<c

4.Véia,b,c,d e > 0,thodmindiéukiéna* +b* + ¢t +.d* +e* = 1.
Ching minh réng

3 b4 4

a c
b4+c4+d4+e4+c4+d4+e4+af’ +.d“+e4-+-(z“-§-b4-]L
4 4 4
d e >5\/5'

— 4
+e4+a4+b4+c4 ad+bi+cA+ddt T 4

2 .
5.Vdia,b>0,a2 +b* = 3 chitng minh rang

a

b 1
1435 VYRR
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Huong dan
Ta cé

2
a2+b2:§¢:>a2+b2+( )2 =1

Sl

B4t ding thic tuong duong véi

3V3

b‘
a > =7 (Xemvidyd,)

+
P+ (G () + 0

1
V3
+ a? + b2

1 X
6.Véia,b>0,a3+ 3= 5 ching minh ring

a2.+ b? S 2
203 +1  2a3+17 392

Hucng dan

Ta cé . L \8 | \8
3 b3 — 3 b3 (____) (—-—-— =1
a” + 5 < a” +0" + i + \3/1>

Bit dang thic tuong duong véi

2 2 1 1 3
o> [V 292 3v/4 ,
| 2 Xem vi du 5.
B+i ad+l a3+l a4l T ( 1)

7. Véia,b> 0,a® + 2b = 1, chiing minh ring

a 4b
— —_— .
b2+a2+b2/3\/§

Huong din v
Ta cé
A2+ =1+ +b2=1

Bit déng thitc da cho twong duong véi
a b b _ 3V3

PR BEra Ry g Femvidd)

8.Véia,b>0,a® + 3b® = 1, chimg minh ring

a2 9

2 .3
PR L B Eoh -

a3f
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Hucong dan
Ta co

3 =led +8+0P 1P =1
Bat dang thic da cho tuong duong véi

a? N b? N h? . b4 N 44
B2+ b3 +83 a3+ b3 +b3 0 ¢34+ b3 +0 a4+ T 3

9. Véia, b, c >0, chiing minh rang

1 1 1

StEte _+768(a+b+0) 768.
Hudng dan

Chi can ching minh

1 1
— +768a > 256 < — > 256(1 — 3a) < a¥(1 — 3a) < 351)—6
10. Vo‘10<abc<1 chu’ngminhrﬁng T
1 1 1 3v3 _, 9/«
—+—+-—+———\/:(a2+b2+cz) > —‘/—3
a b ¢ 2 2
Hudng ddn
Chi can chiing minh
1 3f 3v3 1 af
—+—a’>—— - (l—a)@a(l—a)
a 2 2 a 3\/_

11. Véia, b, ¢ > 0 thod min diéu klen a®+b*+ 2¢® = 1. Ching minh ring

a? b2 2c? S 4/4

+ + . ~ 2 .
bB+23  ad3+2c3 a3+ b3+ 3 3

Huodng dén
Bai todn duoc viét lai dudi dang

@+ 4+ + =1
Chiing minh ring

- a? Y b? N c? N c? S 4/4
BP+c+cd a4+ +3 B+ +3  B+B+37 30

( Str dung két qua vi du )
VnMath.Com
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2 St dung hing dang thirc

Trong muc nay chiing ta trinh bay mot dang bat dang thic c¢6 cach giai su
dung hing dang thic.

Vidu 1. Véi a, b, ¢ > 0, chiing minh rang

a’ b3 3 a+b+c
: - - > .
a2+b2+ab b2+c2+bc 2+a?+ca 3
Giai
Tacé6(a—b)+(b—c)+(c—a)=0
Suy ra
a® — b3 B-c @ A-add

a2+b2+ab+b?+c2+bc+c?+a2+ca
& P = Q, trong 46 |
a3 B c?
= 21 12 t o T3 2
a2+b2+ab b*+cf+bc c*+a*+ca
b3 N o N ad
a2+ b2+ab b2+c2+bc c2+a?+ca

Q=
Suy ra

ad + b? N b + 3 N A+ ad
a2 +b24+ab b2+c2+bc c2+a’+ca

2P=P+Q =

"Ta» '
a+b2—ab 1 a® + b° >a=|—b

P =
a2+b2+ab 3¢=>a2+b2+ab 3

Thu du.xc

a+b+b+c+c+u_2(a+b+c‘)
3 3 3 3

a+b4c | o
Suyra P2 3 — (dpcm).
Vidu 2. Véi a, b, ¢ > I, ching minh rang

33 b* ct >a+b+.c

(a2 + b%)(a + b) b2+c2))(MAa)_C(@mLa2 c+a)” 4
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Giai
Taco a—-b+b—-c+c—a=0.suyra

a4__b4 N /)IN(J | ": B (,1
@+ atb)  (Pr)bic (Erai e VO
Trong dé
P a’ 4 o

)

@+ (at+b) P+ 2)b+a) (@1 adcta)

0= b ‘+ ct N a?
@2+ b)(a+b) (B2 2A)(D+c) (2 +a)(c+a)
Suy ra
a* +b* b* + ¢ c* + a?
2P=P+Q = +
Q (a% + b2)(a + b) (b2+c2)(b+c)+(02+a2)(c+a)
Tacé
1 1 , :
al + b > -2-(a2 + b%)(a® + %) > Z(a2 +b0%)(a + b)(a + b).
v ra ad bt L ath
Y @ i)a+b)° 4
Tuong tu N :
b + ¢ >b+('
(B2+c2)b+c)” 4
ct +at ,cta
(c2+a?)(a+b) ~ 4
Suy ra
a+b b+c c+a a+b+c
P —_
2P/4+4+4<:>P>4.

Vidu 3. Véi a,b,c > 0, chiing minh ring
ad bo
4 4 A 24 B2 2 K/It 2 4 2 +
a*+b + ab(a? + b2) + a2 VG pe(p2 4 2) + b2

-~

[lwww.vnmath.com
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c® a+b+c
T AT A 2 1 o2 53 2 ’
ct + at + ca(c? + a?) + c%a 5
Giai
TacO6 a—-b+b—-—c+c—a=0,suyra
a5 - b5 b5 — 05

+
at + b* + ab(a? + b)) + a?b?  b* + ¢t + be(b? + ¢2) + b2 *

B gb
=0 P=Q,t dé
+c4+a4+'ca(c2+a2)~+ c2a? @, trong d6
a® bS
B a4+b4+ab(a?+b2)—l.—az_bQ_I—b“—i—c“+bc(b2+c2)+b'zc2+
5
c
A rait ca(c? + a?) + c?a?
b° c
Q= 1 7 1 b2 272 T 7a +
at + b* + ab(a? + b2) + a?b2 bt + ct + be(b? + ¢2) + b2c?
. 5
a

ta + a + ca(c? + a?) + c%a?
Suyra 2P=P+Q

a® + b° b+
2P = 1 ) 2 T oA +
at + b + ab(a? + b?) + a?b? bt 4 ¢t + be(b? + ¢?) + b2c?
5, 5
n c’+a
St +at + ca(c? + a?) + c2a?’
Tacé
a® + b° S a® + b° B
a® + b' + ab(a? + 0?) + a20? a4+b4+a4+b4+a4;b4
\ __2_.a5+b5'>g.a+b
S5 at+br 75 2
Suy ra
«+b b+ec cH+a a+b+c
2P > epxTiTC
5 775 5 5

BAI TAP VA HUGNG DAN

1. Véia, b, '> 0, ching minh ring

2(12;r 3b? N c? >6a+3b+20‘
2a+b  6b+ 4cVnBeatkYaom 12
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Huong dan
Bat dang thitc da cho dugc viét dudi dang

b b :
2 (5?0 (5?2 a+a+:
2 3 2 3
+ + P
2 23 3
} b . C
Dathé,CZE,A:a,tathuduqc
2 2 2
p A B C >A+B+C

T AtxB  Brcteya’ 2
Taco’A-B+B—C+CY—A=O,suyra’

A2—-B? PB?2_(C? (C?_ A2

A+B T Byrc toya TV P=0e2P=P+Q
B? C? A? |
A+B B+C T CiA

trongdé Q@ =
Vay

_A+B* B°4+C* (C*+A* A+B B+C C+4

[lwww.vnmath.com

P = >
=Bt B T ea 2 T T T
A+B+C
< P2 * 5 * (dpcm).
2. Véia,b,c > 0, ching minh ring 6_
P a . =
T (PRt ab) BB rbo) c
c® a+b+c
+ > .
(B+a®)(c2+a%2+ca)” 6
Huéng ddn |
Ta cé
a6 __ b6
a—>b=
(a® + b%)(a? + b2 + abd)
a® + 08 b 4 8 ¢ +a°

2P =

(a3 + b%)(a? + b% + ab) * (b>+c ¢ + be) - (3 +a®)(c® + a? + ca)
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Taco
a® + b° 22, a® + b° >a+b
(a® + b3)(a? + b2 +ab) ~ 3 (a®+b%)(a® +b?) ~ 6

3. Véia,b > 0, ching minh rang

a3 N b3 . 2—-a’-a a+b
Z+b2+ab B2+b+1 3a2+a+1)” 3
Hudng dan
Bt déng thitc da cho twvong duong vdi
ad b3 13 S a+b+1

i tab  Rrbrl @iarl’ 3
( B4t dng thirc diing suy tir vidu 1 véi c = 1)
4. Véia,b,c > 0,ab+ bc + ca = 3abe, ching minh rang
b2 c? a’
a(a? + b% + ab) * b(b? + 2 + be) * c(c? + a? + ac) > 1.

Hicomg dan
Bit déng thic da cho tuong duong véi
1 1 1
a3 b3 3 l(l ! l)
1+1+1+1+1+»1_+1+1+1 L PR
20 T ab b2 2 be P at cu

Str dung két qua o vidu 1.

5. Véia.b.c> 0, ching minh ring

wle ] bla N cib 1 (@4 b
= o - )
Da2c = 03)  c(bPa+3)  a(cth+u ‘) 2 ¢
Huodng dan
a2 b2 C2 . j
V‘l—g+ +— > a + b + c nén cin chimg minh )
a’ b c
B = =5l B
2 T 7 Z _(— T '_)
a® bV c TE a2 7\bp T
b T e ¢ aVnVath.Gom /
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b 2 2 2
a b C
batr = —, y = —, 2 = — ta thu dugc
b c a '

22 y? 2
2

1
+ + i~
rT+y y+z2 z4+x 2

(x+y+z).
Ta co

(e—y)+y—2)+(z—2)=

2?2 —y? Y22 22— g2

&> : =0
r+y ° y+=z zZ+x
2 2 T2 2 2 2
ep=—_4 Y T ¥V .2 T _q
zt+y y+z z+r xT+y y+z z4+<z
2 2 ) 2 2 2
z z
bat P = — Y , = J ° + * thi
P=0 T+y y+z z+4+=zx T+y yYy+z z+4+=x

w2
o
<
-t
o

2 2 2 4 .2 2 2
T+ +z 2+
Y Y

2P=P—|—Q= =
z+y y+z rT+z
1 1 1 ‘

& 2P 2 §($.+y)+§(y+z)+‘2‘(z+$) %
& P> %(m+y+z) (dpcm). E
—

[ |

whd

=

VnMath.Com
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3 Sk dung cic s6 hang hang so

Trong muc nay chuing ta trinh bay cdch st dung hang s& chimg minh mot
s6 bat ding thic cé diéu kién.

Trude hét ta xét bai todn sau:

Vidu 1. Véi a, b, ¢ > 0 thod man diéu kién ab + bc + ca = 1. ching minh

rang
4 . 1
S+ 4+ > —.
V3
Giai
Ta cé . .
B+ 4+ ——>3ab- — =3ab,
3V/3 V3 |
tuong ty
b+ 3 —|———— \/_bc
3v3
03+a3+——>\/3ca.
3v/3

Cong v€ véi vé clia cdc bat dang thifc ta thu dugc

1
2(a3+b3—i—c3)+75 > V3(ab+ be + ca) = V3,

1 1 '
suyra ad+b¥+c>=(vV3-—=)=—— (dpcm).
y . 7 f

Tir cdch giai trén ta xay dung phuong phdp gidi bai todn loal nay nhu sau:
Buée 1. Cho a = b = c thay vao diéu kién dé xéc dmh a, b, ¢ bang bao

nhiéu? ;
Buéc 2. Sir dung bat dang thic Cosi véi n = 2, 3,4, 5... thich hgp cung voi
cdc s6 hang hing s xdc dinh & budc. 1 dé mo ta diéu kién hodc biéu thic

trong bét ding thic.

Vi du 2. V6i a,b,c 1a nhimg s6 thyc duong thoa méan diéu kién
a + b* + ¢t = 48. Hay tim gi tri 16n nhdt cha biéu thifc

P = ab® + bc® + ca’.

VnM&iiCom
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Ta co

a' + bt + bt 4 2 >4d-a-b-b-2=8ab’,

b+t + et + 16 > 8be?,

' +at+at+ 16 > 8ca’.

Cong vé v6i vé clia cdc bét déng thitc trén ta thu dugc
a'+0t + ey 448> 8. p

=4-4828 P P<24

Dau dang thitc xay ra khi va chi kh1 a=b=c=2,
Vay P, = 24

Vi du 3. Véi a,b, c la nhu‘ng s0 thuc duong thoa man diéu kién
a+ b+ c= 3abe.

Ching minh rang

1 1 1
$+53+C—523.
Glal

1

1
Ta co a+b+c—3abc¢>——+—+ = 3va
ab ca

11
—+§+HJ+1

11
R R S

1 1
ST +tl+l+1>

Swﬂm&w

Cong v€ véi v€ cuia cdc bat ding thitc ta thu duoc

1 1 1 1- -1 1
—+ =4+ = 20—+ —+—) =15,
2(0,5 + b + (25) +9 5(a/b be + ca) 1
1 1
suy ra is—i——b——+—>3.

Vidu 4. Véi a,b, c1a nhitng s6 thuc duong thoa man diéu kién

ab bc ' ca 3
+ aMath-Com- =

Vb+olc+a) letaflath) Viat+tbbto Vi

[lwww.vnmath.com
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Ching minh ring

, (o 13 c? 3

P = -} + > —.

b+¢ c¢c+a a+b 2
Giai

Ta cod

ab

3
V2 Yle+a)a +b)

—
~
~
-~
[
—
A

‘ be
+ ok o 2 -
cra o a+b 27 92 ‘\3/(('+n)(a+b)

(,.’5 (I,.3 1
_ [ + § 2

a+h h-

3 -oca

NG ' {/(u + b)(b + “').

Cong ciic bat ddng thitc trén ta thu duoc

. 3 3 9 3
P4+ 2 e > (dpem).
+ 5 VA 2<=>P 5 (dpcm)
: a?
Vi dy 5. V6i 0.b.¢ 12 nhing 56 thuc duong thod man diéu kien — +
bbc ¢ | |
4 - =3
+ b

a a
Ching minh rang
.6 .6 6
a b
P::-l;g--{-:;"t-;g?d-

* Giai

http

Ta ¢é

b b 3cta
3 ] + 1> 7
a® b VnMath!Com
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-Cong v€ voi v€ cua céc bat dang thirc trén ta thu dugc
2P+323-3 P>3 (dpem).

Vidué6. Véia, b, cla nhu‘ng s0 thuc duong thoa man diéu kién a +b+¢ = 3.
Chu‘ng minh ring

Giai
Ta c6
a® be 4ab
taatltlz—,

b2c2 c2q?

b (B 4be .
S 20
c2a2+a2b2+1+1/ o

6 6

- C a 4ca
1 1 2 N

a?b? + b2c2 Tt b

Suy ra
2P+6>4. (— N
c o« b

Ta cé b b
£L—-+—-E+('—a>cz+b+c=3
C a b

Suyra 2P+6>4-3=12=P>3 (dpcm ).
Vidu7. Véia, b, c1a nhing s6 thuc duong thod man diéu kiéna+b+c¢ = 3.
Chiing minh ring

=vVa® +2+ Vb + 2+ VS +2 > 333
Giai

e VT TFi> 93 =3 q
Tuong tu

Vo +2> V3-b

VO +2>3.¢
Suy ra

I'

i
I
l
i
|
|
I
|
]
|
f
!
|
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BAI TAP VA HUONG DAN

1 Véi a, b, ¢ 12 nhimg s6 thuc duong thod man diéu kién a® + b° + ¢* = 3.
Ching minh rang : '
P=a’+b+c>3.
Hucong dan
Tacéd

a®+a®+a®+1+1325d°
b5+ b% +b°+ 1+ 1> 50
25

S+ +P+141 2568

Suyra  3(a®+ b + )+ 6 > 5% + b + )
Thu duoe P >3 (dpcm).

2. Vi a, b, c 12 nhimg s6 thuc dwong thoa mén diéu kién
a3b3 + b3c® + Ba® = 1 .Ching minh rang

P=d"+b +c >

Huong dan

Ta cé
o’ +a"+a"+b0 + b+ + (5

, 37 +3c" + (5 ) >

3¢’ +3a” + (=)' 2

él*‘éd“

Cong v€ voi vé clia ba bat déng thitc trén ta thu dugc
= P 2> !
GEHITPT -

3. Véia, b, clanhiing s6 thuc dwong thoa méin dleu kien a*+bi+c* = 1. Tim
gié tri 16n nh4t cha bidu thic

6P + —

P = abhibet £ea’.
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Hucng dan
Ta co
a +b4+b4+b424ab3
B+t +ct+ct >4bc :
1>

4ca®.

Cong v€ v6i v€ clia cdc bt déng thic trén thu dugc 4P < 4 P < 1 va

dat duoc ddu déng thickhia = b= c = —=. Vay Ppo, = 1.
v3
4. Véi a, b, c 1a nhimg s6 thuc dwong thod mén diéu kién % + Z-' + -g >3,
chiing m;nh rang PR
e Y C g
b3 + c3 T ad ~ 3
Huomg ddn |
Tacé
b a
¥ b
— = +1> ),
3 + 3 T+ 3- (a)
ot a3 c
-+ '63' +1>23: (-6)

Cong vé& véi vé clia cdc bt dang thic trén ta thu dugce

a® b3 3 a b c
—_— _ 2 - — — 2 ,
Am+z+ta)+323 (cfa+b) 9
3 b3 C3
suy ra Z—3+g+—§>3 (dpcm).

5. Véi a, b, ¢ 1a nhimg s6 thuc duong thoa man diéu kién

\[+b\[+c\/’—3 Chiing minh rang

P:Mﬁm

B

com-

IIwww.vnmath
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Huéng dan

Ta cd
4 b4
_‘%_+__2.+1+1>4-a
C

vt
-+ —+1+124-0
a
A gt
o) + —b—i +14+124-¢
Cong V& v6i v€ clia cac bat dang thic trén ta thu duoc

2P+62>24-3& P23 (dpcm).

@)
N

6. V&i a, b, ¢ 1a nhitg s6 thuc duong thoa man di€u kién ac 4+ ab+ 1 = 3bc

Ching minh ring
a’b’c® +b° + ¢ > 3b°c’.
Hucng dan

Dé dang chitng minh dugc rang
véia,b,c>0,ab+bc+ca=3thia® +b+c2 >3

Suy ra :
. 1 11
V6i ac+ab+1=3bc&a -+ = -
b b ¢

)} 1 1
tacé ad+ = + 3 >3 (dpcm).
7. V6i a,b,c 1a d6 dai ba canh cha tam gidc thod man diéu kién
a’?+ b2+ = 5 .
ching minh rang

1
+—--a=3
c

(2a +2b—¢c)3 + (2b+2c—a)® + (2c+ 2a — b)® >

>l

Hudng dan
Ta cé hing dang thitc

(e +2b-c)*+ (2b+2c—a)* +(2c+2a - b2 =9a®* +b* + ) =1
Patz =2a+2b—-c,y=2b+2c—a,z = 2¢c + 2a — b ta thu dugc bai
todn duong duong: Véiz,y,z > 0, 2% +y? + 2? = 1, ching minh ring

P = y + 2
VnMath. Conf
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-
:I“acé
3+ 28+ (%)3 > 322 % = V312,
z/+y+<JJ V3y?,
S+ 2 +(\/§) > V322

Cong v€ véi vé cua cdc bat dang thic trén ta thu dugc

1 .
2P+—\7—§>\/§(Q:2+y2+z) V3e P>

8.Véia,b,c> 0, a® +b* + ¢* = 3, chimg minh ring

%l

ab® +bc® + ¢+ a? < 4.

Huong dén
Ta cd
at + bt + b4 41 > 4ab? |
bl + ¢t 4 ¢+l > 4be?
A TH14+1 > e
>

1 +a*+ + 1 > 4q°.

(dpcm).

Cong vé& véi v€ clia céc bat ding thitc trén ta thu duoc bat dang thic can

ching minh.

ab bc cd da

9. Vai b.c,d> — + — = 1 inh ra
01 a,b,c, 0, cd Ta + " + » 4. Ching minh rang

- a® be c® df
el T eke T Ean T oy 24

Huong ddn
Ta co 6 B
, a 4ab
1 = —
e T apg Ttz
b b 4bc
c2d2a2 + d2 262 tl+l2 “da
ded

d2a2b2 + M b

vhmath

“http:/lwww
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d° + a® +1+1>4da
a2b2¢c2  b2c2d? ~ be

Cong v€ v6i v€ clia cdc bat dang thic trén ta thu duge bat dang thiic can
chitng minh.

10. V6i a.b,c > 0, ab+ bc + ¢ + a = 4abc, chimg minh rang

o1 1 1
P=g§+'6§+2§>3.
Huong dan
L
b3 /ab’
1+1+1 3
B “be’
1 3
—+l141>-
c3+ + c
1 3
—§+1+1 -
a a’
Cong v€ vdi vé ctia céc bat dang thirc trén ta thu dugc
1 1 1 1 b+b
2P +6>3( = + bt o) =3 (ctatabtbe)
ab bc ¢ a abc

& P >3 (dpcm).
11. Véi a, b, ¢ > 0, ching minh rang

@ ¥ 3 2,12, 2
—l)-+—;+—(]—+ab+bc+ca>2(a +b" +¢°).

Huodng dan %

Taco
3

a
—b—+ab+a2 23&2,

b3 \
— +bc+b* > 38b°
c
(,3 _
— -+ ca + - 2 ac’.
(1

Cong v& v6i v€ clia cdc bat déng thic trén ta thu duge bat dang thic cén
chimg minh .

~ VnMath.Com
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4 Bat dang thirc cosi v6i bién so 1a biéu thic

Néu coi biéu thitc 1a bién sd trong cic dang cua bat ding thiic Cosi, chiing
ta sé thu dugc nhiéu bai tap hay cta bat ding thic . Trong muc nay ching

ta xét mot vai dang quen thudc.
Vidu 1. Vdi a, b. ¢ 1a nhitng s6 thuc duong thoa man diéu kién

a b c : 1
= 1. Ching minh ring  abc < =.
T+a  1+b- T+c mimhrang 4= g
Giai

Taco

a 1 b c \ be
1— = = + > 2 ,
l+a 14+a 140 1+c¢ (I1+c)(1+¢)

1 c N a S 9 /. ca
146 1+c¢ 1+a” VU4l +a)

1 a b ab
= + 22 :
l+c l14+a 1+ (1 +a)(1+0D)

Nhan v& v6i vé cha bt ding thic trén ta thu duoc

1 S 8abc
1+a)(1+b)(1+c)” (1+a)(l+b)(1+0)

QC| r—

< abe <

Vidu 2. Vé6i a, b, ¢, d 12 nhimg s6 thuc duong thoa man diéu kién

a b L, d
l14a 1+b 14+c¢c 1+d

. . 1
Chimg minhrang  abed < ST

v&Ngith.Com

{(dpcm).

-
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Ta cé
1 I »
= —— 4 > 37
14+a 140D 1+c 1+d (1+b) 1+c (1+d)
1 _ ¢ d S 3¢
1+0b 1+c 1+d 1+a (1+¢) 1+d (1+a)
1 - d L S 37
T5c 11d T i7e” 1+b (1 + d)( 1+a (1+b)
1 a b
T+d 1+a 1406 1+c ' (1+a)(1+b)(1+c)'

Nhan vé véi v€ clia cdc bt dang thic trén ta thu dugc

1 S 8labcd
(1+a)1+b)(1+c)1+d) 7 1+a)A+b)(1+)(1+d)

= abed < é% (dpcm)
Vidu3.Véiz; >0(i =1.n, 3o, 7 f_’lx. = 1), ching minh ring
i=1 T (n - 1)”.
Giai
Ta co
1 §L X, 1 w
— _ - 1 > n _1 7 ) -1
1+ 2z 1+ z ;Sn1+x,; ( ) 1<i1;Ln1+”r,
(k=1,2...n)

Nhan vé vdi vé clia n bat dang thiic ta thu dugc
n

H (n—1)" H 1 41»'11

k=1 i1=]

ﬁ —  (dpcm) .

i=1 'ﬁMa]t?wn Com

{
!
i
-;,i
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DGi v6i bat dang thic dang nay thi nhitng trudng hop dac biét lai 1a nhitng
bai todn khé.

Vidu 4. Véi a, b, c1a cdc s6 thuc duong thoa man diéu kién

a n 2b N 3c !
l+a 1+4b 14c
. 1
Ching minh rang  ab’c® < =5
Giai
Ap dung két qua bai tap s6 3 vdi diéu kién
a b b c C c

+ -
T4a 146 136 T3e 17131

1
Tathu duoc a.b.b.c.c.c < 56 (dpcm) .

x .
Do diéu kien Y| —
ta c¢6 thé xay dung bai todn twong duong nhu sau:

= 1 ¢6 céc s hang dang (bac 1 /bac 1) nén

Vidu 5. Véi a, b, cla cdc sO thuc duong thoa méan diéu kiéna + b + ¢ = 1.
Ching minh rang

(I1—-a)(1 —=0)(1—c) > 8abc.

Giai
Tirdi€u kiénsuyra 0<a,b,c< 1,
Dat a b c
xTr = ) = ’Z:

' -’ " 1-0 , e, ,
Suyra z,y,z2>0vaa= b= C= —

vy 5y 11z 14y 142
Ta cé

(1 =a)(1 =b)(1 —c) > 8abc
a b c

Slre) (1) (7o) <

oo —

l—-a

1
Sryz < —.
YP=3
Thu dugc bai todn tuong duong:
] z

V&L%z>0mﬁan%uW%Wéwﬁm+7+1+ = 1, ching
J d

4
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minh ring
1
Tyz < 3 (Vidul)

Bai todn nay c6 thé giai tu nhién va don gian hon nhu sau:
B4t ddng thic tuong duong voi

(b+c)(c+a)(a+b) > 8abc
Ta céd

(b+ c)(c+a)(a+b) = 2Vbc- 2v/ca - 2Vab = 8abc (dpem).

Vidu6.Véiz; > 0,i=1,n,> " z; = 1. Chimg minh ring

n

I-I €I, < 1
l—z; — (n—=1)"

i=1

Gidi_
Tl\diéukiensgyra 0<z;<1(i=1,n)
bat y, = : — oI = o , thu duogc bai todn twong duong
Véiy; >0, ", -1——9—5— = 1. Ching minh ring
H ~ (Vidu 3).
=]
Ta c6 thé giai cdch khdc nhu sau
Bt dang thic tuong duong vdi
I =)>@-v]]=
=1 k=1jz4 . i=1
Tacd
n n 1
w> =D ="
k=1 ki k=1jzq
suy ra 4

3

H(\i l'k-)/ (n —1)" H:c, (dpem).

i=1 k=1t VnMath.C8n
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Vida7.Vé6i  a,b,c> 0thod mandiéukign a4+ 2b+ 3¢ = 1. Ching
minh rang
(1 —a)(1 —=2)%(1 =) > 55 ab?cs.

Giai
Bat déng thitc cdn chimg minh dugc viét dudi dang
| a . b 4, c 4 1
- < =
(1——a>(‘.!—b) (l—c) - 58
a b c
Patr = = , R =
SrE Y b—lz T-c
suyra = b= —"— c=
A ) A S s

thu dugce bai todn tuong duong
2y 3z

Véi z,y,z > 0 thod mén diéu kién +
y ¢ 14z 1+y+1+z

= 1. Chimg
minhr?img1

3< = (Vidn4).
Y’z E: (Vidg4)

Ta c6 thé giai bing cach khac nhu sau
Bét déng thitc tvong duong véi

(2b 4+ 3c)(a + b+ 3c)*(a + 2b + 2¢)® > 58 - ab?c®

Tacé
26+ 3c > 5V/b2 - 3

) ,
(a+b+3c)? 2 (5vabc3)?,
(a + 2b + 2¢)® > (5v/ab2c?)®.
Nhan v€ véi v€ cha cdc bat dang thifc ta nhan duoc
(2a + 3c)(a + b+ 3c)%(a + 2b + 2¢)® > 5% - ab®c® (dpcm).
_ Vi du 8.Véi a, b, ¢ > 0, chimg minh ring |
- a b c
V8 | VRisa  JErsab
Giai

[lwww.vnmath.com
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Suy ra

Tuong tu
b b3
Vb2 +8ca ~ a3 +b% + 3
4
(o4 c3

> .

V2 +8ab ~ a3 +b3 + 8
Cong v& v6i v€ cla cdc bat ding thic trén ta thu duoc bat déng thirc cin
chimmg minh.

Vidu9. Véi a, b, ¢ > 0, chimg minh ring

bt c? a?
+ + 21
cvbab + 43¢  av5b8 + 4c3ad  bv/5cB + 4a3b3
Giai

Ta c6 _
(@®+ b+ )2 — (b° + )% =a® (a® + 2b° + 2¢°) > 5abc
Suy ra
(a® 4 b° + c®)? > 5a%c + (b° + °)?

& (a® + b 4 )2 > 5abb%c? + 4b°C°

& (@®+b°+°)?% > béc2(5a6 +4b*c?)

& (a® + 0° + ) = bev/bas + 4b3¢3

b! b

& P .
cV/5a® + 433 7 ad 4+ b5 + 5
VnMath.Com
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Tuong tu
('4 ('5
avO0h + L3a3 T a4

al a’

= —_— 2
bV5eS + 4307 T ad + 05 4 (D

Cong vé vai v€ clia cdc bat dang thiic trén ta thu duge bat dang thic can
chitng minh.

BAI TAP VA HUGNG DAN

(1 1 1
L

1. Véia, b, c > 0 thod min diéu kién + +
l+a 1+b 1+¢

Ching minh rang 8¢ < be.
Hudng dén

Tacd
1 1
u b ¢
+ + =1
o bt
b c

1] < 1 & 80 < be (dpem)
( P a < be  (dpem).
. s aes .. 20 3b ) . .
2. Véia,b > 0 thod min diéu kién + == 1. Ching minh rang
. l+a 140
ab? < B
Huonmg ddn
Tacod
a a b b b

+ ' =1
T+a Tta 1407130 150
< i 5 1
Apdung két qua bai s6 3tasuyraa? . b? < e

3. Véia,b.c,d > 0 thod man diéu kien « +b+ ¢4 « - . Chimg
minh ring |

80abed + abe + abd + acd + bAAMANCRAN. 1d 4 be 1 bd 4 od.

-
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Huodng dan ,
. B4t dang thic trén tuong duong voi ' k
8labed <1 — (a+b+c+d) + (ab+ ac+ad +be + bd + cd)—
— (abc + abd + acd + bed) + abed
& 8labed < (1 —a)(1 —b)(1 —c)(1 —d)

a b c d 1
: . : <
e =5 G2 T3 = q
§ a B b _c B d
bat z=r— =1 p*T T o' T 14
Thu dugc

a= ,b= ,C
14z 1+y 1+z 1+t

Bai to4n twong duong véi bai todn sau
Y z t

o Tty 14z 14t
Chiing minhrang  zyzt < élf (Xem vi du 2). |

1 N 1 N c?
l+a 14062 142

Véiz,y, z,t > 0 thod man dicu kién

4.Véi a,b,c>0 thod man diéu kién

Ching minh ring ~ 8¢? < ab®.

Huodng dan

Ta c6

1 2

= c
B ——=

1+ B2 1+4+c=

+

+ o=
IS Lag

1

Ap dung két qué‘béi sd 1 suy ra

1

2
abQ'C <

1
3 & 8c2 < ab®  (dpcm).

o} b c

5.Véia, b, c > 0 thod man diéu kién + + — 1. Ching
. 14b 14+c¢c l+a
minh rang
1+0b 1+c l+a
(2 ey - 28
a C
Hudng dan VnMath.Com

e
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Ta cd

a l1+b—a b C be
- = ==t >2 ,
1+ 1 +0b l+¢c 1+4a (1 4+¢)(1+a)

b l1+c—b a c ac
1-— = = + =2 ,
l1+c l1+c 146 1+4a \/(1+b)(1+a)

C 1+a—c_‘ a b / ab

1 - = - + > 2 |
1+a I+a  1+b 14+c¢” Y @+b)1+0c)

Nhan v€ vé6i v€ clia cdc bat dang thic trén ta nhan duoc

(1+b—-a)l+c—b)(1+a—-c) > 8abc

1+b l1+c¢ 1+ '
& (—— -1 -1)(—2-1)>8 (dpem).
a b C
6. Vdia,b > 0, ching minh rang
a? b?

+ =21
b + ab + 6b%a  Yab + b + 6a5h

Hudng ddn
Ta cé

(a®+ %)% — (B%)3 = a® - [(a® + b%)2 + b9 + B3(a® + b%)]
= a®[a® + b° + b® + 3a3b® + b°]
= a’[a®b® + a® + b° + b5 4 8% + a3b° + %)
> a’[a®b® + 6a%b? |

(@® +b*)° = b°a®[a® + 6a%b] + b° = b3(a® + 6a°b + b°),

do d6 a® + b3 > bv/ab + b5 + 6adb,

b2 b3'

ha >
d Va® + b6 Y/ BhAath.@deh bd
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Tuong tu

‘ ‘ a2 a3 !
. 2 s .

Vb6 + a8+ 6b%a ~ ad+ b

Cong vé€ véi v€ clia cdc bat dang thitc trén ta thu dugc bat dang thic cin

chitng minh.

VnMath.Com
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5 Thay ddi bac bat ding thirc

Trong muc nay ching toi trinh bay mot s6 phuong phap thay déi bac bat
dang thic.

I. Thay doi bac nho bat dang thitc mot bién

Vidu 1. Véia, b, c > 0thod mén diéu kién ab + bc + ca > 3. Chitng minh

ring
vVa+3+vVb+3++vVc+3<2a+b% 4 A).
Giai
Ta cé 7
(a+3)+4>2/(a+3)4 < a+3§a4 |
b+ 7 7
Tuong tu b+3§—j4—_—,\/c+3gcz
Suy ra
+b 21
Va+3+vhi3+ver3<? Z” (2.5.1)
St dung bt ding thitc
2 2, 2
. a+1,bSb+1’c_<_c+1
2 2 2
Thu dugc
@24+1 bl 241 0
at+btc+2l 5t R
4 - 4
(2.5.2)
Ta ching minh b4t ding thitc
2 b2 2 45 ) )
U < 2(a® + 0% + ) (2.5.3)

3 S

&15(a® + b2+ c*) > 45
a2+ 02+ 2 > 3.
Ta cé a’ +b% + c > ab + be + ca > 3, bat dang thic (2.5.3)diing.

Tir (2.5.1), (2.5.2), (2.5.3) ta thu dugc bat ding thic can ching minh.
VnMath.Com
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Vi du 2. Véi a.b.¢c > 0 thoa min diéu kién ab? ¢ b= + ca? - 3.
Chimg minh rang

Va+T+Vb+T+Ve+T7<2a' + b+ '),

Giai ‘
Ta cé
(a+7)+8+823v/(«+7)88=12Va+7
’ 23
Suyra va+7< TQ . Tuong tu ta c6
23 23
Brr<dB gt

12 12

Cong céc bat déng thic trén ta nhan dugc

b+ ¢+ 6¢
SaxT+ 5T+ Ver7< T 41”2”“6) (2.5.4)
Tacé
a<a4+1+1+1_a4+3 p VA3 43
= 4 4 T 4 T T 4
Suy ra |

at+3 b +3 43
atbte+69 gty T TP atebtioi408s
12 = 12 B 48
(2.5.5)

Ta ching minh .

at +b* + c* + 285
18

2( +b* + ) (2.5.6)

sat+bt+ct >3
Ta céd

a b+t 41>
B+t +ct + 1> 4b?
L2
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Cong cac bat dang thic ta thu dugce
3(at + b* + ) + 3 > 4(ab? + b? + ca?) = 12 .
& (a* + b + ¢*) > 3. bat dang thirc (2.5.6)diing.

Tir cdc bat dang thic (2.5.4):(2.5.5); (2.5.6) suy ra bat ding thifc cin
ching minh.

Vi du 3. Véi a, b, ¢ > 0 thoa man diéu kién

vVa+b+2+vVb+c+2++c+a+ 2= 6. Ching minh ring
C+b+c >3 |

. Giai ‘
Tacd (a+b+2)+4>2/(a+b+2)4 | .

b+ 6
Suy ra a+b+2§%j:——.’[‘uongtutac6

\/b+c+2Sb—+—§—+—§,

\/c+a+2§ﬁ%ﬂ.

Cong V& voi vé chia ba bat déng thic trég ta thu dugc

ﬂa+b+d+18<af+w+nW+m

Va+b+24vVb+c+2+Ve+a+2< 2 < 1

Suyra a’?+b>+c? >3 (dpcm).

11. Thay déi bac can thiic
Vidu 4. Véi a, b, c > 0. Chilng minh rang

/ a / b c
+ + > 2.
b+c c+a a+b

Giai
2 1

<
a+b+c - ,/a(b-}-c)

Taco
a+b+c>=2yalb+c)

2a

> :
b+c” a+b+c
Tuong tu ta thu dugc

<~

FT> 2
\ s v ANEIRCoRm
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c S 2c
a+b” a+b+c
Cong V€ v6i v€ clia c4c bt déng thifc trén ta thu duoc

=+ 5 /=S92 (dpem)
b+c c+a a+b pem).

D#u ding thitc khong thé x4y ra, vi n6 ¢hi xdy ra khi
a=b+c,-
b=c+a, — a+b+c=2(a+b+c)khongthéxayravi a,b,c> 0.
c=a+b.

Vi du 5. Véi a, b, c 12 nhilng s6 thuc duong, ching minh ring

I L B

b+c c+a a+b
Giai

Pit {/a = \/a, Vb= VB, /e = /Tt thu duge

<=>(12=6¥3, b2 ___53’ C2 =73 &S oa 203/2, b=,@3/2, C=’)’3/2

\/_ \/— (2.5.7)
a

é(b+c)2>(ﬁ+7) & B+ 2 (b+c)
e+ +38v(B+7) 2 0+ + 2bc o 30(8 + a) > 2be.
Tacé

Ta chitng minh

2

35'7(5 +7) > 6(87)%? = 6bc > 2be.
Vay bt ding thifc (2.5.7)ddng, suy ra

3a+3b+3/c>a~+5+7>2
b+ c c+a a+b B+ v+ o a+ 3

(Theo vi du 4).

Vidu 6. Véi a, b, c 1a nhitng s6 thuc duong, chimg minh réing

a
+/ 2 2
b2t M>

[lwww.vnmath.com
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i Giai
Ta cé
a+b+c+d>2valb+c+d),
Tuong tu
a+b+c+d>2yblc+d+a),
a+b+c+d>2y/c(d+a+b),
a+b+c+d>2vwm+b+c

Vb+c+d c+d+a d+a+b a+b+c

Chon d=c tathudugc

ety 2 52 @
b+ 2c a+2c Va+b+c pem).

Vi du 7. Véi a, b, ¢, d 1a nhimg s6 thuc duong, ching minh rang

.=3 2 . b " i/d
Q Vb+c+d+ c+d+a+Vd+a+b+ a+b+c>2

Giai
it a = va, Vb= B, Yo= /7, Vd= 8

Ta chitng minh

V +c+d ﬁ+7+9 b+c+d (J+7+m

S (B+7+0>>(b+c+d)?

& (8+1)° +¢+ﬁﬂﬁ+vx9+ﬁ+7),§+m-ﬁfﬁ2wo+m+dm
& P =307(8+7) +368(8 + B) + 36+(6 + ) + 6378 > 2(bc + cd + db).

Vi 3= b27—0293 d?. Tacé

36v(8 + a) = 6(8v)%? = 6bc > 2bc,
3653(6 + ) > 6(68)%2 = 6bd > 2bc, |
36+(0 + ) > 6(87)%? = 6cd > 2cd, 6576 > 0.

Suy ra P>2(bc+cd+db)

Tuong tu c6 \ .
of b > B
¢+ dym@atGoht o
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c g
Vi P ;.
Vd+a+d” 0+a+

[—_— 0

Ja+b+c” a+F+n.

Vay thu ta dugc

(0 »3 ~ | 0
P p— +y : +.] : +4/ > 2 (d :
@ 3+v+0 v+ 0+« 0+ a4+ .1 a+ 3+ (dpem)

Tir két qua chia vi du ta thu duge bat dang thitc khé hon sau day

Vidu 8. Véi a, b, ¢ 1a nhitng 6 thuc duong, chitng mink rang

[ a
3 l, A ——— e v [
' b-}—QCjLVa—F‘)(+ /;

BAI TAP VA HUGNG DAN

1. Vé6ia,b,c > 0, chitng minh rang

a b c
) + 4 + ¢ - > 2.
b+c c+a a+0b
Hueong ddn

Pat va=ya Vb= V3 f Yal
| Suyraa—(z,b._ 2=
Ta chi can ching minh

\/b+(' ~ ._,7’+’7/.

V)

(. ) ’
N P = + >b+c
e Ty T Y

&P +474+23v>2b+ce 258y >0 (Hién nhién ding ).

2. Véi a, b, ¢ > 0, chiing minh rang

ou s/ b s C
Y Aryarie?
b+c rdiath.Cona + b

[lwww.vnmath
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Hirong dan

bat y/a = ¥a. Vb= J/B. ¥c= 7.

3. Véia.b.c > 0, chimg minh rang

b _+_‘ ’
b+ c 4+ a

Hudng dan
bat Ya = v/a, Vb= VB. ¥ = /3
Ta cin chilng minh
o’
\/b+c J+') b+c (,3+7)

& (B+7) 2 (b+c)?
@ﬂ"’ + 70 +5;_37.(ﬁ3 + %) + 108%43(37) = b + 2 + 2be
& P =53v(3%+7°) + 106°2(8 + v) > 2bc.

Ta cé
P > 10(37)%? + 20(37)%/? = 30bc > 2bc  (dpcth).
4. Véia,b,c > 0 thod man didu kién a + b + ¢ = 3. Ching minh ring

V1+a2+42bc+ V1+b2+2ca+ V1 + 2+ 2ab < 6.

Hudng dén

Ta cé |
(14 a®+2bc) +4 > 24/4(1 + a2 + 2bc) |
& V1+ 2 T 2be < @’ +2bc 5

Tuong tu

) _
V1+b2+2ca < b +2:a+5’

2
oVitaEtoap< S H20t5

Cong cic bat déng thiic trén ta thu duge

15+ (u+ b+ ¢)?
4

V1 + a2 + 2bc+V1 + b2 + 2ca+ /b e 2ab <

= 0 (dpcm) .
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5. Véia, b, c > 0, ching minh rang

s 2 + 4/ b yo4/— 5 59 (2.5.8)
b+ 2c a+2c Va+b+c ' o

Huong ddn Ta c6 bat ding thic |

LY b, C 4 L
b+c+d c+d+a d+a+b a+b+c

bat a=0a?b=73%c=1%d= )2
Ta chirng minh

Vb+c+d Vﬁ+7+A b+c+d (ﬁ+7+M

S(B+v+N?*2b+c+de 2(3y+v)+ A3) = 0 (Hién nhién ding) .

Suy ra

4__(1____+4L+4__C_+4__§d___>
btctd Vect+d+ta dta+b Vatb+c”
\/ﬁ+7+)\ \/'7+)\+a \//\+a+3 \/a+3+/

Chon c= ta thu duoc (2.5.8).

VnMath.Com
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